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Preface

The main purpose of this book is to bring together some areas of research that
have developed independently over the last 30 years. The central problem we
are going to discuss is that of the computation of the number of integral points
in suitable families of variable polytopes. This problem is formulated in terms
of the study of partition functions. The partition function TX(b), associated
to a finite set of integral vectors X, counts the number of ways in which a
variable vector b can be written as a linear combination of the elements in X
with positive integer coefficients. Since we want this number to be finite, we
assume that the vectors X generate a pointed cone C(X).

Special cases were studied in ancient times, and one can look at the book
of Dickson [50] for historical information on this topic.

The problem goes back to Euler in the special case in which X is a list of
positive integers, and in this form it was classically treated by several authors,
such as Cayley, Sylvester [107] (who calls the partition function the quotity),
Bell [15] and Ehrhart [53], [54].

Having in mind only the principal goal of studying the partition functions,
we treat several topics but not in a systematic way, by trying to show and
compare a variety of different approaches. In particular, we want to revisit
a sequence of papers of Dahmen and Micchelli, which for our purposes, cul-
minate in the proof of a slightly weaker form of Theorem 13.54, showing the
quasipolynomial nature of partition functions [37] on suitable regions of space.

The full statement of Theorem 13.54 follows from further work of Szenes
and Vergne [110].

This theory was approached in a completely different way a few years later
by various authors, unaware of the work of Dahmen and Micchelli. We present
an approach taken from a joint paper with M. Vergne [44] in Section 13.4.5,
which has proved to be useful for further applications to the index theory.

In order to describe the regions where the partition function is a quasipoly-
nomial, one needs to introduce a basic geometric and combinatorial object:
the zonotope B(X) generated by X. This is a compact polytope defined in
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2.12. The theory then consists in dividing C(X) into regions Ω, called big cells,
such that in each region Ω−B(X), the partition function is a quasipolynomial
(see Definition 5.31).

The quasipolynomials appearing in the description of the partition func-
tion satisfy a natural system of difference equations of a class that in the mul-

definition); see Theorem 5.32. All these results can be viewed as generaliza-
tions of the theory of the Ehrhart polynomial [53], [54].

The approach of Dahmen and Micchelli to partition functions is inspired by
their study of two special classes of functions: the multivariate spline TX(x),
supported on C(X), and the box spline BX(x), supported on B(X), originally
introduced by de Boor and deVore [39]; see Section 7.1.1 for their definition.

These functions, associated to the given set of vectors X, play an impor-
tant role in approximation theory. One of the goals of the theory is to give
computable closed formulas for all these functions and at the same time to
describe some of their qualitative behavior and applications.

These three functions can be described in a combinatorial way as a fi-
nite sum over local pieces (see formulas (9.5) and (14.28)). In the case of
BX(x) and TX(x) the local pieces span, together with their derivatives, a
finite-dimensional space D(X) of polynomials. In the case of TX(b) they
span, together with their translates, a finite-dimensional space DM(X) of
quasipolynomials.

A key fact is the description of:

• D(X) as solutions of a system of differential equations by formula (11.1).
• DM(X) as solutions of a system of difference equations by formula (13.3).
• A strict relationship between D(X) and DM(X) in Section 16.1.

In particular, Dahmen and Micchelli compute the dimensions of both spaces,
see Theorem 11.8 and 13.21. This dimension has a simple combinatorial in-
terpretation in terms of X. They also decompose DM(X) as a direct sum of
natural spaces associated to certain special points P (X) in the torus whose
character group is the lattice spanned by X. In this way, DM(X) can be
identified with a space of distributions supported at these points. Then D(X)
is the subspace of DM(X) of the elements supported at the identity. The
papers of Dahmen and Micchelli are a development of the theory of splines,
initiated by I.J. Schoenberg [95]. There is a rather large literature on these
topics by several authors, such as A.A. Akopyan; A. Ben-Artzi, C.K. Chui,
C. De Boor, H. Diamond, N. Dyn, K. Höllig, Rong Qing Jia, A. Ron, and
A.A. Saakyan. The interested reader can find a lot of useful historical infor-
mation about these matters and further references in the book [40] (and also
the notes of Ron [93]).

The results about the spaces D(X) and DM(X), which, as we have men-
tioned, originate in the theory of splines, turn out to have some interest also in

tidimensional case we call Eulerian (generalizing the classical one-dimensional

xiv
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the theory of hyperplane arrangements and in commutative algebra in connec-
tion with the study of certain Reisner–Stanley algebras [43]. Furthermore, the
space DM(X) has an interpretation in the theory of the index of transversally
elliptic operators (see [44]).

The fact that a relationship between this theory and hyperplane arrange-
ments should exist is pretty clear once we consider the set of vectors X as a
set of linear equations that define an arrangement of hyperplanes in the space
dual to that in which X lies. In this respect we have been greatly inspired
by the results of Orlik–Solomon on cohomology [84],[83] and those of Brion,
Szenes, Vergne on partition functions [109], [110], [27], [22], [28], [29], [26],
[108].

In fact, a lot of work in this direction originated from the seminal paper of
Khovanskĭı and Pukhlikov [90] interpreting the counting formulas for partition
functions as Riemann–Roch formulas for toric varieties, and of Jeffrey–Kirwan
[68] and Witten [120], on moment maps. These topics are beyond the scope
of this book, which tries to remain at a fairly elementary level. For these
matters the reader may refer to Vergne’s survey article [116].

Due to the somewhat large distance between the two fields, people working
in hyperplane arrangements do not seem to be fully aware of the results on
the box spline.

On the other hand, there are some methods that have been developed
for the study of arrangements that we believe shed some light on the space of
functions used to build the box spline. Therefore, we feel that this presentation
may be useful in making a bridge between the two theories.

For completeness and also to satisfy our personal curiosity, we have also
added a short discussion on the applications of box splines to approximation
theory and in particular the aspect of the finite element method, which comes
from the Strang–Fix conditions (see [106]). In Section 18.1 we present a new
approach to the construction of quasi-interpolants using in a systematic way
the concept of superfunction.

Here is a rough description of the method we shall follow to compute the
functions that are the object of study of this book.

• We interpret all the functions as tempered distributions supported in the
pointed cone C(X).

• We apply the Laplace transform and change the problem to one in algebra,
essentially a problem of developing certain special rational functions into
partial fractions.

• We solve the algebraic problems by module theory under the algebra of
differential operators or of difference operators.

• We interpret the results by inverting the Laplace transform directly.

The book consists of five parts.

xv
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In the first part we collect basic material on convex sets, combinatorics and
polytopes, the Laplace and Fourier transforms, and the language of modules
over the Weyl algebra. We then recall some simple foundational facts on
suitable systems of partial differential equations with constant coefficients. We
develop a general approach to linear difference equations and give a method
of reduction to the differentiable case (Section 5.3). We discuss in some detail
the classical Tutte polynomial of a matroid and we take a detour to compute
such a polynomial in the special case of root systems. The reader is advised
to use these chapters mainly as a tool and reference to read the main body of
the book. In particular, Chapter 6 is used only in the fourth part.

In the second part, on the differentiable case, we start by introducing and
studying the splines. We next analyze the coordinate ring of the complement
of a hyperplane arrangement using the theory of modules over the Weyl al-
gebra. We apply this analysis to the computation of the multivariate splines.
We next give a simple proof of the theorem of Dahmen–Micchelli on the di-
mension of D(X) using elementary commutative algebra (Theorem 11.13),
and discuss the similar theory of E-splines due to Amos Ron [92].

After this, we discuss the graded dimension of the space D(X) (Theorem
11.13) in terms of the combinatorics of bases extracted from X. This is quite
similar to the treatment of Dyn and Ron [51]. The answer happens to be di-
rectly related to the classical Tutte polynomial of a matroid introduced in the
first part. We next give an algorithmic characterization in terms of differen-
tial equations of a natural basis of the top-degree part of D(X) (Proposition
11.10), from which one obtains explicit local expressions for TX (Theorem
9.7). We complete the discussion by presenting a duality between D(X) and
a subspace of the space of polar parts relative to the hyperplane arrangement
associated to X (Theorem 11.20), a space which can also be interpreted as
distributions supported on the regular points of the associated cone C(X).

The third part, on the discrete case, contains various extensions of the
results of the second part in the case in which the elements in X lie in a lattice.
This leads to the study of toric arrangements, which we treat by module
theory in a way analogous to the treatment of arrangements. Following a joint
paper with M. Vergne [44], we discuss another interesting space of functions
on a lattice that unifies parts of the theory and provides a conceptual proof
of the quasipolynomial nature of partition functions on the sets Ω −B(X).

We next explain the approach (due mainly to Szenes–Vergne) (see The-
orem 10.11 and Formula (16.3)) of computing the functions under study via
residues.

We give an explicit formula relating partition functions to multivariate
splines (Theorem 16.12) which is a reinterpretation, with a different proof, of
the formula of Brion–Vergne [27]. We use it to discuss classical computations
including Dedekind sums and generalizations.

As an application of our methods, we have included two independent chap-
ters, one in the second and one in the third part, in which we explain how to
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compute the de Rham cohomology for the complement of a hyperplane or of
a toric arrangement.

The fourth and fifth parts essentially contain complements. The fourth
part is independent of the third. In it we present a short survey of the con-
nections and applications to approximation theory: the role of the Strang–Fix
conditions and explicit algorithms used to approximate functions by splines,
such as, for example, can be found in the book Box Splines [40]. We also
discuss briefly some other applications, such as the theory of stationary sub-
division.

The fifth and final part is completely independent of the rest of the book.
It requires some basic algebraic geometry, and it is included because it justi-
fies in a geometric way the theory of Jeffrey–Kirwan residues which we have
introduced as a purely computational tool, and the regularization of certain
integrals. Here we give an overview of how the residues appear in the so-called
wonderful models of subspace arrangements. These are particularly nice com-
pactifications of complements of hyperplane arrangements that can be used
to give a geometric interpretation of the theory of residues.

As the reader will notice, there is a class of examples which we investigate
throughout this book. These are root systems. We decided not to give the
foundations of root systems, since several excellent introductions are available
in the literature, such as, for example, [20] or [67].

Finally, let us point out that there is an overlap between this material and
other treatments, as for instance the recent book by Matthias Beck and Sinai
Robins, in the Springer Undergraduate Texts in Mathematics series: Com-
puting, the Continuous Discretely. Integer-Point Enumeration in Polyhedra
[14].

The actual computation of partition functions or of the number of points
in a given polytope is a very difficult question due to the high complexity of
the problem. A significant contribution is found in the work of Barvinok [12],
[10], [8], [9], [11] and in the papers of Baldoni, De Loera, Cochet, Vergne, and
others (see [6], [34], [48]). We will not discuss these topics here. A useful
survey paper is the one by Jésus A. De Loera [47].
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Notations

When we introduce a new symbol or definition we will use the convenient
form :=, which means that the term introduced at its left is defined by the
expression at its right.

A typical example is P := {x ∈ N | 2 divides x}, which stands for P is by
definition the set of all natural numbers x such that 2 divides x.

The symbol π : A→ B denotes a mapping named π from the set A to the
set B.

Given two sets A,B we set

A \B := {a ∈ A | a /∈ B}.

We use the standard notation

N, Z, Q, R, C

for the natural numbers (including 0), the integers, and the rational, real, and
complex numbers.

When V is a vector space we denote by V ∗ its dual. The canonical pairing
between φ ∈ V ∗ and v ∈ V will be denoted by 〈φ | v〉 or sometimes by φ(v)
when we want to stress φ as a function.

For a finite set A we denote by |A| its cardinality.
Given two points a, b in a real vector space V we have the closed segment

[a, b] := {ta+(1−t)b, 0 ≤ t ≤ 1} the open segment (a, b) := {ta+(1−t)b, 0 <
t < 1}, and the two half-open segments [a, b) := {ta + (1 − t)b, 0 < t ≤
1}, (a, b] := {ta+ (1− t)b, 0 ≤ t < 1}.

The closure of a set C in a topological space is denoted by C.
The interior of a set C in a topological space is denoted by C̊.
Sets and lists: Given a set A, we denote by χA its characteristic function.

The notation A := {a1, . . . , ak} denotes a set called A with elements the ai
while the notation A := (a1, . . . , ak) denotes a list called A with elements the
ai. The elements ai appear in order and may be repeated. A sublist of A is a
list (ai1 , . . . , air ) with 1 ≤ i1 < · · · < ir ≤ k.



Notations

WARNING: By abuse of notation, when X is a list we shall also denote
a sublist Y by writing Y ⊂ X and by X \ Y the list obtained from X by
removing the sublist Y .
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1

Polytopes

Our basic datum is a list X := (a1, . . . , am) of nonzero elements in a real
s-dimensional vector space V (we allow repetitions in the list, since this is
important for the applications). Sometimes we take V = Rs and then think
of the ai as the columns of an s×m matrix A.

From X we shall construct several geometric, algebraic, and combinato-
rial objects such as the cone they generate, a hyperplane arrangement, some
families of convex polytopes, certain algebras and modules, and some special
functions. Our aim is to show how these constructions relate to each other,
and taken together, they provide structural understanding and computational
techniques.

1.1 Convex Sets

In this Section we shall discuss some foundational facts about convex sets.
For a general treatment the reader can consult the book of Rockafellar [91].

1.1.1 Convex Sets

Recall that a convex set in a real vector space V is a subset A ⊂ V with the
property that if a, b ∈ A, the closed segment [a, b] is contained in A.

On the other hand, an affine subspace is a subset A ⊂ V with the property
that if a, b ∈ A, the line �a,b := {ta+ (1− t)b, ∀t} is contained in A. An affine
subspace passing through a point p is of the form p+W, where W is a linear
subspace, which one can think of as the space of translations that preserve A.
This group of translations acts in a simply transitive way on A.

Clearly, the intersection of any family of convex sets is convex, and sim-
ilarly, the intersection of any family of affine spaces is affine. Thus, given
any set A there is a minimal convex set C(A) containing A called the convex

C. De Concini and C. Procesi, Topics in Hyperplane Arrangements, Polytopes  
and Box-Splines, Universitext, DOI 10.1007/978-0-387-78963-7_1,  
© Springer Science + Business Media, LLC 2010 
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4 1 Polytopes

envelope, or convex hull, of A, and there is a minimal affine subspace Aff(A)
containing A called the affine envelope or affine hull of A.

In general, given m points a1, . . . , am ∈ V, an affine combination of these
points is any point

p = t1a1 + t2a2 + · · ·+ tmam, ti ∈ R,
m∑
i=1

ti = 1,

while a convex combination of these points is any point

p = t1a1 + t2a2 + · · ·+ tmam, 0 ≤ ti ≤ 1,
m∑
i=1

ti = 1.

It is easily verified that the convex envelope (resp. the affine envelope) of A
is formed by all the convex (resp. affine) combinations of points in A.

Definition 1.1. We say that m points a1, . . . , am ∈ V are independent in the
affine sense if the coordinates ti with

∑
i ti = 1 expressing a point in their

affine envelope are uniquely determined.

Remark 1.2. m points are independent if and only if their affine envelope has
dimension m− 1.

Given two vector spaces V1, V2 and two sets A1 ⊂ V1, A2 ⊂ V2 we have that
A1 × A2 ⊂ V1 × V2 is convex if and only if A1, A2 are convex, and it is affine
if and only if A1, A2 are affine.

If f : V1 → V2 is an affine map, i.e., the composition of a linear map
with a translation, then such an f preserves affine combinations, that is, if
ti ∈ R,

∑m
i=1 ti = 1, we have

f(t1a1 + t2a2 + · · ·+ tmam) = t1f(a1) + t2f(a2) + · · ·+ tmf(am).

Therefore, if A ⊂ V1 is convex, then f(A) is convex, and if A is affine, then
f(A) is affine.

From two sets A1, A2 ⊂ V1 we can construct a new set, the Minkowski
sum of A1, A2, as A1 +A2 := {a1 + a2, a1 ∈ A1, a2 ∈ A2}, namely the image
of A1 × A2 under the sum, which is a linear (hence affine) map. Similarly,
we may construct the difference A1−A2 . By the above observations we have
that if A1, A2 are convex (resp. affine), then A1±A2 are convex (resp. affine)
sets.

Lemma 1.3. Let A,B be two convex sets. The convex envelope C of A ∪ B
is the set of convex combinations ta+ (1− t)b, 0 ≤ t ≤ 1, a ∈ A, b ∈ B.

Proof. Clearly, any such convex combination is in C. Conversely, a typi-
cal element of C is of the form p =

∑h
i=1 tiai +

∑k
j=1 sibi, with

∑h
i=1 ti +∑k

j=1 sj = 1, 0 ≤ ti, 0 ≤ sj , ai ∈ A, bj ∈ B,∀i, j. We may assume that
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t :=
∑
i ti > 0, s = 1 − t :=

∑
j sj > 0; otherwise, the point p is in

A ∪ B. Then p = t
∑h
i=1(ti/t)ai + s

∑k
j=1(sj/s)bj = ta + (1 − t)b, where

a =
∑h
i=1(ti/t)ai ∈ A, b =

∑k
j=1(sj/s)bj ∈ B.

Definition 1.4. The dimension of a convex set is the dimension of its affine
envelope.

The relative interior Å of A is the interior of A considered as a subset of
its affine envelope, that is, the maximal set open in Aff(A) and contained in
A. The relative boundary ∂A of A is A \ Å.

Remark 1.5. Given m points a1, . . . , am, independent in the affine sense, their
convex envelope is called a simplex. The relative interior of this simplex is the
set {

∑m
i=1 tiai| 0 < ti,

∑
i ti = 1}.

Proposition 1.6. Let A be a convex set:

(i) If a ∈ A, b ∈ Å, then (a, b) ⊂ Å.
(ii) Å is convex.
(iii) If A is a closed convex set, then A is the closure of its relative interior.

Proof. (i) Let a ∈ A. We may assume that the affine hull of A is V and reduce
to the case a = 0. Let s := dim(V ).

Take a hyperplane H passing through b and not through 0. Since b ∈ Å,
we have that H∩Å contains a basis a1, . . . , as of V, so that b lies in the interior
of the simplex generated by a1, . . . , as. Then (0, b) is contained in the interior
of the simplex generated by 0, a1, . . . , ak, which also lies in the interior of A.

Clearly, (ii) is a consequence of (i). Moreover, (iii) is a consequence of
(i) once we prove that Å 
= ∅. This follows once we observe that if A spans
an s-dimensional affine space V, there must be s + 1 points a0, . . . , as ∈ A
that are independent (in the affine sense). Thus the simplex they generate is
contained in A and its interior is open in V .

Remark 1.7. In particular, we have shown that if � is a line lying in the affine
envelope of a closed convex set A and � ∩ Å 
= ∅, then � ∩ Å is the interior
of � ∩ A, which is either a closed segment or a half-line or �. Moreover, the
relative boundary of a closed convex set A is empty if and only if A is an
affine space.

1.1.2 Duality

A hyperplane H ⊂ V divides V into two closed half-spaces which intersect in
H (the closures of the two connected components of V \ H). If H is given
by the linear equation 〈φ |x〉 = a (where φ ∈ V ∗ is a linear form), the two
half-spaces are given by the inequalities 〈φ |x〉 ≥ a, 〈φ |x〉 ≤ a.

From now on we assume that we have fixed an Euclidean structure on V .

Theorem 1.8. Let A be a nonempty closed convex set and p /∈ A a point.
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(1) There is a unique point q ∈ A of minimal distance from p.
(2) Let H be the hyperplane passing through q and orthogonal to the vector

q − p. Fix a linear equation 〈φ |x〉 = a for H such that 〈φ | p〉 < a. Then
A lies entirely in the closed half-space 〈φ |x〉 ≥ a.

(3) There is a hyperplane K such that p and A lie in the two different com-
ponents of V \K.

Proof. 1) Let R be a number so large that the closed ball Bp(R) centered at
p and of radius R has a nonempty intersection with A. Then A ∩ Bp(R) is
compact and nonempty, and thus there is at least one point q ∈ A∩Bp(R) of
minimum distance ≤ R from p. We cannot have two distinct points q1, q2 ∈ A
of minimum distance from p, since any point in the interior of the segment
[q1, q2] has strictly smaller distance from p, and by convexity, [q1, q2] ⊂ A.

2) If by contradiction we had a point r ∈ A in the half-space 〈φ |x〉 < a,
the entire half-open segment [r, q) would be in A, and in this segment the
points close to q have distance from p strictly less than that of q.

3) Let us now take any hyperplane K parallel to H and passing through a
point in the open segment (q, p). One easily sees that p and A lie in the two
different connected components of V \K.

Definition 1.9. Given a closed convex set A and a point p /∈ A, the hyper-
plane H through the point of minimal distance q and orthogonal to p− q will
be denoted by Hp(A).

We want to deduce a duality statement from Theorem 1.8.
Consider the vector space Ṽ = V ∗ ⊕ R of all inhomogeneous polynomials

〈φ |x〉−a of degree ≤ 1 with φ ∈ V ∗, a ∈ R. The polynomials of the previous
type with φ 
= 0 can be thought of as linear equations of hyperplanes. Given
any subset A ⊂ V, consider in Ṽ the set

Ã := {f ∈ Ṽ | f(A) ≤ 0}.

Clearly, Ã is convex. In fact, it is even a convex cone (cf. Section 1.2.3). An
immediate consequence of Theorem 1.8 is the following

Corollary 1.10. If A is closed and convex, then

A = {p ∈ V | f(p) ≤ 0, ∀f ∈ Ã}. (1.1)

1.1.3 Lines in Convex Sets

Our next task is to show that, when studying closed convex sets, one can
reduce the analysis to sets that do not contain any line.

Lemma 1.11. Let A be convex and p ∈ A. Then there is a unique maximal
affine subspace Z with p ∈ Z ⊂ A.
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Proof. If Z1, Z2 are two affine spaces passing through p, then the convex
envelope of Z1 ∪ Z2 coincides with the affine space Z1 + Z2 − p generated by
Z1 ∪ Z2. The statement follows.

We denote by Ap this maximal affine space.

Proposition 1.12. 1. If A is a closed convex set and p, q ∈ A, then Aq =
Ap + (q − p).

2. If a line � intersects the closed convex set A in a nonempty bounded
interval, then any line parallel to � intersects A in a bounded interval.

3. Let A be a closed convex set and p ∈ A. Let A⊥
p be the affine subspace

passing through p and orthogonal to the affine subspace Ap. We can identify
V with Ap ×A⊥

p . Then A = Ap × (A ∩A⊥
p ).

Proof. 1. By exchanging the roles of the two points, it is enough to show that
Ap + (q − p) ⊂ Aq, and we may assume that p = 0. Thus we need to show
that q +A0 ⊂ A. If a ∈ A0, we have

q + a = lim
t↑1

t(q + a) = lim
t↑1

tq + (1− t)
t

1− t
a ∈ A,

since if t 
= 1 we have t
1−ta ∈ A0 ⊂ A and A is convex and closed.

2. Assume � ∩ A = [a, b] and let p ∈ A. Let �′ be the line through p
parallel to �. Then � and �′ can be respectively parametrized by b+ h(a− b)
and p + h(a − b), h ∈ R. If �′ ∩ A were unbounded, we would have either
p+ h(a− b) ∈ A,∀h ∈ R+, or p− h(a− b) ∈ A,∀h ∈ R+. Let us assume that
we are in the first case:

b+ h(a− b) = lim
t↑1

tb+ (1− t)
( h

1− t
(a− b) + p

)
∈ � ∩A, ∀h ∈ R+.

Thus if A ∩ �′ contained a half-line in �′ originating from p, then � ∩A would
be unbounded.

3. Follows easily from 1.

In other words, there is a maximal vector space W, called the lineal of A, such
that A is closed under translations by elements of W and for every p ∈ A, we
have Ap = p+W . We will need also the following:

Proposition 1.13. 1. Let A be a closed convex set. If the relative boundary
of A is convex (or empty), then either A coincides with its affine envelope or
it is a half-space in its affine envelope.

2. Let A be a closed convex set containing a half-space B determined by
a hyperplane H. Then either A = V or A is a half-space containing B with
boundary a hyperplane parallel to H.

Proof. 1. After applying a translation, we can assume that the affine envelope
of A is a linear subspace. Also, by replacing V with the affine envelope of A,
we can assume that V is the affine envelope of A.
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Notice that if a line � meets Å, then � ∩ Å is either � or a half-line in �.
Indeed, if � ∩ Å = (q1, q2) is a bounded interval, then q1, q2 ∈ ∂A, and since
∂A is convex, � ∩ Å = (q1, q2) ⊂ ∂A, a contradiction. The same argument
shows that if � meets Å, then � ∩ ∂A = ∅ if and only if � ⊂ Å.

If A = V there is nothing to prove, so assume A 
= V . By Remark 1.7 the
relative boundary ∂A is not empty.

Since ∂A is convex and closed, we can apply Theorem 1.8, and given a
point p ∈ Å, we have the point q ∈ ∂A of minimal distance from p, the
associated hyperplane Hp(∂(A)), and an equation 〈φ |x〉 = a for Hp(∂A) with
〈φ | p〉 = b < a and 〈φ |x〉 ≥ a for x ∈ ∂A.

Consider the hyperplane K parallel to Hp(∂A) and passing through p. Its
equation is 〈φ |x〉 = b, and since 〈φ |x〉 ≥ a > b on ∂A we have K ∩ ∂A = ∅.
We deduce from the previous discussion that each line � ⊂ K passing through
p lies entirely in Å. It follows that K ⊂ A, so that Ap = K. Hence by
Proposition 1.12, statement 3, we have that A = K × I, where I = A ∩K⊥

and K⊥ is the line through p perpendicular to K. The above observations
imply that I is a half-line, and in fact, A = {x | 〈φ |x〉 ≤ a}.

2. By Proposition 1.12 we have that A is the product of H and a closed
convex set in a line containing a half-line. Clearly, such a set is either a half-
line or the whole line. In the first case, A is a half-space, while in the second
A = V . The claim follows easily.

1.1.4 Faces

Definition 1.14. Given a convex set A we say that:
1. A subset U of A is a face of A if U is convex and given a, b ∈ A such

that (a, b) ∩ U 
= ∅, we have [a, b] ⊂ U .
2. A point p ∈ A is called an extremal point or also a vertex1 if {p} is a

face.
3. A half-line � that is a face is called an extremal ray.
4. The relative interior of a face is called an open face.

Proposition 1.15. Let U be a face of a convex set A and 〈U〉 the affine space
that U generates. Then U = A ∩ 〈U〉. In particular, U is closed in A.

Proof. We can immediately reduce to the case A ⊂ 〈U〉. By hypothesis U
contains an open simplex ∆, thus any point of A is in a segment contained in
A which contains in its interior a point in ∆. The claim follows.

Lemma 1.16. Let A be a closed convex set, p /∈ A. Let H = Hp(A) be the
hyperplane defined in Definition 1.9. Then:

1. H ∩A is a face of A.
2. If A 
⊂ H, then H ∩A ⊂ ∂A.

1Vertex is used mostly for polytopes; see Section 1.2.
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Proof. 1. Let a, b ∈ A be such that (a, b) ∩ H ∩ A 
= ∅. By construction A
lies entirely in one of the half-spaces determined by H, so [a, b] lies in this
half-space. If an interior point of [a, b] lies in H we must have that the entire
segment is in H, hence in H ∩A.

2. Let W be the affine envelope of A. By hypothesis, H∩W is a hyperplane
in W . A point q of the relative interior of A has an open neighborhood
contained in A, and thus q cannot lie in H, for otherwise, this neighborhood
would intersect the two open half-spaces determined by H in W, contradicting
the fact that A lies on one side of H.

Proposition 1.17. Let F1, F2 be two faces of a closed convex set. Assume
that we have a point p ∈ F2 that is also in the relative interior of F1. Then
F1 ⊂ F2.

Proof. If F1 = {p}, there is nothing to prove. Let q ∈ F1, q 
= p, and consider
the line � joining p and q. By the convexity of F1, the intersection F1 ∩ � is
also convex. Since p lies in the interior of F1, the intersection of � with F1
contains a segment [a, q] with p ∈ (a, q). Since F2 is a face we have [a, q] ⊂ F2,
so that q ∈ F2.

Remark 1.18. In particular, if a face F intersects the interior of A, then F = A.
Thus all the proper faces of A are contained in the boundary ∂A.

Proposition 1.19. Let A be a closed convex set that is not an affine space
or a half-space in its affine envelope. Then A is the convex envelope of its
relative boundary ∂A which is the union of its proper faces.

Proof. By Proposition 1.13, we know that ∂A is not convex. Then we can take
two points a, b ∈ ∂A such that [a, b] 
⊂ ∂A. By the first part of Proposition
1.6, it follows easily that (a, b) = � ∩ Å and [a, b] = � ∩ A. It follows from
Proposition 1.12 that if we take any point p ∈ A, the line through p parallel
to � also meets A in a bounded segment [c, d]. It is clear that c, d ∈ ∂A, so
the first statement follows.

Next, given p ∈ ∂A, we need to show that there is a face F ⊂ ∂A with
p ∈ F . For this take an affine space passing through p and maximal with the
property that W ∩ A ⊂ ∂A. We claim that W ∩ A is a face. In fact, it is
convex, and if [a, b] is a segment in A meeting W ∩ A in a point q ∈ (a, b),
we claim that [a, b] ⊂W . Otherwise, a, b /∈W, and let W ′ be the affine space
spanned by W and a. Then W is a hyperplane in W ′ and a, b lie in the two
distinct half-spaces in which W divides W ′. By maximality there is a point
r ∈ W ′ ∩ Å, and we may assume that it is in the same half-space as a. By
Proposition 1.6 (i) the segment (r, b) is contained in Å, but it also intersects
W, giving a contradiction.

The main result of this Section is the following:

Theorem 1.20. If a closed convex set A does not contain any line then A is
the convex envelope of its extremal points and extremal rays.
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Proof. By Proposition 1.19, A is the convex envelope of the union of its proper
faces unless it is a point or a half-line. Each of the proper faces is a convex set
containing no lines, so by induction on the dimension it is the convex envelope
of its extremal points and extremal rays. Clearly, an extremal point (resp.
extremal ray) of a face of A is also an extremal point (resp. extremal ray) of
A, and the theorem follows.

1.2 Polyhedra

In this Section we shall discuss some foundational facts about polytopes. For
a general treatment, the reader can consult the books of Ziegler [123] and
Grünbaum [58].

1.2.1 Convex Polyhedra

We give now the main definition:

Definition 1.21. We say that a convex set A is polyhedral or that it is a con-
vex polyhedron if there exist a finite number of homogeneous linear functions
φi ∈ V ∗ and constants ai such that

A := {p | 〈φi | p〉 ≤ ai}. (1.2)

Remark 1.22. Notice that formula (1.2) implies that A is convex. Moreover,
the intersection of any finite family of convex polyhedra is also a convex
polyhedron.

In general, by polyhedron one means a finite (or sometimes just locally
finite) union of convex polyhedral sets. At this point it is not clear that this
is compatible with the previous definition.

Take a set A defined by the inequalities (1.2), and let us assume for sim-
plicity that 0 ∈ A. This means that all ai ≥ 0. Under this assumption, with
the notation of Section 1.1.3 we have the following:

Proposition 1.23.
A0 = {p | 〈φi | p〉 = 0, ∀i}.

Proof. Clearly, the set defined by these linear equations is a vector space
contained in A. Conversely, if the line through 0 and p lies in A, it is clear
that we must have 〈φi | p〉 = 0, ∀i.

We apply now Proposition 1.12 and easily verify that if A is polyhedral
and W is the linear space orthogonal to A0, then A = A0 × (A ∩W ), and
A ∩W is also polyhedral.

We can therefore restrict ourselves to the study of polyhedral convex sets
A := {p | 〈φi | p〉 ≤ ai, 1 ≤ i ≤ n} such that 0 ∈ A and A0 = {0}. Given a
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convex polyhedral set A := {p | 〈φi | p〉 ≤ ai}, i = {1, . . . , n} we define a map
from subsets S ⊂ {1, . . . , n} to subsets B ⊂ A given by

S �→ AS := {p ∈ A | 〈φi | p〉 = ai,∀i ∈ S},

and a map in the opposite direction given by

B �→ TB := {i | 〈φi | p〉 = ai,∀p ∈ B}.

Lemma 1.24. (i) For any S ⊂ {1, . . . , n} the subset AS is a face of A.
(ii) For any face F of A we have F = ATF and F̊ = {p |T{p} = TF }.

Proof. (i) Let p, q ∈ A be such that there is a point r ∈ (p, q) ∩ AS . This
means that for all i ∈ S, we have 〈φi | r〉 = ai. Since by definition 〈φi | p〉 ≤ ai,
〈φi | q〉 ≤ ai, and φi is linear, we must have also 〈φi |x〉 = ai for all x ∈ [p, q]
and thus [p, q] ⊂ AS .

(ii) If a point p is such that T{p} = S, we claim that p lies in ÅS . For this
we can restrict to the affine envelope of AS , which is the space of equations
〈φi | r〉 = ai for i ∈ S. A point p ∈ A satisfies T{p} = S if and only if it lies in
the open set of this subspace defined by the inequalities 〈φi | r〉 < ai for i /∈ S.
This proves the claim.

Conversely, let F be a face of A. Consider a point p in the relative interior
of F and let S := T{p} = {i |1 ≤ i ≤ n, 〈φi | p〉 = ai}. Since obviously p ∈ AS ,
by Proposition 1.17 we have that F ⊂ AS . By definition, 〈φi | p〉 < ai, ∀i /∈ S.
So p lies in the relative interior of AS , and again by Proposition 1.17, AS ⊂ F .
From here it follows that F = AS and hence T{p} = TF . The statement
follows.

Remark 1.25. (i) It is possible that AS = ∅ for some S and also that AS = AT
when S 
= T .

(ii) The relative interiors of the faces decompose the convex polyhedron;
they are also called open faces.

(iii) The faces of a convex polyhedron form a partially ordered set.

Definition 1.26. Two polyhedra are said to be combinatorially equivalent if
there is an order-preserving bijection between their faces.

We can apply now Theorem 1.20 to a polyhedron containing no lines:

Theorem 1.27. Let A be a convex polyhedron containing no lines. Then A
is the convex envelope of its finitely many extremal points and extremal half-
lines.

In particular, when A is compact it contains no half-lines, and so it is the
convex envelope of its finitely many extremal points.

Corollary 1.28. Let A be a convex polyhedron. Then A is the convex envelope
of finitely many points and half-lines.
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Proof. Let p ∈ A. Using Proposition 1.12, write A = Ap× (A∩W ), where W
is the affine space through p orthogonal to Ap. Clearly, (by Remarks 1.22),
A∩W is polyhedral and contains no lines, so by Theorem 1.27 it is the convex
envelope of finitely many points and half-lines. On the other hand, an affine
space is clearly the convex envelope of finitely many half-lines, and everything
follows.

Remark 1.29. In what follows, a compact convex polyhedron will often be
called a convex polytope.

Remark 1.30. It will be important in the arithmetic theory to discuss rational
convex polytopes in Rs. By this we mean a polytope defined by the inequalities
(1.2), in which we assume that all the φi, ai have integer coefficients.

It is then clear that for a rational polytope, the extremal points and half-
lines are also rational.

We need now a converse to the above result.

Theorem 1.31. Assume that A is the convex envelope of finitely many points
p1, . . . , pk and half-lines �1, . . . , �h. Then A is a polyhedron.

Proof. As usual, we can assume that V is the affine envelope of A. We can
parametrize each �i := {ai + tbi, t ≥ 0}, with ai, bi ∈ V .

Consider the vector space Ṽ = V ∗⊕R of all (inhomogeneous) polynomials
of degree ≤ 1. In Ṽ consider the set

Ã := {f ∈ Ṽ | f(A) ≤ 0}

and recall that by Corollary 1.10, A = {p ∈ V | f(p) ≤ 0, ∀f ∈ Ã}.
Each element in Ṽ is of the form φ − a, with φ ∈ V ∗, a ∈ R. Then Ã is

defined by the inequalities 〈φ | pi〉 − a ≤ 0 and 〈φ | ai〉 + t〈φ | bi〉 − a ≤ 0, for
all t ≥ 0. These last inequalities are equivalent to saying that 〈φ | ai〉 − a ≤ 0
and 〈φ | bi〉 ≤ 0.

Thus Ã is a polyhedron in the space Ṽ , and obviously 0 ∈ Ã. We claim
that it contains no lines (or equivalently no line through 0). In fact, a line in
Ã through 0 is made of linear functions vanishing on A, and therefore, since
V is the affine envelope of A, on V .

We can thus apply Theorem 1.27 to Ã and deduce that Ã is the convex
envelope of its finitely many extremal points and extremal half-lines. Reason-
ing as above, we get that each extremal point gives an inequality and each
half-line gives two inequalities, and these inequalities define A.

These two characterizations of convex polyhedra are essentially due to Motzkin
[82].
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1.2.2 Simplicial Complexes

The simplest type of convex polytope is a k-dimensional simplex, that is the
convex envelope of k + 1 points p0, . . . , pk spanning a k-dimensional affine
space. In topology and combinatorics it is often important to build spaces, in
particular polytopes, using simplices.

Definition 1.32. A finite simplicial complex in Rs is a finite collection of
distinct simplices Ai ⊂ Rs with the property that if i 
= j, we have that
Ai ∩Aj is a face of Ai and of Aj (possibly empty).

We also say that the simplices Ai give a triangulation of their union K = ∪iAi.
A simple but important fact is contained in the following lemma

Lemma 1.33. A convex polytope admits a triangulation.

Proof. Choose, for every nonempty face F of K, a point pF in the relative
interior of F . For two faces F,G we say that F < G if F 
= G and F ⊂ G.
If we have a sequence of faces F1 < F2 < · · · < Fk, then by Lemma 1.24,
pFi does not lie in the affine space generated by Fi−1, and hence the points
pF1 , pF2 , . . . , pFk generate a simplex. The fact that these simplices define a
triangulation follows by induction using the following remark.

Given a convex polytope P and a triangulation of its boundary, then a
triangulation of P can be constructed by choosing a point p in the interior
of P and taking for each simplex Σ in ∂P the simplex that is the convex
envelope of Σ and p. We leave to the reader to verify that in this way we
obtain a triangulation. By this remark the claim follows.

Remark 1.34. The assumption that K is convex is not necessary for triangu-
lation. In fact, one can prove that the union and the intersection of subspaces
of Rs that can be triangulated, can also be triangulated.

1.2.3 Polyhedral Cones

Let us recall that a cone is a set stable under multiplication by the elements
of R+.

Let A be a closed convex cone. If p ∈ A, p 
= 0, we have that the half-line
{tp | t ∈ R+} is also in A, and thus {p} cannot be a face. That is, the only
extremal point of A is possibly 0. Now 0 is an extremal point if and only if A
contains no lines. Indeed, if 0 is not a face, it is in the interior of a segment
contained in A, and since A is a cone, the entire line in which this segment
lies is contained in A. We deduce the following result

Proposition 1.35. If A is a closed convex cone containing no lines and
A 
= {0}, then A is the convex envelope of its extremal half-lines all of which
originate from 0.

Consider a list X := (a1, . . . , am) of nonzero vectors in V .
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Definition 1.36. The convex cone spanned by X is:

C(X) :=
{∑
a∈X

taa | 0 ≤ ta, ∀a
}
. (1.3)

Namely, C(X) is the cone of linear combinations of vectors in X with positive
coefficients.

By Theorem 1.31 we deduce that C(X) is a convex polyhedral cone. If we
assume that 0 is not in the convex hull of the vectors in X, then by Theorem
1.8 we have that there is a linear function φ with 〈φ | v〉 > 0, ∀v ∈ X, and so
also for all v ∈ C(X), v 
= 0. Thus C(X) does not contain lines; its points
different from 0 are contained entirely in some open half-space. Thus C(X)
is a pointed cone with vertex at the origin.

Define the dual cone Ĉ(X) := {φ ∈ V ∗ | 〈φ | a〉 ≥ 0, ∀a ∈ X}.

Proposition 1.37. (1) Ĉ(X) is a convex polyhedral cone.
(2) Ĉ(X) is a pointed cone if and only if X spans V .

(3) ˆ̂
C(X) = C(X).

Proof. The fact that Ĉ(X) is a polyhedral cone is clear by definition.
The cone Ĉ(X) contains a line if and only if there is a nonzero φ ∈ V ∗

with both φ and −φ lying in Ĉ(X). But this holds if and only if φ vanishes
on C(X), that is, C(X) lies in the hyperplane of equation 〈φ| v〉 = 0.

Finally, ˆ̂
C(X) ⊃ C(X). To see the converse, notice that if p /∈ C(X), then

by Theorem 1.8 there exist a φ ∈ V ∗ and a constant a such that 〈φ| p〉a, while
〈φ| v〉 ≤ a for v ∈ C(X). Since 0 ∈ C(X), we deduce 0 ≤ a. If v ∈ C(X),
then also tv ∈ C(X) for all t ≥ 0, so that 〈φ| v〉 ≤ 0 for v ∈ C(X), and hence

−φ ∈ Ĉ(X). We have 〈−φ| p〉 < −a ≤ 0, so that p /∈ ˆ̂
C(X). This implies

ˆ̂
C(X) ⊂ C(X), thus completing the proof.

Remark 1.38. The previous duality tells us in particular that a cone C(X)
defined as the positive linear combinations of finitely many vectors can also
be described as the set defined by finitely many linear inequalities.

It may be useful to decompose cones in the same way in which we have
triangulated polytopes.

Definition 1.39. A cone C(X) is simplicial if it is of the form C(a1, . . . , ak)
with the elements ai linearly independent.

The analogue for cones of triangulations are decompositions into simplicial
cones, that is, a presentation of a cone as union of finitely many simplicial
cones each two of which meet in a common face.

Lemma 1.40. A polyhedral cone admits a decomposition into simplicial cones.
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Proof. One can first decompose the cone into pointed cones, for instance by
intersecting the cone with all the quadrants into which the space is subdivided.
We thus reduce to this case.

Recall as first step that if the cone C(X) is pointed, we can choose a linear
function φ ∈ V ∗ with 〈φ| v〉 > 0,∀v ∈ C(X), v 
= 0. Let H := {v | 〈φ| v〉 = 1}
be a corresponding hyperplane. The intersection K := C(X) ∩H is a convex
polytope, the envelope of the points x/〈φ|x〉, x ∈ X. We see immediately
that C(X) is obtained from K by projection from the origin, that is, every
element a ∈ C(X), a 
= 0 is uniquely of the form tb, for some t ∈ R+, b ∈ K.
In fact, t = 〈φ| a〉, b = a/〈φ| a〉.

We can thus apply Lemma 1.33 directly to K. A triangulation of K
induces, by a projection, a decomposition of C(X) into simplicial cones.

In the sequel we will need to study cones generated by integral vectors, also
called rational polyhedral cones. It is clear from the previous discussion and the
proof of Lemma 1.33 that we can also take the simplicial cones decomposing
C(X) to be generated by integral vectors, i.e., rational simplicial cones.

It is useful to extend the notion of cone so that its vertex need not be at
0.

Definition 1.41. We say that a set A is a cone with respect to a point p ∈ A
and that p is a vertex if given any point a ∈ A, the half-line starting from p
and passing through a lies entirely in A.

A set A may be a cone with respect to several vertices. We say that it is a
pointed cone with vertex p if p is the only vertex of A.

Proposition 1.42. 1. If A is a convex cone, the set of points p for which A
is a cone with vertex p is an affine space V (A).

2. If V (A) is nonempty, we can decompose the ambient space as a product
V (A)×W of affine spaces such that A = V (A)× C with C a convex pointed
cone in W .

Proof. 1. If p, q are two distinct vertices, by applying the definition we see
that the entire line passing through p, q lies in A. The fact that each point of
this line � is also vertex follows easily by convexity. In fact, take a point p ∈ A
and p /∈ �, and let π be the plane generated by � and p. The intersection π∩A
is convex, and we may apply Proposition 1.13 to it to deduce that every point
of � is a vertex of A.

2. Choose q ∈ V (A) and W orthogonal to V (A) and passing through q.
Identify V with V (A)×W, so by convexity, applying Proposition 1.12 we have
A = V (A)×C, where C := A∩ (p×W ). One easily verifies that C is a convex
cone with unique vertex q.

1.2.4 A Dual Picture

Given a convex compact polyhedron Π we have a dual picture of its faces
in the dual space. For this we leave to the reader to verify the following
statement
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Proposition 1.43. 1. Given a linear form f ∈ V ∗, the set of points in which
f takes its maximum on Π is a face.

2. Every face of Π is obtained as the maxima of a linear function.
3. The set of linear functions that take their maximum on a given face

form a polyhedral cone.

Therefore, a compact convex polyhedron determines a decomposition of the
dual space into polyhedral cones. The mapping between faces and correspond-
ing polyhedral cones reverses inclusion, so that the vertices of the polyhedron
correspond to the cones of maximum dimension.

1.3 Variable Polytopes

1.3.1 Two Families of Polytopes

We assume from now on that V is a vector space over the real numbers, that
X spans V, and that 0 is not in the convex hull of the elements of X. This is
equivalent, by Theorem 1.8, to saying that there is a linear function φ ∈ V ∗

with 〈φ | a〉 > 0, ∀a ∈ X.
Choose a basis and identify V with Rs. The usual Euclidean structure of

Rs induces on Rs and all its linear subspaces canonical translation invariant
Lebesgue measures, which we shall use without further ado. Think of the
vectors ai ∈ X as the columns of a real matrix A. As in linear programming,
from the system of linear equations

m∑
i=1

aixi = b, or Ax = b,

we deduce two families of variable convex (bounded) polytopes:

ΠX(b) := {x |Ax = b, xi ≥ 0, ∀i},

Π1
X(b) := {x |Ax = b, 1 ≥ xi ≥ 0, ∀i}.

The hypothesis made (that 0 is not in the convex hull of elements of X) is
necessary only to ensure that the polytopes ΠX(b) are all bounded. In fact, if∑
i xiai = b, we have

∑
i xi〈φ | ai〉 = 〈φ | b〉, so that ΠX(b) lies in the bounded

region 0 ≤ xi ≤ 〈φ | b〉〈φ | ai〉−1. No restriction is necessary if we restrict our
study to the polytopes Π1

X(b).
It may be convenient to translate these polytopes so that they appear as

variable polytopes in a fixed space. For this, assuming that the vectors ai
span V, we can find a right inverse to A or a linear map U : V → Rm with
AUb = b, ∀b. Then the translated polytopes ΠX(b)−U(b) vary in the kernel
of A (similarly for Π1

X(b)− U(b)).

Definition 1.44. We denote by VX(b), V 1
X(b) the volumes of ΠX(b), Π1

X(b)
respectively.
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Suppose, furthermore, that the vectors ai and b lie in Zs.

Definition 1.45. The partition function on Zs, is given by

TX(b) := #
{

(n1, . . . , nm) |
∑

niai = b, ni ∈ N
}
. (1.4)

It may be interesting to study also the function

QX(b) := #
{

(n1, . . . , nm) |
∑

niai = b, ni ∈ [0, 1]
}
. (1.5)

The functions TX(b), QX(b) count the number of integer points in the poly-
topes ΠX(b), Π1

X(b).
Alternatively, TX(b) counts the number of ways in which we can decompose

b = t1a1 + · · ·+ tmam with ti nonnegative integers. From this comes the name
partition function.

Exercise. Every convex polytope can be presented in the form ΠX(b) for
suitable X, b.

1.3.2 Faces

Clearly, the polytope ΠX(b) is empty unless b lies in the cone C(X) defined
by formula (1.3). We need some simple geometric properties of this cone.

Lemma 1.46. A point b is in the interior of C(X) if and only if it can be
written in the form b =

∑m
i=1 tiai, where ti > 0 for all i.

Proof. Assume first that b =
∑m
i=1 tiai, ti > ε > 0, ∀i. If (say) a1, . . . , as is

a basis of V, then b −
∑s
j=1 sjaj ∈ C(X) whenever all the |si| are less than

ε. This proves that b is in the interior of C(X). Conversely, let b be in the
interior and choose an expression b =

∑m
i=1 tiai for which the number of i

with ti > 0 is maximal. We claim that in fact, all the ti are strictly greater
than 0. If not, then for some i, for instance i = 1, we have t1 = 0. Since
b is in the interior of C(X), we must have that for some ε > 0, we have
b− εa1 ∈ C(X); hence we can write b− εa1 =

∑m
i=1 t

′
iai, t

′
i ≥ 0, and we have

b = 1
2 [(ε + t′1)a1 +

∑m
i=2(ti + t′i)ai]. This expression has a larger number of

positive coefficients, contradicting the maximality.

From this lemma we want to derive the following result

Proposition 1.47. If x is in the interior of C(X), the polytope ΠX(x) has
dimension m− s; hence its volume is strictly positive.

Proof. In fact, assume that a1, . . . , as is a basis, so that we have that
aj =

∑s
i=1 cjiai,∀j > s. Write x =

∑s
i=1 ciai. From this expression we

obtain

ΠX(x) =
{

(t1, . . . , tm) | ti ≥ 0, and ti = ci −
m∑

j=s+1

tjcji, i = 1, . . . , s
}
.
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In other words, we represent the polytope in the (m − s)-dimensional space
of coordinates ti, i = s+ 1, . . . ,m, as

ΠX(x) =
{

(ts+1, . . . , tm) | ti ≥ 0, ci −
m∑

j=s+1

tjcji ≥ 0, i = 1, . . . , s
}
.

If x lies in the interior of C(X), we can choose a point (ts+1, . . . , tm) ∈ ΠX(x)
at which all the functions ti, i = 1, . . . ,m, are strictly larger than 0. By Lemma
1.24, this point is the interior of ΠX(x), which therefore is of dimension m−s.

By definition, ΠX(b) is defined in the space of solutions of the linear system
At = b by the family of linear inequalities ti ≥ 0. We apply Lemma 1.24
in order to describe its faces. Given a subset S ⊂ X, we define the face
ΠS
X(b) := {(t1, . . . , tm) ∈ ΠX(b) | ti = 0, ∀ai ∈ S}. On the other hand, if we

start with a face F, we can take the subset SF = {ai ∈ X | ti = 0 on F}. We
obtain clearly that ΠS

X(b) = ΠX\S(b) and have the following

Proposition 1.48. 1. ΠS
X(b) 
= ∅ if and only if b ∈ C(X \ S).

2. A coordinate ti vanishes on ΠS
X(b) = ΠX\S(b) if and only if we have

−ai /∈ C((X \ S) \ {ai},−b).

Proof. The first part is clear, so let us prove the second.
We have that ti does not vanish on ΠX\S(b) if and only if ai ∈ X \ S

and there is an expression
∑
ah∈X\S thah = b with th ≥ 0, ti > 0. This is

equivalent to saying that −ai ∈ C((X \ S) \ {ai},−b).

1.3.3 Cells and Strongly Regular Points

Given any basis b = (b1, . . . , bs) of Rs, denote by C(b) the positive quadrant
spanned by b. This induces a partition of Rs into 2s + 1 parts, the comple-
ment of C(b) and the 2s convex parts of the cone C(b) given by the points∑
i tibi, ti ≥ 0, where the ti vanish only on a prescribed subset of the s indices.

Theorem 1.49 (Carathéodory’s theorem). The cone C(X) is the union
of the quadrants C(b) as b varies among the bases extracted from X.

Proof. We proceed by induction on the cardinality of X. If X is a basis
there is nothing to prove. Otherwise, we can write X = (Y, z), where Y still
generates V . Take now an element u =

∑
y∈Y tyy + tz ∈ C(X), ty, t ≥ 0.

By induction, we can rewrite u =
∑
a∈b taa + tz, where b is a basis and all

ta ≥ 0. We are thus reduced to the case X = {v0, . . . , vs}, spanning V, and
u =

∑s
i=0 tivi, ti ≥ 0. Let

∑s
i=0 αivi = 0 be a linear relation. We may

assume that αi > 0,∀i ≤ k for some k ≥ 0 and αi ≤ 0,∀i > k. Let us consider
this minimum value of the ti/αi, i ≤ k. We may assume that the minimum
is taken for i = 0. Substituting v0 with −

∑s
i=1 αi/α

−1
0 vi we see that u is

expressed as combination of v1, . . . , vs with nonnegative coefficients.
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Definition 1.50. (i) Let b ∈ C(X). A basis ai1 , . . . , ais extracted from X
with respect to which b has positive coordinates will be called b-positive.

(ii) A point p ∈ C(X) is said to be strongly regular if there is no sublist
Y ⊂ X lying in a proper vector subspace, such that p ∈ C(Y ).

(iii) A point in C(X) which is not strongly regular will be called strongly
singular.

(iv) A connected component of the set Creg(X) of strongly regular points will
be called a big cell.

Remark 1.51. The notion of strongly regular should be compared with that
of regular for hyperplane arrangements; cf. Section 2.1.2. In this case the
arrangement is formed by all the hyperplanes of V that are generated by
subsets of X and a regular point is one which does not lie in any of these
hyperplanes.

Example 1.52. Let us show in cross section the cone and the big cells for the
positive roots of A3.
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Fig. 1.1. The big cells for type A3 in cross section

As one sees the big cell with vertices 1, 3, 6 contains points which lie on a
plane of the arrangement, so they are not regular.

With the notion of stongly singular points we obtain a stratification of C(X)
in which the big cells are open strata. By construction, if Ω is a big cell,
its boundary ∂(Ω) is contained in the set of singular points, and unless the
closure Ω equals C(X) (this happens only when X is linearly independent),
we have that ∂(Ω) disconnects C(X).

Let us denote by Csing(X) the set of singular points. It is the union of
finitely many cones C(c), where c ⊂ X is a basis of a hyperplane. In particular,
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Csing(X) is an (s− 1)-dimensional polyhedron. Inside the singular points we
have those points that are either on the boundary of one of the cones C(c)
or in the intersection of two of these cones lying in different hyperplanes.
In the previous example we have six points of the first type and one of the
second. This set we denote by CSing(X), and it is even of dimension s − 2;
its complement in Csing(X) is formed by points q that are in the interior of
some (s−1)-dimensional cones C(ci) generated by bases of a fixed hyperplane
K and in no other cone. They have the property that there is a ball B(ε)
of some radius ε centered at q and a hyperplane K (the one defined above)
passing through q such that B(ε) ∩K = B(ε) ∩ Csing(X). Let us denote by
Csing(X)0 := Csing(X) \ CSing(X).

Proposition 1.53. Let p be a strongly regular point. The big cell containing
p is the intersection of the interiors of all the quadrants C(b) containing p in
their interior.

Proof. Let Ω denote the big cell to which p belongs. Take a basis b ⊂ X.
Clearly, the boundary of C(b) disconnects the space. Thus if Ω ∩ C(b) 
= ∅,
we must have that Ω ⊂ C̊(b), where C̊(b) denotes the interior of C(b). Since
C(X) is the union of the cones C(b) as b ⊂ X runs over all the bases, we must
have at least one basis b with Ω ⊂ C̊(b).

Let now Ω′ := ∩p∈C̊(b)C̊(b). We have seen that Ω ⊂ Ω′ and need to see
that they are equal. Otherwise, since Ω′ is convex and thus connected, the
boundary of Ω must intersect Ω′ in a nonempty set. We claim that this must
contain a point q ∈ Csing(X)0. In fact, since Ω is a connected component
of the set of regular points and Ω′ is open, we must have that the boundary
of Ω disconnects Ω′; hence it cannot be contained in the (s− 2)-dimensional
space CSing(X). Take now the cone C(c) generated by a basis of a hyperplane
K and a ball B(ε) centered at q as before. We must have that Ω ∩ B(ε)
contains one of the two half-balls, while we also must have B(ε) ⊂ Ω′ and
hence B(ε) ⊂ C(X). Therefore, there must be points in X contained in both
the open half-spaces into which K divides the space V . Therefore, choose
a point v in the same half-space in which Ω meets B(ε). We have that the
interior of the cone generated by the basis c, v is contained in this half-space,
and by our initial remarks, that Ω is contained in this interior. Thus Ω′ is
also contained in this interior, and we have a contradiction.

Definition 1.54. Given a lattice Λ ⊂ V and a finite set X ⊂ Λ generating
V, the cut locus is the union of all hyperplanes that are translations, under
elements of Λ, of the linear hyperplanes spanned by subsets of X.

We want to point out a simple relation between the notion of singular points
and that of cut locus.

Proposition 1.55. The cut locus is the union of all the translates, under Λ,
of the strongly singular points in C(X).
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Proof. Clearly this union is contained in the cut locus. Conversely, given a
vector v in the cut locus, let us write v = λ +

∑
a∈Y xaa, λ ∈ Λ, where Y

is a sublist of X contained in a hyperplane. Clearly, there is integer linear
combinations µ =

∑
a∈Y naa, such that na + xa > 0 for each a ∈ Y . So

v = λ− µ+
∑
a∈Y (na + xa)a, and

∑
a∈Y (na + xa)a is strongly singular.

We have thus that the complement of the cut locus is the set of regular
points for the periodic arrangement generated, under translation by Λ, by the
arrangement H∗

X of hyperplanes generated by subsets of X.

1.3.4 Vertices of ΠX(b).

Let us understand the vertices of ΠX(b) using the concepts developed in the
previous sections in the case in which b is a strongly regular point. Such a
vertex must be of the form ΠY (b) for some sublist Y with X \ Y = S{b} =
{ai ∈ X | ti = 0 on b}. We have (recall Definition 1.50) the following theorem

Theorem 1.56. Let b ∈ C(X) be a strongly regular point. Then

(i) The vertices of ΠX(b) are of the form ΠY (b) with Y a b-positive basis.
(ii) The faces of ΠX(b) are of the form ΠZ(b) as Z runs over the subsets of

X containing a b-positive basis. Such a face has dimension |Z| − s and
its vertices correspond to the positive bases in Z.

(iii) Around each vertex the polytope is simplicial. This means that near the
vertex the polytope coincides with a quadrant.

Proof. From Proposition 1.48 we know that the faces of ΠX(b) are of the form
ΠY (b), where Y ⊂ X and b ∈ C(Y ). Since b is strongly regular for X it is
also strongly regular for Y, and thus for any Y for which b ∈ C(Y ) we have
from Proposition 1.47 that ΠY (b) has dimension |Y |− s, and thus (1) and (2)
follow immediately.

It remains to prove (3). Let Y be the b-positive basis such that our ver-
tex is q := ΠY (b). For simplicity assume that Y = (a1, . . . , as) and write
b =

∑s
i=1 tiai, ti > 0. Since Y is a basis, there exist linear functions

xi(us+1, . . . , um), i = 1, . . . , s, such that
∑m
i=s+1 uiai =

∑s
i=1 xiai. There-

fore, the linear system
∑m
i=1 uiai = b =

∑s
i=1 tiai can be transformed as∑s

i=1(ui + xi(us+1, . . . , um))ai =
∑s
i=1 tiai; hence the affine space of so-

lutions of
∑m
i=1 uiai = b is parametrized by (us+1, . . . , um), where we set

ui = ti − xi(us+1, . . . , um) for each i = 1, . . . , s. In this parametrization
the polytope ΠX(b) can be identified with the polytope of (m − s)-tuples
us+1, . . . , um with uj ≥ 0 for j = s+ 1, . . . ,m and ti ≥ xi for i = 1, . . . , s.

At our vertex q, the coordinates uj vanish for j = s + 1, . . . ,m, and thus
we also get xi = 0 at q for each i = 1, . . . , s. Therefore for small enough
uj ≥ 0, j = s+ 1, . . . ,m the conditions ti ≥ xi are automatically satisfied. It
follows that in a neighborhood of q our polytope coincides with the quadrant
ui ≥ 0, i = s+ 1, · · · ,m.
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The condition that a set Z corresponds to a face of ΠX(b) is clearly indepen-
dent of b as long as b varies in a big cell. According to Definition 1.26 we have
the following corollary:

Corollary 1.57. The polytopes ΠX(b), as b varies in a big cell, are all com-
binatorially equivalent.

When we pass from a big cell Ω to another, the set of bases Y that are positive
on the cell, i.e., for which C(Y ) ⊃ Ω, clearly changes. Nevertheless, it is still
possible that combinatorially the corresponding polytopes are equivalent. For
instance, in the example of B2 or the ZP element. We have 3 cells on two of
which the polytope is a triangle while in the third it is a quadrangle. We can
generalize this example:

Example 1.58. Consider m distinct nonzero vectors a1, . . . , am in R2, which we
order by the clockwise orientation of their arguments, that generate a pointed
cone. The cone they generate is then the quadrant defined by a1 and am. A
strongly regular vector b in this quadrant appears uniquely in the given order,
between some ah and ah+1; thus a basis {ai, aj} is b-positive if and only if
i ≤ h, j ≥ h+ 1. We have thus h(m− h) vertices in the corresponding m− 2
dimensional polytope. For m = 4 we have the previous case.

In this example one sees quite clearly how the combinatorics of the faces of the
polytope ΠX(b) changes as b passes from the big cell generated by ah, ah+1
to the next cell generated by ah+1, ah+2. Nevertheless, there is a symmetry
passing from h to m− h.

Example 1.59.

X =
∣∣∣∣1 1 0 −1
1 0 1 1
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Fig. 1.2. The area and the shape as b = (x, y) varies in the cone.
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1.3.5 Piecewise Polynomial Functions

In the theory of the multivariate spline, which we will discuss in the second
part, polyhedral cones are associated to piecewise polynomial functions such
as, for instance, the area that we described in example (1.59). We shall make
the following definition:

Definition 1.60. Given a polyhedron A, a family {Ai}i∈I of polyhedra is
called a locally finite decomposition of A into polyhedra if

(i) A = ∪i∈IAi;
(ii) for every point p ∈ A there is a neighborhood of p which meets only

finitely many Ai’s;
(iii) for any two indices i 
= j, the intersection Ai ∩Aj is a face of both.

Given a function f on a polyhedron A, we shall say that f is piecewise poly-
nomial if A has a locally finite decomposition into polyhedra Ai such that f
restricted to the (relative) interior of each Ai coincides with a polynomial.

In numerical analysis (cf. [96]), sometimes the word spline is used as equivalent
to piecewise polynomial function with suitable smoothness conditions.

For example, given a positive integer m, assume that we have a function
that is locally a polynomial of degree ≤ m.

Gluing together polynomials often involves allowing discontinuity of some
higher-order derivatives when one crosses a common face of codimension-one
of two polyhedra, which we call a wall. It is easily seen that in this way,
besides the functions that are globally polynomials, we may obtain functions
of class at most Cm−1.

In particular, one can consider piecewise linear functions. A way in which
these functions appear in the theory is the following.

Example 1.61. Take n polynomial functions of degree ≤ 1, ai(x), i = 1, . . . , n
on V, and set s(x) := max ai(x) (or min ai(x)). Then V decomposes in the
(possibly overlapping) pieces Vi := {x ∈ V | s(x) = ai(x)}. Of course, Vi
is defined by the inequalities ai(x) − aj(x) ≥ 0, ∀j 
= i, and it is thus a
polyhedron. We have therefore decomposed V into polyhedra on each of
which s(x) coincides with one of the linear functions ai(x).

If the ai are also homogeneous, then s(x) is piecewise linear with respect to a
decomposition into cones Ci.
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Hyperplane Arrangements

This chapter is an introduction to the theory of hyperplane arrangements,
which appear in our treatment as the hyperplanes associated to the list of
linear equations given by a list X of vectors. We discuss several associated
notions, including matroids, Tutte polynomials, and zonotopes. Finally, we
expand the example of root systems and compute in this case all the Tutte
polynomials.

2.1 Arrangements

2.1.1 Hyperplane Arrangements

We shall use several types of arrangements. Let us start from the simplest
kind.

Definition 2.1. A linear arrangement H in an affine space U is a family of
affine hyperplanes.

An arrangement in an affine space U (over R or C) is locally finite if given
any point p ∈ U, there is a neighborhood of p that meets only finitely many
elements of the arrangement.

In our setting, two types of arrangements appear. We start from a finite list of
vectors X in V = U∗ and numbers µ := (µa), a ∈ X. The hyperplanes Ha :=
{u ∈ U | 〈a |u〉 + µa = 0, a ∈ X} define an affine hyperplane arrangement,
given by explicit linear equations. We shall denote this arrangement by HX,µ.
There is also another arrangement associated to X, this time in V, which we
occasionally use. When X spans V one can also consider the arrangement
H∗
X formed by all the hyperplanes of V that are generated by subsets of X.

The second type of arrangement will be a periodic arrangement. Fix a
lattice Λ in U and a finite hyperplane arrangement H0 with the property that
any hyperplane H ∈ H0 has an equation of the form 〈v |x〉−b = 0 with v ∈ U∗
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26 2 Hyperplane Arrangements

such that 〈v |λ〉 ∈ Z, 〈b |λ〉 ∈ Z for λ ∈ Λ. We associate to H0 the periodic
arrangement H consisting of all the hyperplanes H + λ, H ∈ H0, λ ∈ Λ.

We leave it to the reader to verify that a periodic arrangement is locally
finite.

Any (nonempty) affine subspace obtained as the intersection of a set of
hyperplanes of the arrangement is called a space of the arrangement or also
a flat. In particular, the zero-dimensional subspaces of the arrangement are
called points of the arrangement and denoted by P (X,µ).

We shall denote the set of spaces of the arrangement H by Z(H). In
the case of an arrangement of the form HX,µ for a finite list of vectors X in
V = U∗ and numbers µ := {µa, a ∈ X}, we shall set Z(HX,µ) = Z(X,µ).

The set of spaces of an arrangement is a ranked poset.1 We shall take as
definition of ranked poset the following.

Definition 2.2. A ranked poset P is a partially ordered set P with a mini-
mum element 0, such that given any element a ∈ P, all the maximal chains
0 < x1 < x2 < · · · < xk = a have the same length k.

The number k is called the rank of the element a, denoted by �(a).

In the theory of hyperplane arrangements, it is usual to choose opposite inclu-
sion as the partial order. Thus the minimal element is the entire space. The
fact that the poset is ranked is an obvious consequence of the fact that a proper
nonempty intersection of a subspace A with a hyperplane H has dimension
dim(A ∩H) = dim(A)− 1. Thus, the rank function �(A) is the codimension
of the subspace A. This is the first combinatorial object associated to the
arrangement.

If all the hyperplanes of the arrangement have a nonempty intersection
A, then the arrangement is said to be central and A is its center. In this
case, one can, up to translations, assume 0 ∈ A, so that all the spaces of the
arrangement are vector spaces. Then one can decompose V = A ⊕ B using
some complement B to A and see that the spaces of the arrangement are all
of the form A ⊕ C, where the spaces C are the subspaces of an arrangement
in B with center 0.

A subspace K of the arrangement determines two induced arrangements.
The first is given by all the hyperplanes of the arrangement containing K.
This is an arrangement with center K.

To define the second arrangement, take the hyperplanes H of the arrange-
ment that do not contain K. They cut on K a hyperplane arrangement given
by the elements K ∩H. We denote this arrangement by HK . Notice that if
H is finite, so is HK , and if H is periodic with respect to the lattice Λ, then
HK is periodic with respect to the lattice Λ ∩K.

Example 2.3. The arrangement HX,µ.

1Poset =partially ordered set.
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Given a subspace W of the arrangement associated to a list of vectors X and
parameters µ, we set

XW := {a ∈ X | a+ µa = 0, on W}. (2.1)

When p ∈ P (X,µ) we set Xp := X{p}. Clearly, W is of codimension k if
and only if XW spans a space of dimension k. Any basis of this space gives a
(minimal) set of equations for W .

In particular, to a basis b := (b1, . . . , bs) extracted from X we associate
the unique point pb ∈ U such that 〈bi | pb〉 = −µbi for each i = 1, . . . , s.

The set P (X,µ) consists of the points pb as b varies among the bases
extracted from X.

For generic µ all these points are distinct (cf. Section 8.1.4), while for
µ = 0 they all coincide with 0. In the other cases we may have various ways
in which the points pb will coincide, depending on the compatibility relations
among the parameters µ.

It is clear by definition that if we restrict to the subset Xp, the points of
this restricted arrangement reduce to p. Moreover, by a translation we can
center the arrangement at 0.

The arrangement HX,µ depends strongly on the parameters µ. We will
see how the combinatorics and the formulas change from the generic values
of µ to the degenerate case in which all the µi’s equal 0.

2.1.2 Real Arrangements

In the case of a vector space over the reals, the complement of a hyperplane
is formed by two disjoint open half-spaces.

Let us fix a locally finite real arrangement H := {Hi}i∈I and set AH to
be the complement of the union of all the hyperplanes in H. A point p ∈ AH
is called a regular point of the arrangement.

Definition 2.4. The connected components of the complement AH of the
arrangement are called chambers.

More generally, we make the following definition

Definition 2.5. Let K be a space of the arrangement H. A chamber of the
arrangement HK cut by H on K, is called a face of H.

Let us fix an equation fH(x) = 0 for each hyperplane H of the arrangement
H. A point p is in AH if and only if fH(p) 
= 0, ∀ H ∈ H. Define a (sign)
function s : U ×H → {+1,−1, 0} by

s(p,H) :=

{
0 if fH(p) = 0,
fH(p)/|fH(p)| ∈ {+1,−1} otherwise.

These functions define an equivalence relation by setting

p ≡ q ⇐⇒ s(p,H) = s(q,H), ∀H ∈ H.
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Proposition 2.6. 1. Each equivalence class is a convex set.
2. AH is a union of equivalence classes that are its connected components.
3. The equivalence classes coincide with the faces of the arrangement.

Proof. 1. The first statement is clear.
2. A point p lies in AH if and only if s(p,H) 
= 0, ∀H ∈ H. If p, q lie

in two different equivalence classes in AH, there must be an H such that
s(−, H) takes different signs on the two points. Hence p, q lie in opposite
open half-spaces with respect to H.

3. Given a point p, consider Hp := {H ∈ H | fH(p) = 0}. Then p is
a regular point of the arrangement induced on the subspace of equations
fH(x) = 0 for H ∈ Hp. Thus by statement 2, we have the required equality.

Theorem 2.7. (1) If H is a finite arrangement, each of its faces is the relative
interior of a polyhedron.

(2) If H is finite and has center 0 each chamber is the interior of a pointed
polyhedral cone.
Assume that H is periodic with respect to a lattice Λ and there is a space
of the arrangement consisting of a point:

(3) The chambers of H are bounded polytopes.
(4) There are only finitely many distinct chambers up to translation by ele-

ments of Λ.

Proof. (1) We can reduce immediately to the case of regular points and cham-
bers. As we have seen, the component of a regular point p ∈ AH is given by
the inequalities fi(p) > 0 if si(p) > 0, fi(p) < 0 if si(p) < 0. Since I is finite
these define the interior of a polyhedron.

(2) Since our arrangement is centered at zero, it is clear that its chambers
are polyhedral cones. Now by assumption there are hyperplanes H1, . . . , Hs

in H whose intersection is 0. Thus each chamber is contained in a quadrant
relative to these hyperplanes, and hence it is pointed.

(3) By our assumptions we must have s linearly independent hyperplanes
in the arrangement meeting in a point p such that for some h ∈ N, hp ∈ Λ.
Applying translations and choosing coordinates xi, we can assume that the
point is 0 and Λ is of finite index in Zs. The periodic arrangement generated
by the equations xi = 0 and by Λ has as chambers parallelepipeds that are
convex polytopes. It follows that the chambers of H are contained in these
parallelepipeds and hence are bounded. Each parallelepiped P intersects only
finitely many hyperplanes of the arrangement; hence we have only finitely
many chambers contained in P . Each of these chambers is defined by a finite
number of linear inequalities, and hence it is the interior of a polyhedron.

(4) From the proof of statement 3, we have that the chambers are ob-
tained by decomposing the parallelepipeds associated to the periodic arrange-
ment generated by a basis. These parallelepipeds form a unique orbit under
translation, so each chamber up to translation can be brought into a fixed
parallelepiped.
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Proposition 2.8. The closure of a face is a union of faces.

Proof. We claim that a point p is in the closure of a face F if and only if, for
each of the linear functions fi we have

(i) If fi vanishes on F then it vanishes on p.
(ii) If fi is positive on F we have fi(p) ≥ 0.
(iii) If fi is negative on F we have fi(p) ≤ 0.

In fact, if p is in the closure of a face F, it clearly satisfies these properties.
Conversely, take a point p that satisfies these properties and choose any point
q ∈ F . We see immediately that the segment (p, q] lies entirely in F. This
implies our claim.

Remark 2.9. One easily sees that the notion of face for hyperplane arrange-
ments coincides, for the closure of a chamber, with that given for polytopes
or cones.

Also, given two chambers, the intersection of their closures is either empty,
or a common face.

2.1.3 Graph Arrangements

Given a finite set V let us denote by
(
V
2

)
the set consisting of subsets of V

with two elements.

Definition 2.10. A graph Γ with labeled edges is a pair Γ := (V,m) where
V is a finite set called the set of vertices and m is a function m :

(
V
2

)
→ N.

The subset L ⊂
(
V
2

)
consisting of elements {u, v} ∈

(
V
2

)
for which m({u, v}) >

0 is called the set of edges. Given an edge a ∈ L, m(a) is called the multiplicity
of a. We can realize such a combinatorial object geometrically as a topological
space |Γ | by joining two vertices u, v that form an edge with a segment that
we denote by [u, v] labeled by the integer n := m([u, v]). We have thus a 1-
dimensional simplicial complex. One can realize it concretely as subset of the
|V |-dimensional vector space with basis the elements of V by taking the union
of all the segments joining two basis elements which form an edge each with
its appropriate label. We then have the obvious notion of a path (sequence of
edges) connecting two vertices and of connected components.

When we want to stress the fact that the vertices V are the vertices of the
graph Γ we denote them by VΓ .

Definition 2.11. A cycle of a graph Γ is a sequence of distinct vertices
v1, v2, . . . , vk−1 such that, setting vk = v1, the sets {vi, vi+1}, i = 1, . . . , k− 1
are all edges. A cycle is simple if no proper sublist is also a cycle.

A graph is called a tree if it is connected and has no cycles.
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Often, when taking a subset of the set of edges we will speak of the graph
they generate, meaning that the vertices are exactly all the vertices of the
given set of edges.

It is convenient to orient the graph Γ . This means that each set in L is
represented by a chosen ordered pair (u, v). Once we do this, each a ∈ L has
an initial vertex i(a) and a final vertex f(a).

From homology theory one has in this case a simple construction.
Consider the two free abelian groups C1, C0 with basis the edges and the

vertices and the boundary map δ defined on an edge a by δ(a) := f(a)− i(a).
Then the kernel and cokernel of δ are the homology groups H1(|Γ |), H0(|Γ |)
of the topological space |Γ | associated to the graph.2

Denote by b1, b0 the two Betti numbers of the graph, that is, the dimension
of the two homology groups. One easily sees that b0 is the number of connected
components of Γ and if p := |V |, � = |L| (the number of vertices and edges),
we have that p− � = b0 − b1 is the Euler characteristic.3

Elementary topology shows that a graph is a tree if and only if b0 = 1,
b1 = 0, that is, the graph is connected and p = �+ 1. Moreover, it is easy to
interpret the number b1 as the number of independent cycles.

Consider the space V ∗
Γ of functions on the set VΓ of all vertices with the

restriction that on each connected component of |Γ |, the sum equals 0.
If for each edge a we take the hyperplane Ha of all functions taking the

same value on the two vertices of a, we get a hyperplane arrangement HΓ in
V ∗
Γ , which we shall call a graph arrangement.

In order to get equations of the hyperplanes Ha let us again orient Γ .
Given a vertex v ∈ VΓ , let ev denote the characteristic function of the vertex
v. Consider the set of vectors ∆Γ := {xa := ef(a) − ei(a)} ⊂ V ∗

Γ as a ∈ L.
Then xa is a linear equation of the hyperplane Ha.

Notice that since the edges are labeled, once we fix a total ordering on L,
we can also associate to Γ the list XΓ consisting of the vectors xa, a ∈ L each
repeated m(a) times.

Lemma 2.12. The vectors xa span V ∗
Γ .

Proof. Clearly, the spaces spanned by vectors in different connected compo-
nents form a direct sum, so it suffices to prove the formula when Γ is con-
nected. These vectors span a space U contained in the subspace generated
by the vectors ev where the sum of the coordinates is 0. We claim that U
coincides with this subspace; in fact, choose a vector ev and add it to U then
by connectedness, each ew is in U +Rev, whence the claim.

Proposition 2.13. If Γ is connected, v− 1 edges ai are such that the vectors
xai form a basis of V ∗

Γ if and only if these edges span a maximal tree.

2Of course, this is a trivial example of a chain complex.
3Our use of homology is extremely limited, and our statements can be easily

justified.
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Proof. Edges in a cycle add to zero, thus are linearly dependent, so the graph
generated by a basis cannot contain cycles. Let Γ ′ be the graph generated by
the edges ai. By construction, Γ ′ has �′ = v−1 edges and no cycles. Suppose
that it has k connected components and v′ vertices. We thus have that Γ ′ is
the union of k trees and v′ = �′ + k = v − 1 + k. Since v′ ≤ v and k ≥ 1, this
implies v′ = v, k = 1.

Conversely, a tree contained in Γ has at most v vertices and hence at most
v − 1 edges. In any case, these edges are linearly independent and thus can
be completed to a basis, so if the tree is maximal, it is associated to a basis.

We deduce the following

Proposition 2.14. A sublist of the list XΓ is linearly dependent if and only
if either the corresponding edges contain a cycle or the list contains the same
vector twice (we may think to this as the case in which we have a cycle con-
sisting of two copies of the same edge).

A minimal dependent list thus coincides with a cycle and it is called a circuit.4

2.1.4 Graphs Are Unimodular

The previous proposition has a simple but important consequence. In order
to explain it, let us observe that the vectors xa for a ∈ L span a lattice Λ in
V ∗
Γ .

The property to which we are referring, that of being unimodular, can in
fact be defined, in the case of a list of vectors X in a lattice Λ of covolume 1
in a vector space V with a fixed Lebesgue measure, by either of the following
equivalent conditions.

Proposition 2.15. Given a list of vectors X in Λ, the following are equiva-
lent:

1. Any sublist Y of X spans a direct summand in Λ.
2. Any basis b of V extracted from X has |det(b)| = 1.

The proof is left to the reader.

Corollary 2.16. A graph arrangement is unimodular.

Proof. We can reduce to the case that Γ is connected. Thus a basis corre-
sponds to a maximal tree; clearly it is enough to see that each such basis b is
also a basis of the lattice Λ. To see this choose an edge a not in b, complete a
to a circuit a = a0, a1, . . . , ak with ai ∈ b, ∀i ≥ 1. Since we have a cycle the
sum of these elements with coefficients ±1 is 0. This implies that a lies in the
lattice spanned by b, which is then equal to Λ giving the claim.

4In matroid theory a circuit is a minimal dependent set, the axioms of matroids
can also be formulated in term of circuits.
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There is a dual form in which unimodular lists are associated to graphs. Take
the spaces C1(Γ ) with basis the edges of the graph, which we assume oriented,
and C0(Γ ) with basis the vertices of the graph. We have the boundary map
from C1(Γ ) to C0(Γ ), mapping an edge e with vertices a, b to δ(e) = a− b (if
a is the initial vertex and b the final). The kernel of this map is called the
homology H1(Γ ). We have a surjective dual map C1(Γ )∗ → H1(Γ )∗, so the
edges induce a list of vectors in H1(Γ )∗. This list is unimodular in the lattice
they span. In fact, a deep Theorem of Seymour implies that any unimodular
list of vectors in a lattice is constructed through a simple rule from the the
two lists associated to a graph in one of the two previous ways, and from a
unique exceptional list denoted by R10 [100].

If the given orientation of our graph is such that the vectors xa span an
acute cone, i.e., they are all on the same side of a hyperplane which does
not contain any of them, we will say that the graph with its orientation is a
network. Let us explain how to obtain networks.

Proposition 2.17. 1. Fix a total order on the set of vertices and orient the
edges according to the given order. Then the corresponding oriented graph
is a network.

2. An oriented graph is a network if and only if it does not contain oriented
cycles.

3. In every network we can totally order the vertices in a way compatible with
the orientation of the edges.

Proof. 1. Suppose we have a total order on the vertices. Consider any linear
form α such that 〈α | ev〉 > 〈α | eu〉 if v > u. It is the clear that 〈α |xa〉 > 0
for each edge a ∈ LΓ .

Let us now prove 2 and 3.
An oriented cycle a1, . . . , ak gives vectors xa1 , . . . , xak with xa1 +· · ·+xak = 0.
This is impossible in a network.

Conversely, assume that there are no oriented cycles. Take a maximal
oriented chain a1, . . . , ak. This chain is not a cycle, and necessarily i(a1) is a
source. Otherwise, we could increase the oriented chain. We take this source
to be the smallest vertex, remove it and all the edges coming from it, and
then start again on the remaining graph by recursion. We then obtain a total
order on the vertices compatible with the orientation of the edges. By 1 our
oriented graph is a network.

Since oriented graphs produce unimodular lists (Corollary 2.16), we may apply
formula (2.16) to them. In this case we need to interpret the result. We write
first the list X of vectors xa in the basis e1, . . . , ev given by the v vertices.
The entry ai,j of the matrix A := XXt has the following meaning:

1. When i = j then ai,i equals the number of edges that have ei as a vertex.
2. When i 
= j then −ai,j equals the number of edges connecting ei and ej .



2.2 Matroids 33

We call A the incidence matrix of the graph.
We cannot apply formula (2.16) directly, since the columns of X span a

proper subspace. Thus in order to apply it, we take the image of these vectors
in the quotient space, where we set one of the vectors ei equal to 0. In the
quotient space the lattice generated by the classes of the elements xa coincides
with the lattice with basis the classes of the elements ej , j 
= i. In matrix
notation this amounts to replacing X with the same matrix with the i-th row
removed and hence replace A with the same matrix with both the i-th row
and i-th column removed, and we obtain the following result

Proposition 2.18. Let A be the incidence matrix of a graph Γ . Given any
index i, let Ai be obtained from A by removing the i-th row and the i-th column.
Then det(Ai) equals the number of maximal trees contained in Γ .

A special important example is the complete graph of vertices 1, 2, . . . , n, which
we can orient so that each edge goes from a higher-numbered vertex to a lower-
numbered one. Its associated set of vectors ei−ej , i < j is the root system of
type An−1. For this example we have the following result known as Cayley’s
theorem

Example 2.19 (Cayley’s theorem).
The number of marked trees on n vertices is nn−2.

Proof. This set equals the set of maximal trees contained in the complete
graph on n vertices. For this graph, the matrix A is an n × n matrix with
n − 1 on the main diagonal and −1 elsewhere. When we delete one row and
the corresponding column we obtain the (n− 1)× (n− 1) matrix with n− 1
on the main diagonal and −1 elsewhere. Let us call this matrix A(n − 1).
We need to show that det(A(k)) = (k + 1)k−1. We compute as follows: let
Ek denote the k × k matrix with all entries equal to 1, and Ik the identity
matrix. Ek has rank 1, so it has 0 as an eigenvalue with multiplicity k − 1.
Moreover, the vector with all coordinates 1 is an eigenvector with eigenvalue
k. It follows that det(xIk − Ek) = (x − k)xk−1. Substituting x with k + 1,
one obtains the result.

2.2 Matroids

The next subsections deal with fundamental definitions that belong to the
theory of matroids. Given the list X, we shall study its matroid structure, in
other words, the combinatorics of the linearly dependent subsets of X. Let
us recall, for the convenience of the reader, the notion of matroid. This is
a concept introduced by Whitney in order to axiomatize the ideas of linear
dependence [117], [118]; see also the book of Tutte [115]. We restrict our
attention to the finite case and present one of the several possible axiomatic
approaches.
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Definition 2.20. A matroid M on a ground set E is a pair (E, I), where I
is a collection of subsets of E (called the independent sets) with the following
properties:

(a) The empty set is independent.
(b) Every subset of an independent set is independent (hereditary property).
(c) Let A andB be two independent sets and assume thatA has more elements

than B. Then there exists an element a ∈ A \B such that B ∪ {a} is still
independent (augmentation or exchange property).

A maximal independent set is called a basis. It follows immediately from
axiom (c) that all bases have the same cardinality, called the rank of the
matroid.

If M is a matroid on the ground set E, we can define its dual matroid
M∗, which has the same ground set and whose bases are given by the set
complements E \B of bases B of M . We have rank(M∗) = |E| − rank(M).

We shall mainly be concerned with the matroid structure of a list of vec-
tors. In this case, independence is the usual linear independence. One can
in general define a rank function ρ(A) on the subsets of E; in our case the
dimension of the linear span 〈A〉 of A. Observe that given a list of vectors,
their matroid structure depends only on the vectors up to nonzero scaling.
We should keep in mind the special example of graphs with the associated
arrangements and polytopes, which motivates some of our more general defi-
nitions.

2.2.1 Cocircuits

As we have seen in the case of oriented graphs, a set of vectors corresponding
to edges is linearly independent if and only if the graph that they span is a
tree or a disjoint union of trees. Thus a minimal dependent set is formed by
edges that generate a simple cycle, or in the words of matroids, a circuit.

Definition 2.21. Let M be a matroid.
A minimal dependent set in M is called a circuit.
A circuit in the dual matroid M∗ is called a cocircuit.

If B is a basis of M and p /∈ B, then there is a unique circuit cir(B, p)
contained in B ∪ {p}. Dually, if q ∈ B, then there is a unique cocircuit
cocir(B, q) contained in (E \B)∪ {q}. These basic circuits and cocircuits are
related in the following way:

q ∈ cir(B, p) ⇔ (B \ q) ∪ p is a basis ⇔ p ∈ cocir(B, q).

Let us now specialize to the case that is most interesting for us, in which
the ground set X is a list of vectors and the collection I consists of linearly
independent sublists.
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In this case, if b ⊂ X is a basis and a /∈ b, then the unique circuit cir(b, a) is
obtained by writing a as a linear combination of b and taking the list formed
by a and the elements of b that appear with nonzero coordinates. Also, a
cocircuit is a sublist Y ⊂ X such that X \ Y does not span 〈X〉 and is
minimal with this property.

Let us assume that X spans V . The cocircuits can thus be obtained as
follows: fix a hyperplane H ⊂ V spanned by elements in X and consider
Y := {x ∈ X |x /∈ H}; it is immediately verified that this is a cocircuit and
every cocircuit is of this type. In fact, we leave to the reader to verify that
if b ⊂ X is a basis and q ∈ b, the unique cocircuit cocir(b, q) contained in
(X \ b) ∪ {q} is the complement in X of the hyperplane generated by b \ {q}.

If a sublist Z ⊂ X consists of all the vectors in X lying in a given subspace,
we say that Z is complete.

Thus a cocircuit is obtained by removing from X a complete set spanning
a hyperplane. The set of all cocircuits will be denoted by E(X).

Example 2.22. In the case of oriented graphs, a cocircuit is a minimal subgraph
whose complement does not contain any maximal tree.

Definition 2.23. The minimal cardinality of a cocircuit is an important com-
binatorial invariant of X; it will be denoted by m(X).

We shall say that X is nondegenerate if m(X) ≥ 2.

Proposition 2.24. We can uniquely decompose X as X = {Y, z1, z2, . . . , zr}
where V = 〈Y 〉 ⊕ ⊕ri=1Rzi and Y is nondegenerate or empty.

Proof. This is easily proved by induction. The elements zi are just the ones
which form cocircuits of length 1.

Remark 2.25. This is a special case of the decomposition into irreducibles that
will be developed in Section 20.1.

2.2.2 Unbroken Bases

Our next basic combinatorial notion has been used extensively in the theory
of hyperplane arrangements (cf. [30], [117], [118], [119]). It is the notion of
broken circuit and unbroken basis. These are again notions that belong to
matroid theory and are related to the notion of external activity, which for our
purposes plays a more important role than its dual notion of internal activity.

So let us first start for completeness in an abstract way and introduce these
notions for a matroid (E, I). From now on, let us assume that the ground set
E is linearly ordered.

Definition 2.26. Given a basis B and an element p /∈ B, we say that p is
externally active in B if p is the least element of cir(B, p). Dually, an element
q ∈ B is said to be internally active in B if q is the least element of cocir(B, p).
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Note that these concepts are dual: p is externally active in the basis B of M
if and only if p is internally active in the basis E \B of M∗.

Let us now reinterpret the same concepts with slightly different notation
for a list of vectors X. Take c := (ai1 , . . . , aik), i1 < i2 < · · · < ik, a sublist
of linearly independent elements in X.

We say that c is a broken circuit5 if there are an index 1 ≤ e ≤ k and an
element ai ∈ X \ c such that:

• i < ie.
• The list (ai, aie , . . . , aik) is linearly dependent.

We say that ai breaks c.
In other words, a broken circuit is obtained from a circuit by removing its

minimal element.
In particular, for a basis b := (ai1 , . . . , ais) extracted from X, an element

a ∈ X is breaking if and only if it is externally active, and we set

E(b) := {a ∈ X | a externally active or breaking for b}. (2.2)

Similarly, given a basis b extracted from X, an element b ∈ b is internally
active with respect to b if there is no element a in the list X preceding b such
that {a} ∪ (b \ {b}) is a basis of V .

Definition 2.27. The number e(b) of externally active elements is called the
external activity of b. The number i(b) of internally active elements is called
the internal activity of b.

If E(b) = ∅, i.e., e(b) = 0, the basis b is called unbroken. Equivalently, a
basis is unbroken if it does not contain any broken circuit.

Example 2.28. The list of positive roots for type A3.

X = {α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3}.

We have 16 bases and 6 unbroken bases; all necessarily contain α1:

α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3.

α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3.

α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3.

α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3.

α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3.

α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3.

In what follows we shall need a relative version of unbroken basis. Let
us start from a list X of vectors and parameters µ that defines an affine
arrangement.

Given a subspace W of this arrangement, recall that XW is the list con-
sisting of the elements a in X such that a+ µa = 0 on W.

5Notice that a broken circuit is not a circuit.
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Definition 2.29. Let W be a space of the arrangement of codimension k. A
subset of XW that is a basis of the span 〈XW 〉 will be called a basis on W (or
a basis in XW ).

Since XW is a list, we also have the notion of unbroken basis on W .

For interesting information on these topics in the context of matroids, see
Björner [16].

The combinatorics of unbroken bases is usually very complicated. We will
see later how to unravel it for the list of positive roots of type An.

There is only one case in which the theory is trivial, the case when X is
a list of (nonzero) vectors in 2-dimensional space. In this case, any unbroken
basis contains the first vector, and for the second vector we can take any other
vector in the list, provided a multiple of it does not appear earlier in the list.
In particular, if the m vectors are mutually nonproportional, we have m − 1
unbroken bases.

2.2.3 Tutte Polynomial

A basic combinatorial invariant of matroids is the Tutte polynomial, intro-
duced by W. T. Tutte in [114] as a generalization of the chromatic polynomial,
which counts colorings of graphs.

Let M = (X, I) be a matroid, with rank function ρ. The Tutte polynomial
T (M ;x, y) is the polynomial in x and y (with integer coefficients) given by

T (M ;x, y) :=
∑
A⊂X

(x− 1)ρ(X)−ρ(A)(y − 1)|A|−ρ(A). (2.3)

It is immediate that T (M, 1, 1) equals the number of bases that one extracts
from X. Although it is not apparent from the formula, this is a polynomial
with positive integer coefficients. In combinatorics, polynomials with positive
integer coefficients usually appear associated to statistics. For instance, a
polynomial in one variable may appear when we have a function f on a finite
set S with values in N. In this situation, the polynomial

∑
s∈S q

f(s) has the
property that the coefficient of qi counts the number of elements s ∈ S for
which f(s) = i. Indeed, we shall see that the Tutte polynomial encodes two
statistics on the set of bases (formula (2.6)).

Let us discuss the Tutte polynomial for a list X of vectors, where for
A ⊂ X we have ρ(A) = dim〈A〉. In this case we denote it by T (X;x, y).

Example 2.30. Assume that the list is generic; that is, if s = dim〈X〉, any
subset with k ≤ s elements is independent. Then, letting m := |X|,
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T (M ;x, y) : =
s∑
i=0

∑
A⊂X, |A|=i

(x− 1)s−i +
m∑

i=s+1

∑
A⊂X, |A|=i

(y − 1)i−s

=
s∑
i=0

(
m

i

)
(x− 1)s−i +

m∑
i=s+1

(
m

i

)
(y − 1)i−s

=
s∑

h=1

(
m− h− 1
s− h

)
xh +

m−s∑
h=1

(
m− 1− h

s− 1

)
yh.

In particular, let us note two trivial cases:
Case 1. X is the list of m vectors equal to 0. Then we see that

T (X;x, y) :=
∑
A⊂X

(y − 1)|A| = ym. (2.4)

Case 2. X is a list of m linearly independent vectors. Then we see that

T (X;x, y) :=
∑
A⊂X

(x− 1)m−|A| = xm. (2.5)

In general, we shall give a simple recursive way to compute T (X;x, y) that will
also explain its meaning in terms of a statistic on the set of bases extracted
from X. This method is called method of deletion and restriction and goes
back to Zaslavsky [122].

Remark 2.31. Assume that the list X is the union of two lists X = X1 ∪X2
such that 〈X〉 = 〈X1〉 ⊕ 〈X2〉 (in the notation of Sections 7.1.4, and 20.1 this
is called a decomposition).

Then we have

T (X;x, y) = T (X1;x, y)T (X2;x, y).

Let us now see the basic step of a recursion.
Given a list of vectors X and a nonzero vector v in X, let X1 be the list

obtained by deleting v. If 〈X〉 = 〈v〉⊕〈X1〉, we have by the previous formulas

T (X;x, y) = T (X1;x, y)x.

Otherwise, we have 〈X〉 = 〈X1〉 and we let X2 be the list obtained from X1
by reducing modulo v.

In this case the following identity holds:

T (X;x, y) = T (X1;x, y) + T (X2;x, y).

Indeed, the sum expressing T (M ;x, y) splits into two parts, the first over the
sets A ⊂ X1:
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A⊂X1

(x− 1)ρ(X)−ρ(A)(y − 1)|A|−ρ(A)

=
∑
A⊂X1

(x− 1)ρ(X1)−ρ(A)(y − 1)|A|−ρ(A) = T (X1;x, y),

since clearly ρ(X1) = ρ(X). The second part is over the sets A with v ∈ A.
For these sets, set A to be the image of A \ v modulo v. We have that

|A| = |A| − 1, ρ(A) = ρ(A)− 1, ρ(X2) = ρ(X)− 1,

and we get∑
A⊂X, v∈A

(x− 1)ρ(X)−ρ(A)(y − 1)|A|−ρ(A)

=
∑
A⊂X2

(x− 1)ρ(X2)−ρ(A)(y − 1)|A|−ρ(A) = T (X2;x, y),

which proves our claim.
This allows us to compute the Tutte polynomial recursively starting from

the case in which X consists of m vectors all equal to 0, the case for which we
have formula (2.4). The final formula, due to Crapo [36], involves in a clear
way the notions of external and internal activity (Tutte [114]). Notice that
from this recursion it follows that the Tutte polynomial has positive integer
coefficients.

Theorem 2.32 (Crapo). The Tutte polynomial T (X,x, y) equals∑
b basis inX

xi(b)ye(b). (2.6)

Proof. Set
T̃ (X,x, y) =

∑
b basis inX

xi(b)ye(b).

If X is the list of m vectors equal to 0, then there is only the empty basis
for which the external activity is m and the internal activity is 0. Thus
T̃ (X,x, y) = ym = T (X,x, y).

Assume now that X contains at least one nonzero vector and let v be the
last such vector. Set X1 = X \ {v}. We have two cases: V = 〈X1〉 ⊕ 〈v〉 and
V = 〈X1〉.

If V = 〈X1〉 ⊕ 〈v〉, then every basis extracted from X contains v, v
is internally active with respect to every basis, and we clearly see that
T̃ (X,x, y) = xT̃ (X1, x, y).

Let BX denote the sublists extracted from X that give bases of V . If V =
〈X1〉, denote by B1 the set of bases in BX not containing v and B2 = BX \ B1
those containing v. Since v is the last nonzero element in X, we immediately
get that
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T̃ (X1, x, y) =
∑
b∈B1

xi(b)ye(b).

On the other hand, let us consider the list X2 consisting of the images of the
elements of X1 in V/〈v〉. If v ∈ b, then the image b̃ of b \ {v} modulo v is a
basis extracted from X2, and we have that e(b) = e(b̃) and i(b) = i(b̃), as the
reader will easily verify. Thus

T̃ (X2, x, y) =
∑
b∈B2

xi(b)ye(b).

It follows that
T̃ (X,x, y) = T̃ (X1, x, y) + T̃ (X2, x, y).

Since both T (X,x, y) and T̃ (X,x, y) satisfy the same recursive relation, the
claim follows.

We have normalized the previous algorithm, that at each step produces lists of
vectors, by choosing as vector v the last (or the first) in the list that is nonzero.
Once we do this, we can visualize the full algorithm by a rooted tree. The
root is given by the full list X, the nodes are the lists of vectors that we obtain
recursively, the internal nodes are the lists that contain a nonzero vector, and
the leaves are the lists of vectors that are all zero.

The steps of the first type produce a new node, that we mark by the value
x by which we multiply, and we join to the previous node by an edge marked
by the vector v that we have removed. The second type of step produces a
branching into two nodes, one relative to the list X1 and the other relative
to X2. We mark the edge joining X and X2 with the vector v that we have
used to construct V/〈v〉. Observe that in passing from a node to the next by
an edge, we reduce the rank by 1 if and only if the edge is marked.

At each step, every vector of the list of vectors we obtain remembers the
position of the vector from which it came (by successive quotients). Consider
now a maximal chain C of this tree. To C associate the subset of vertices
v marking the edges appearing on C. It is clear that this subset is a basis
b extracted from X. In this maximal chain there are k vertices marked by
x for some k, and the final leaf, which is the list of 0 with some multiplicity
h. Clearly, this chain contributes xkyh to the Tutte polynomial. A simple
interpretation shows that k = i(b) and h = e(b). In other words:

1. The maximal chains are in one-to-one correspondence with the bases.
2. Each produces a single monomial xi(b)ye(b).
3. The sum of all these monomials is the Tutte polynomial.
In particular, setting x = 1, we obtain the polynomial

T (X; 1, y) =
∑

A⊂X, | ρ(X)=ρ(A)

(y − 1)|A|−ρ(A), (2.7)

giving the statistic of the external activity.
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The same recursive algorithm computes all the unbroken bases that one
can extract from a list X := {a1, . . . , am}. To begin, observe that each such
basis contains a1.

The starting point is given by two observations:
1. if m = s and a1, . . . , am is a basis, then it is the only unbroken basis

one can extract from X.
2. If the elements of X do not span Rs, no unbroken basis can be extracted.
Given this, we may divide the set of unbroken bases into two subsets. The

first consists of the bases extracted from {a1, . . . , am−1}. The second is made
of unbroken bases containing am. These are in one-to-one correspondence
with the unbroken bases of the image modulo am of the list {a1, . . . , am−1}.

Exercise. Let X be indecomposable and assume that there is only one
basis b in X with e(b) = 0; then s = 1.

2.2.4 Characteristic Polynomial

An interesting combinatorial invariant of a hyperplane arrangement is its
characteristic polynomial. Such a polynomial can be associated to any (fi-
nite) poset P with a rank function r(x) and a minimum element 0̂ using the
Möbius function. The Möbius function of a ranked poset is a generalization
of the classical function defined on the poset of positive integers ordered by
divisibility. It is introduced by Rota in [94]. It may be defined for a pair of
elements a, b ∈ P by

µP(a, b) :=

⎧⎪⎨⎪⎩
0 if a 
≤ b,

1 if a = b,

−
∑
a≤x<b µP (a, x) if a < b.

The Möbius function arises in the following context. Define a transform
T on functions on P by (Tf)(x) :=

∑
y≤x f(y). It is clear (we are assuming

that the poset is finite only for simplicity, but one can work with much weaker
hypotheses) that the matrix of T is triangular with 1 on the diagonal and at
all positions (y, x) with y ≤ x and zero in every other position. Then we have
the Möbius inversion formula for T−1:

(T−1g)(x) =
∑
y≤x

µP (x, y)g(y).

We now define the characteristic polynomial of P by

χP(q) :=
∑
x∈P

µ(0̂, x)qs−r(x), (2.8)

where s is the maximum of the rank function on P.
Take a list X of vectors in V, and consider the partially ordered set PX

whose elements are the subspaces 〈A〉 spanned by sublists A of X. The order



42 2 Hyperplane Arrangements

is given by inclusion and the rank function given by the dimension of 〈A〉.
The poset PX contains a unique minimal element 0̂ = {0}, that is the origin
of V . We can thus consider the characteristic polynomial of PX that we shall
denote by χX(q).

The following Theorem tells us that the characteristic polynomial can be
computed as a specialization of the Tutte polynomial.

Theorem 2.33. Assume X only contains nonzero vectors. We have then
χX(q) = (−1)sT (X, 1− q, 0).

Proof. For any W ∈ PX set XW := X∩W and AW := {A ⊂ XW | 〈A〉 = W}.
We claim that for each W ∈ PX ,

µ̃(W ) :=
∑

A∈AW

(−1)|A| = µ(0̂,W ).

We proceed by induction on dimension. If W = {0} = 0̂ then XW = ∅ and
µ̃(0̂) = 1 = µ(0̂, 0̂). Take W ∈ PX \ {0̂}. We have

0 =
∑

A⊂XW

(−1)|A| =
∑

U∈PXW

µ̃(U) =
∑

U∈PX , U⊂W
µ̃(U).

If U � W the inductive hypothesis implies that µ̃(U) = µ(0̂, U). Thus

µ̃(W ) = −
∑

U∈PX , U�W

µ(0̂, U) = µ(0̂,W )

proves the first claim. Computing, we get,

(−1)sT (X, 1− q, 0) = (−1)s
∑
A⊂X

(−q)s−ρ(A)(−1)|A|−ρ(A)

=
∑
A⊂X

qs−ρ(A)(−1)|A| =
∑

W∈PX

(
∑

A∈AW

(−1)|A|)qs−dim (W )

=
∑

W∈PX

µ(0̂,W )qs−dim (W ) = χX(q).

We shall see later that in the complex case, by a theorem of Orlik–Solomon
(cf. [83]), the characteristic polynomial computes the Betti numbers of the
complement A of the hyperplane arrangement corresponding to X. Indeed,∑

i≥0

dimHi(A,R)qi = (−q)sχA(−1/q).

In the real case one has the following result due to Zaslavsky [122].

Theorem 2.34 (Zaslavsky). For a real hyperplane arrangement the number
of open chambers is equal to (−1)sχA(−1). In the affine case the number of
bounded regions is (−1)sχA(1).
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2.2.5 Identities

Although in principle one can compute the Tutte polynomial by the recur-
sive formula, in practice this may be very cumbersome. For instance, for
exceptional root systems and in particular E8 (see [67]), it seems to take an
enormous amount of computer time. There are other simple formulas that
we want to discuss and that allow us to compute the Tutte polynomial for
root systems. Indeed, we are going to use these formulas together with results
contained in [84] to compute the Tutte polynomials for root systems.

Definition 2.35. Given a matroid on a set A, we say that B ⊂ A is complete
in A or a flat if, once a ∈ A is dependent on B, then a ∈ B.

Given B ⊂ A, we set B to be the set of elements a ∈ A dependent on B.

Clearly, for every B we have that B is complete and B is complete if and
only if B = B.

Assume that the rank of A is s. Let LA be the set of complete subsets of
A. Set EA(y) := T (A, 1, y), the polynomial expressing external activity.

Proposition 2.36. The following identities hold:

T (A;x, y) =
∑
B∈LA

(x− 1)s−ρ(B)EB(y). (2.9)

y|A| =
∑
B∈LA

(y − 1)ρ(B)EB(y). (2.10)

Proof. We can clearly reformulate (2.7) as

EA(y) =
∑

B⊂A, |B=A

(y − 1)|B|−s

Thus

T (A;x, y) : =
∑
B∈LA

∑
C |C=B

(x− 1)s−ρ(B)(y − 1)|C|−ρ(B)

=
∑
B∈LA

(x− 1)s−ρ(B)EB(y).

As for our second formula.∑
B∈LA

(y − 1)ρ(B)EB(y) =
∑
B∈LA

(y − 1)ρ(B)
∑

C⊂A, |C=B

(y − 1)|B|−ρ(B)

=
∑
B⊂A

(y − 1)|B| = (1 + (y − 1))|A| = y|A|.

One can use the Möbius inversion formula to get

EA(y) =
∑
X∈LA

y|X|µ(X,A).
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We can use formula (2.10) for computing EA(y) once we know EB(y)
for all proper complete subsets of A. It follows that using this and formula
(2.9), we obtain an inductive procedure to compute the Tutte polynomial.
Of course, in order to achieve this goal we need to be able to enumerate the
proper complete subsets of A.

Notice that if A has a group of symmetries W, as in the case in which A
is a root system and W is the Weyl group, we can first classify the orbits of
complete subsets of A and then compute the number of elements n(O) of each
orbit O. Denoting by Ok the set of orbits of rank-k complete subsets of A,
we then have the formula

y|A| =
s∑

k=0

(y − 1)k
∑
O∈Ok

n(O)EO(y). (2.11)

In the case of root systems, the computation of all orbits, their cardinality,
and the corresponding root systems has been carried out by a lengthy case-
by-case analysis by Orlik and Solomon, in the paper [84].6 Using induction
and the tables in [84], we are going to compute the Tutte polynomials for root
systems in Section 2.4.

2.3 Zonotopes

For a systematic treatment see Ziegler [123].

2.3.1 Zonotopes

We have already seen that the Minkowski sum of two convex sets is convex.
We shall be interested in a very special case, the polytope B(X) associated to
a list of vectors X, that is characterized as the set of points x ∈ V for which
the variable polytope Π1

X(x) defined in Section 1.3.1 is nonempty. Let us start
with an observation. Let A,B be two convex polytopes, the first being the
convex envelope of its extremal points a1, . . . , ah and the second the convex
envelope of its extremal points b1, . . . , bk.

Proposition 2.37. A + B is a convex polytope and its extremal points are
contained in the set ai + bj.

Proof. Take any point p ∈ A+B. It is of the form

p =
h∑
i=1

siai +
k∑
j=1

tjbj ,
∑
i

si =
∑
j

tj = 1.

6We thank John Stembridge for calling our attention to this paper.
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Thus

p =
h∑
i=1

si

( k∑
j=1

tjai

)
+

k∑
j=1

tj

( h∑
i=1

sibj

)
=

h∑
i=1

k∑
j=1

sitj(ai+bj),
h∑
i=1

k∑
j=1

sitj = 1.

Thus A + B is the convex envelope of the points ai + bj . Simple examples
show that in general, not all of them are extremal.

A particularly interesting example is obtained by the sum of segments orig-
inating from the origin. In other words, when we take a list of vectors
X = (a1, . . . , am), we can construct the Minkowski sum of the corresponding
segments [0, a], a ∈ X:

B(X) :=
{∑
a∈X

taa | 0 ≤ ta ≤ 1
}
. (2.12)

This convex polytope will be called the box or the zonotope associated to X.
The polytope B(X) can be also visualized as the image or shadow of the cube
[0, 1]m under the projection (t1, . . . , tm) �→

∑m
i=1 tiai:

X =
∣
∣
∣
∣
1 0 1 −1
0 1 1 1
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Fig. 2.1. The zonotope B(X).

Remark 2.38. By the previous proposition it follows that B(X) is the convex
envelope of the points

∑
a∈S a as S runs over the sublists of X.

The importance of zonotopes in this book comes from the fact that they
appear as the support of an interesting class of special functions, the box
splines. This will be discussed in Chapter 7. Furthermore, they play an
important role in the theory of the partition function (cf. Section 13.2.2).

It is often convenient to shift B(X) by the element ρX := 1
2

∑
a∈X a. The

resulting polytope B(X) − ρX is then symmetric with respect to the origin.
Moreover, given a subset S ⊂ X, let us define PS := 1

2 (
∑
a∈S a−

∑
a∈X\S a) =
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a∈S a − ρX . The shifted box B(X) − ρX is, by Remark 2.38, the convex

envelope of the points PS .
Two zonotopes.7

Fig. 2.2. The zonotope associated to the root system B3 and A3.

From now on, we shall assume that X spans V, so that B(X) has a
nonempty interior. We are now going to show that each face of a zonotope is
itself a zonotope (shifted by a vector). We begin with a lemma

Lemma 2.39. If a point v :=
∑
a∈X vaa, 0 ≤ va ≤ 1 is in the boundary of

B(X), then the set Av := {a ∈ X | 0 < va < 1} does not span V .

Proof. If Av spans V, extract a basis b := {b1, . . . , bs} from Av.
Let ε := mina∈Av [min[va, 1 − va]] > 0. The set of points v +

∑s
i=1 tibi,

|ti| < ε, is an open neighborhood of v contained in B(X); hence v is in the
interior of B(X).

This lemma can be interpreted as follows. Let A,B be two disjoint sublists
of X such that A does not span V, and B(A) its associated zonotope.

Let B(X)A,B :=
∑
ai∈A tiai +

∑
b∈B b, 0 ≤ ti ≤ 1 = B(A) + λB with

λB :=
∑
b∈B b. Then the boundary ∂B(X) is contained in the nonconvex

polytope Q = ∪A,BB(X)A,B .
We now want to describe the faces of B(X). We start from codimension-

one faces. Consider a sublist A of X spanning a hyperplane H0 and such that
A = H0 ∩X. Take a linear equation φH0 for H0 and set

B = {a ∈ X|〈φH0 | a〉 > 0}, C = {a ∈ X|〈φH0 | a〉 < 0}.

The two pictures were produced with http://www.math.tu-
berlin.de/polymake/.

7 polymake,

http://www.math.tu-berlin.de/polymake/
http://www.math.tu-berlin.de/polymake/
http://www.math.tu-berlin.de/polymake/
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Proposition 2.40. B(X)A,B and B(X)A,C are exactly the two codimension-
one faces in B(X) parallel to H0.

Proof. Let F be a codimension-one face spanning a hyperplane H parallel to
H0. By Proposition 1.15, F = H∩B(X). Since B(X) lies entirely in one of the
two closed half-spaces with boundary H, we may assume that φH0 is positive
on H with constant value a and that it takes values less than a in the open
half-space meeting B(X). Thus F coincides with the set of points in B(X)
where φH0 takes its maximum value. Now let A := {x ∈ X |φH0(x) = 0}
and B := {x ∈ X |φH0(x) > 0}. Clearly, the maximum taken by φH0 on
B(X) is

∑
x∈B φH0(x), and it is taken exactly on the points of B(X)A,B .

Thus F = B(X)A,B , similarly for the minimum value.

Let HX be the real hyperplane arrangement defined, in dual space, by the
vectors of X thought of as linear equations. As a consequence, one has the
following theorem

Theorem 2.41. There is an order-reversing one-to-one correspondence be-
tween faces of B(X) and faces of HX .

To a face G of the hyperplane arrangement we associate the set of points
in B(X) on which some, and hence every, element f ∈ G takes its maximum
value.

This set is the face B(X)A,B where A := {x ∈ X | 〈x | f〉 = 0} and
B := {x ∈ X | 〈x | f〉 > 0}.

Proof. The previous discussion implies that there is a one-to-one correspon-
dence between codimension-one faces of B(X) and dimension-one faces of the
arrangement HX . We can finish our proof by induction. Let � be a half-line
of the arrangement HX and let A ⊂ X be the set of vectors vanishing on �.
To � is also associated the face B(A) + λB of B(X). The faces of B(A) + λB
are of the form F + λB , with F a face of B(A). The vectors A define the hy-
perplane arrangement HA generated by the hyperplanes on HX containing �.
By induction, there is an order-reversing one-to-one correspondence between
faces of B(A) and faces of HA. So the theorem follows from the following
lemma

Lemma 2.42. Every face of HX that contains � in its closure is contained in
a unique face of the arrangement HA.

In fact, the faces of the arrangementHA are unions of faces of the arrangement
HX , and each of them has the line spanned by � in its closure. If we have
two distinct faces F1 and F2 of HX , they must lie in opposite half-spaces for
some hyperplane H of the arrangement. If they both have � in their closure,
we must have that H contains �, and this proves the claim.

We can deduce now from the previous theorem a dual description of B(X) as
the polytope defined by linear inequalities. Each 1-dimensional face F of HX
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is a half-line. Choose a generator uF ∈ F . Then uF = 0 is the linear equation
of a rational hyperplane in V . Denote by µF =

∑
b∈X,〈uF ,b〉>0〈uF , b〉 the max-

imum value of uF on B(X). We then have that the set {v ∈ V | 〈uF , v〉 ≤ µF }
is the half-space containing B(X) and bounded by the hyperplane spanned by
the face B(X)A,B , where A := {a ∈ X | 〈uF , a〉 = 0}, B := {b ∈ X | 〈uF , b〉 >
0}. Since every convex polytope is the intersection of such subspaces, we get
the following dual description of B(X):

Proposition 2.43.

B(X) = {v ∈ V | 〈uF | v〉 ≤ µF }, (2.13)

as F runs over the 1-dimensional faces of the arrangement HX .
The interior B̊(X) is given by strict inequalities:

B̊(X) = {v ∈ V | 〈uF | v〉 < µF , ∀F}.

Let us see how we can construct B(X) inductively.
Let y ∈ X, y 
= 0, and consider the projection p : V → V/Ry. The 1-

parameter group of translations v �→ v + ty has as orbits the fibers of p. Set
Z = X \ {y}, and Z̃ := p(Z), a subset of V/Ry.

Clearly, p(B(X)) = p(B(Z)) = B(Z̃). Moreover, for each w ∈ B(Z̃), the
set p−1(w) ∩ B(X) is an oriented segment [v0, v0 + t1y], t1 ≥ 0, from which
we can choose the point s(w) := v0 + t(w)y where the translation group exits
the zonotope B(Z).

Lemma 2.44. The map s : B(Z̃) → B(Z) is a piecewise linear homeomor-
phism of the zonotope B(Z̃) with the piece B(Z)y of the boundary of B(Z)
where the translation group exits the zonotope B(Z):

B(Z)y := {p ∈ B(Z) | p+ ty /∈ B(Z), ∀t > 0}.

Proof. If Z spans a hyperplane, we clearly get that B(Z)y = B(Z), and the
linear map p gives a homeomorphism between B(Z) and B(Z̃) so there is
nothing to prove.

Assume that Z spans V . Choose first a complement C to Ry and let
f : V/Ry → C be the corresponding linear isomorphism with pf(w) = w,∀w ∈
V/Ry. If w ∈ B(Z̃), we have that s(w) = f(w) + t(w)y, where t(w) is the
maximum number t for which f(w) + ty ∈ B(Z). In other words, t(w) is the
maximum t for which 〈uF | f(w)〉+ t〈uF | y〉 ≤ µF , for every codimension-one
face of B(Z). Thus

t(w) = min(〈uF | y〉−1(µF − 〈uF | f(w)〉), ∀F | 〈uF | y〉 > 0.

By Example (1.61), the functions t(w) and hence s(w) are piecewise linear.
Clearly, p(s(w)) = w.
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Remark 2.45. Geometrically, B(Z)y is what one sees when looking at the poly-
tope B(Z) from infinity in the direction of y. One sees the projected zonotope
B(Z̃), tiled by zonotopes (the faces that are visible).

We have a map π : B(Z)y × [0, 1] → B(X), π(p, t) = p+ ty. We easily see
that the following result holds

Proposition 2.46. If Z does not span V, we have B(Z)y = B(Z) and π is a
homeomorphism. Assume that Z spans V :

(a) B(Z)y is the union of the faces corresponding to faces of HZ that are
positive on y.

(b) π is injective, and hence it is a homeomorphism onto its image.
(c) B(Z) ∩ π(B(Z)y × [0, 1]) = π(B(Z)y × [0]) = B(Z)y.
(d) B(X) = B(Z) ∪ π(B(Z)y × [0, 1]).

Proof. (a) Consider a k-dimensional face F = B(Z)A,B of B(Z) associated to
a face � of HZ . If y vanishes on �, then given x ∈ F an interior point, we have
x+ ty ∈ F for all sufficiently small t, and so x /∈ B(Z)y. Moreover, under the
map p : V → V/R we have that F maps to a (k− 1)-dimensional polyhedron.

Otherwise, y is not orthogonal to �, the map p projects F homeomorphi-
cally to its image in B(Z̃), and since by Theorem 2.41 any element u ∈ � takes
its maximum on F, we see that F ⊂ B(Z)y if and only if y is positive on �.

(b) Take p, q ∈ B(Z)y. If p + t1y = q + t2y, t1 ≤ t2, we have p =
q + (t2 − t1)y. So by the definition of B(Z)y, t2 − t1 = 0 and p = q.

(c) Follows by the definition of B(Z)y.
(d) Any element b of B(X) is of the form b = c+ ty, c ∈ B(Z), 0 ≤ t ≤ 1.

If b /∈ B(Z), we need to show that b ∈ π(B(Z)y× [0, 1]). Since b /∈ B(Z), there
is a maximal s ≥ 0, s < t, so that c+ sy ∈ B(Z). Then c+ sy ∈ B(Z)y and
b = (c+ sy) + (t− s)y.

Given linearly independent vectors b := {b1, . . . , bh} and λ ∈ V, define

Πλ(b) := λ+B(b) = {λ+
h∑
i=1

tibi}, 0 ≤ ti ≤ 1.

We call such a set a parallelepiped.8 Its faces are easily described. Given a
point p = λ +

∑h
i=1 tibi in Πλ(b) consider the pair of disjoint sets of indices

A(p) := {i | ti = 0}, B(p) = {i | ti = 1}. For A,B given disjoint subsets of
{1, 2, . . . , h}, set F̊A,B := {p ∈ Πλ(b) |A(p) = A, B(p) = B}. One easily
verifies that these sets decompose Πλ(b) into its open faces. Furthermore, the
interior of Πλ(b) equals F∅,∅, while the closure of the open face FA,B is the
face

FA,B = ∪A⊂C, B⊂DFC,D.

8This is the simplest type of zonotope.
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Definition 2.47. We say that a set B ⊂ V is paved by a finite family of
parallelepipeds Πi if B = ∪iΠi and any two distinct parallelepipeds Πi, Πj

in the given list intersect in a common, possibly empty, face.

The following facts are easy to see:

(i) If B is paved by parallelepipeds any two faces of two parallelepipeds of
the paving intersect in a common face.

(ii) A closed subset C ⊂ B that is a union of faces of the parallelepipeds of
the paving has an induced paving.

(iii) Assume that B is convex. If F is a face of B and a parallelepiped P
of the paving of B meets F in an interior point of P, then P ⊂ F . In
particular, F is a union of faces of the parallelepipeds of the paving and
has an induced paving.

We are going to construct in a recursive way a paving B(X) by parallelepipeds
indexed by all the bases extracted from X. Notice that when X = {Z, a},
the bases of V extracted from X decompose into two sets: those contained
in Z index the parallelepipeds decomposing B(Z) and those containing a are
in one-to-one correspondence with the bases extracted from Z̃ that index the
remaining parallelepipeds decomposing B(Z)a + [0, a]. Let us see the details.

For any basis b = {ai1 , . . . , ais} extracted from X, we set, for any 1 ≤ t ≤ s,
Vt equal to the linear span of {ai1 , . . . , ait}. We have that Vt is a hyperplane
in Vt+1, and for each 1 ≤ t ≤ s− 1, we let φt be the equation for Vt in Vt+1,
normalized by 〈φt | ait+1〉 = 1. Define

Bt := {ai ∈ X | i < it+1, ai ∈ Vt+1 and 〈φt | ai〉 > 0}

and set

λb =
s−1∑
t=1

( ∑
ai∈Bt

ai

)
. (2.14)

We can then consider the parallelepiped Πλb(b), and deduce a paving of B(X)
due to Shephard [101].

Theorem 2.48. [Shephard] The collection of parallelepipeds Πλb(b), as b
varies among the bases extracted from X, is a paving of B(X).

Proof. If X consists of a single vector, there is nothing to prove. So we proceed
by induction and as before we write X = (Z, y).

If Z spans a hyperplane H in V, then by Proposition 2.46, we have that
B(X) = B(Z) + [0, y]. By induction, B(Z) is paved by the parallelepipeds
Πλc(c) as c varies among the bases of H extracted from Z. A basis of V
extracted from X is of the form b = {c, y}, where c is a basis of H contained
in Z. Furthermore, λb = λc, so that Πλb(b) = Πλc(c) + [0, y], and our claim
follows.

If, on the other hand, Z spans V, then by induction the parallelepipeds
Πλb(b) as b varies among the bases of V extracted from Z are a paving of
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B(Z). We know that B(Z)y is the union of the faces B(A) +
∑
b∈B b, where

A spans a hyperplane H with A = X ∩H and y /∈ H. Given a linear equation
φ for H equal to 1 on y, we have that B is the set of elements of Z on which
φ is positive. By induction, B(A) is paved by the parallelepipeds Πλc(c) as
c varies among the bases of H extracted from A, so that B(A) +

∑
b∈B b is

paved by Πλc(c) +
∑
b∈B b.

We have by the definitions that λc+
∑
b∈B b = λ{c,y}, so that B(Z)y+[0, y]

is paved by the parallelepipeds Πλ{c,y}({c, y}). In order to finish, we need to
verify that on B(Z)y the given paving is equal to the one induced by B(Z).
In other words, we claim that the parallelepipeds Πλc(c) +

∑
b∈B b are faces

of those paving B(Z). If B is nonempty, let a be the largest element of B; in
particular, b = {c, a} is a basis of V. We claim that Πλc(c) +

∑
b∈B b is a face

of Πλb(b) = λb +B(b).
In fact, with the notation of (2.14) we have Bs−1 = B\{a}. Thus λb equals

λc+
∑
b∈B b− a, so Πλc(c)+

∑
b∈B b = λb+B(c)+ a. The claim follows from

the fact that B(c) + a is a face of B(b).
If B is empty, let a be the minimum element of Z\A. Then again, b = {c, a}

is a basis of V and Πλc(c) is a face of Πλb(b), since we see that λc = λb.

2.3.2 B(X) in the Case of Lattices

A lattice Λ in V is by definition the abelian subgroup of all integral linear
combinations of some basis v1, . . . , vs of V . Of course, when V = Rs, we
have the standard lattice Zs. Sometimes we shall speak of a lattice Λ without
specifying the vector space V, which will be understood as the space spanned
by Λ. A region A of V with the property that V is the disjoint union of
the translates λ + A, λ ∈ Λ, is called a fundamental domain. The volume
of A with respect to some chosen translation-invariant measure in V is also
called the covolume of the lattice. If V = Rs with the standard Lebesgue
measure and Λ is generated by a basis b1, . . . , bs, a fundamental domain is
{
∑s
i=1 tibi, 0 ≤ ti < 1} of volume |det(b1, . . . , bs)|.
Assume that the list X ⊂ Λ generates V .

Definition 2.49. We let δ(X) denote the volume of the box B(X).

As a simple application of Theorem 2.48 we obtain the following

Proposition 2.50. 1. Under the previous hypotheses

δ(X) =
∑
b

|det(b)| (2.15)

as b runs over all bases that one can extract from X.
2. Assume that the lattice Λ ⊂ Rs has covolume 1, that is, an integral basis of
Λ has determinant ±1. Let x0 be a point outside the cut locus (cf. Definition
1.54). Then (B(X)− x0) ∩ Λ consists of δ(X) points.
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Proof. 1. The volume of Πλ(b) equals |det(b)|. Thus statement 1 follows from
Theorem 2.48.

Observe that, in the case of a lattice Λ of covolume 1 and b ⊂ Λ, the
number |det(b)| is a positive integer equal to the index in Λ of the sublattice
generated by b.

2. By definition, µ + x0 does not lie in the cut locus for every µ ∈ Λ.
On the other hand the boundary of each parallelepiped Πλ(b) lies in the cut
locus; thus (Πλ(b)−x0)∩Λ is contained in the interior of Πλ(b). It is therefore
enough to see that (Πλ(b)− x0)∩Λ consists of |det(b)| points, and summing
over all parallelepipeds, we obtain our claim.

For a given parallelepiped, let Π̊ denote the interior of Πλ(b)−x0. Since x0
does not lie in the cut locus, the intersection {a1, . . . , ak} := Λ∩ (Πλ(b)−x0)
is contained in Π̊. Let M be the lattice generated by b. We have that the
union ∪α∈M (α+ Π̊) is a disjoint union and contains Λ. Thus Λ is the disjoint
union of the cosets ai + M . This means that the ai form a full set of coset
representatives of M in Λ; in particular, k = [Λ : M ] = |det(b)|, which is the
volume of Πλ(b).

In general, the computation of δ(X) is rather cumbersome, but there is a
special case in which this can be expressed by a simple determinantal formula.

Definition 2.51. The list X is called unimodular if |det(b)| = 1 for all bases
extracted from X.

In the unimodular case case δ(X) equals the number of bases that one can
extract from X. This number, which will always be denoted by d(X), also
plays a role in the theory.

Proposition 2.52. Let X be unimodular and A := XXt. Then

δ(X) = d(X) = det(A). (2.16)

Proof. By Binet’s formula we have

det(A) =
∑
b

|det(b)|2. (2.17)

So if |det(b)| = 1 for all bases, the claim follows.

We have seen that interesting unimodular arrangements exist associated to
graphs (cf. Corollary 2.16).

In general, for X in a lattice of covolume 1 we have d(X) ≤ δ(X) and
d(X) = δ(X) if and only if X is unimodular.

Example 2.53. In the next example,

X =
∣∣∣∣1 0 1 −1 2 1
0 1 1 1 1 2

∣∣∣∣ ,
we have 15 bases and 15 parallelograms.
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We pave the box inductively:
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Finally, X =
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Fig. 2.3. The final paving

Remark 2.54. (1) The parallelepipeds involved in the paving have in general
different volumes, given by the absolute value of the determinant of the cor-
responding basis (in our example we get areas 1, 2, 3).

(2) The paving of the box that we have presented is given by an algorithm
that depends on the ordering of the vectors in X.

(3) Different orderings may give rise to different pavings.

For instance, for the three vectors e1, e2, e1 + e2 one can easily verify that we
may obtain two different pavings from six different orderings.
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2.4 Root Systems

2.4.1 The Shifted Box

We want to make explicit many of the previous ideas in the particularly in-
teresting case in which the list X coincides with the positive roots of a root
system. For details about root systems one can consult [67].

Let R be a root system spanning a Euclidean space E of dimension r with
Weyl group W acting by isometries. We choose a set R+ of positive roots.
Let ∆ = {α1, . . . , αr} be the set of simple roots and P = {p1, . . . , pr} the
basis dual to ∆. We denote by C the fundamental Weyl chamber

C =
{
v ∈ E|v =

r∑
i=1

aipi, ai ≥ 0
}
.

We want to discuss some properties of the zonotope B(X) for X = R+. In
order to do so it is convenient to shift it by the element ρX = 1

2

∑
α∈R+ α

and study B(X) − ρX . It is well known that ρX is an object that plays a
fundamental role in the theory.9 We need some preliminaries.

For a given w ∈ W set Xw := {a ∈ X |w(a) ∈ −X}, so that with the
notation of Section 2.3.1, w(ρX) = PXw = 1

2 (
∑
α∈R+\Xw α−

∑
α∈Xw α).

There is a characterization of the subsets Xw. Define the convexity prop-
erty for a subset A ⊂ X to be that for all α, β ∈ A, the condition α + β ∈ X
implies α+β ∈ A. We then have the following result (see [85], or [72], Propo-
sition 5.10).

Proposition 2.55. A set S ⊂ X is of the form Xw if and only if S and X \S
satisfy the convexity property.

Theorem 2.56. If X is the set of positive roots of a root system, then
B(X)− ρX coincides with the convex envelope of the W -orbit of ρX .

Proof. We know by Remark 2.38 that B(X) − ρX coincides with the convex
envelope of the elements PS , S ⊂ X. Thus it suffices to show that if S is not
of the form Xw, then PS is not an extremal point of B(X) − ρX . Take S
such that either S or X \ S does not satisfy the convexity property. Assume,
for instance, that S does not satisfy it, the argument being similar for X \ S.
There are α, β ∈ S with α + β ∈ X \ S. Consider now S′ = S ∪ {α + β}
and S′′ = S \ {α, β}. Then PS′ = PS + α + β and PS′′ = PS − α − β. Thus
PS = 1

2PS′ + 1
2PS′′ is not extremal.

Remark 2.57. The convex envelope of the W -orbit of ρX is a remarkable poly-
tope, known in the literature as a generalized permutohedron.10

9ρX is a very fundamental and ubiquitous object in Lie theory.
10The usual permutohedron is obtained in the case An.
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We are now going to illustrate various computations for root systems. By
the general theory it is enough to discuss the case of an irreducible root system
R of rank s.

The following table gives information on the numbers m(X), d(X), δ(X):

Type mrs m(X) d(X) δ(X)
As As−1 s (s+ 1)s−1 (s+ 1)s−1

Ds Ds−1 2(s− 1) d(s) δ(s)
Bs Bs−1 2s− 1 b(s) β(s)
Cs Cs−1 2s− 1 b(s) γ(s)
G2 A1 5 15 24
F4 B3 15 7560 12462
E6 D5 16 846720 895536
E7 E6 27 221714415 248454360
E8 E7 57 348607121625 438191214480

We start with the computation of m(X). A cocircuit is the complement
in X = R+ of a hyperplane spanned by some of is elements. In particular, a
cocircuit is the set of positive roots which do not lie in a root system of rank
s− 1 contained in R.

Thus in order to compute m(X) we need to find a proper root system
contained in R of maximal cardinality. This is achieved by a simple case-by-
case analysis.The column mrs lists the type of a sub-root system of rank s−1
having maximal cardinality.

We now pass to the computation of d(X) and δ(X).
A possible way to compute the volume δ(X) is to use formula (2.15). This

is not very efficient, since one needs to enumerate all bases b that can be
extracted from X and for each such basis determine |det(b)|. Of course, with
this method one also computes d(X).

Let us do this in the case of classical groups.
1. Type As−1. In this case the positive roots ei − ej , 1 ≤ i < j ≤ s,

correspond to the edges of the complete graph on s elements. Thus the bases
extracted from the list correspond to maximal trees, that is trees with s labeled
vertices (Proposition 2.13 ), and by Cauchy’s formula and unimodularity,
d(X) = δ(X) = (s+ 1)s−1.

2. Type Ds. The positive roots now are the vectors ei + ej , ei − ej , i < j.
They can be interpreted as the edges of the complete graph on s elements
marked by either + or −.

In this case one reasons as in Proposition 2.13 and verifies that a subset
of the roots, thought of as marked graph, is a basis if and only if:

(a) It contains all vertices.
(b) Each connected component contains a unique cycle in which the number

of occurrences of + is odd.

3. Type Bs, Cs are dual types, the positive roots in the Bs case are the vectors
ei+ej , ei−ej , i < j, ei, while in the Cs case, they are the vectors ei+ej , ei−ej ,
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i < j, 2ei. Besides the marked edges the element ei (resp. 2ei) can be thought
of as a cycle at the vertex i that we mark by +.

In this case one easily verifies that a subset of the roots, thought of as a
marked graph, is a basis if and only if:

(a) It contains all vertices.
(b) Each connected component contains a unique cycle in which the number

of occurrences of + is odd.

A recursive formula for d(X) and δ(X) can be deduced as follows.
There is a general method to pass from connected graphs to any type of

graph.
For any type of admissible graph let cs count the number of connected

admissible graphs on s vertices. The number bs of marked graphs on s vertices
all of whose connected components are admissible is

bs =
∑

k1+2k2+3k3+···=s

s!
k1!1k1k2!2!k2 · · · ki!i!ki · · ·

ck11 ck22 · · · .

Therefore

log
( ∞∑
n=0

bn
n!
tn
)

=
∞∑
i=0

ci
i!
ti. (2.18)

It is easy to develop recursive formulas for d(X), δ(X) in the classical cases by
this method, but we are going to explain, in the following section, a different
method that easily allows us to compute both d(X) and δ(X) in all cases in
terms of the same invariants for maximal parabolic subsystems.

2.4.2 The Volume of B(X)

As in the previous section, let X be the set of positive roots in a root system
with simple roots ∆ = {α1, . . . , αs}. Given a subset I ⊂ ∆ and a simple root
α ∈ I, we let XI,α equal the set of positive roots in the root system spanned
by I whose support contains α. We set mI,α = |XI,α| and zI,α equal to the
sum over all the roots β ∈ XI,α of the coefficient of α in the expression of β
in the basis I. Given a permutation σ of ∆, we define, for 1 ≤ k ≤ s, the
subset Ik = {σ(αk), . . . , σ(αs)} and set

mσ :=
s−1∏
k=1

mIk,σ(αk), zσ :=
s−1∏
k=1

zIk,σ(αk). (2.19)

Theorem 2.58. We have the following expressions for d(X) and δ(X)

d(X) =
|W |
2ss!

∑
σ∈S∆

mσ, δ(X) =
|W |
2ss!

∑
σ∈S∆

zσ.
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Proof. The proofs of the two formulas are very similar. Let us start with the
case of d(X).

Consider the set
S := ({b1, . . . , bs−1}, bs, φ),

where {b1, . . . , bs−1, bs} is a basis extracted from R out of which we have
chosen an element bs, and φ is a vector of norm 1 orthogonal to {b1, . . . , bs−1}.
Clearly, since R = X ∪ −X, this set is formed by 2s+1sd(X) elements. We
are now going to count this number in a different way. We use the fact that
the fundamental Weyl chamber C is a fundamental domain for the action of
W, so each such element can be carried into one in which φ ∈ C. Since the
set of roots orthogonal to φ spans a hyperplane, we must have that φ lies in
one of the s half-lines �i generated by the fundamental weights ωi and the
intersection of s − 1 walls. This determines φ = ωi/|ωi|. Thus S = ∪iSi
where Si is the subset where φ = ωi/|ωi|. The stabilizer of ωi/|ωi| is the Weyl
subgroup Wi of the root system Ri obtained by removing the i-th node of the
Dynkin diagram. On the other hand, if Xi denote the positive roots of Ri,
clearly the set Si is formed by 2s−1d(Xi)|R−Ri| = 2sd(Xi)|X−Xi| elements.
We deduce

d(X) =
1
2s

s∑
i=1

|W |
|Wi|

|X −Xi|d(Xi). (2.20)

A simple induction gives the required expression for d(X).

We now pass to the expression for δ(X).
We use the fact that the boundary of the polytope B(X) − ρ (convex

envelope of the W orbit of ρ) is decomposed into s orbits under W, where
s is the rank of the root system. For each node i of the Dynkin diagram,
the convex envelope of Wiρ is a face Fi stabilized exactly by Wi. Its orbit
consists of |W/Wi| distinct faces. As i varies over all nodes we obtain all the
codimension-one faces exactly once. Thus the volume of B(X)− ρ is the sum
of the volumes of the pyramids Pi with bases the faces Fi and their transforms.
In order to compute it we make several remarks.

First we are computing volumes assuming that the root lattice has covol-
ume 1. Suppose we compute volumes using any W -invariant scalar product.
Then we have a different normalization and we need to multiply the previous
volume by the square root c

1
2 of the determinant c = det(M) of the matrix

M = ((αi, αj)).
We now compute using the metric structure. If vi is the volume (relative)

of the face Hi, and hi the height of the corresponding pyramid, we have the
formula

δ(X) = c−
1
2
|W |
s

∑
i

hivi
|Wi|

.

We need to compute hi, vi. The barycenter of Fi is a vector fixed under Wi.
Now by general facts such a vector is necessarily a multiple of the fundamental



2.4 Root Systems 59

weight ωi. The orthogonal projection of Fi to the subspace orthogonal to ωi is
an isometry, and one easily sees that Fi maps to the corresponding polytope
B(Xi) − ρi for the root system Ri. Thus we may assume that this has been

computed by induction, and we have vi = c
1
2
i δ(Xi). As for the height, we have

to project ρ on the line generated by ωi, and we obtain (ρ, ωi)/(ωi, ωi)ωi. Thus
hi = (ρ, ωi)/(ωi, ωi)

1
2 and

δ(X) = c−
1
2
|W |
s

∑
i

c
1
2
i (ρ, ωi)δ(Xi)
(ωi, ωi)

1
2 |Wi|

.

Let us compute hi. By homogeneity we can substitute ωi with its positive
multiple pi having the property that (pi, αj) = δi,j . We claim that ci =
c(pi, pi). Indeed, the elements (pi, pj) are the entries of the M−1. Thus the
identity ci/c = (pi, pi) is the usual expression of the entries of the inverse as
cofactors divided by the determinant. To finish the analysis of our formula,
we have ρ = 1

2

∑
α∈X α, and for any root α, (α, pi) equals the coefficient of αi

in the expansion of α in the basis of simple roots. Thus if Pi is the positive
integer sum of all these coordinates, we finally have the following

δ(X) =
1
2s

∑
i

|W |
|Wi|

Pi δ(Xi). (2.21)

Again a simple induction gives the required expression for δ(X).

It is clear that the previous formula can be expanded and generalized to give
a formula for the volume of the convex hull of the W -orbit of any given vector
v in Euclidean space.

Fix a vector v ∈ E. We define for any subset I ⊂ ∆ the vector vI as the
orthogonal projection of v in the subspace EI spanned by the set of simple
roots in I. Given a complete flag of subsets

f = (I1 ⊂ I2 ⊂ · · · ⊂ Is−1 ⊂ Is = ∆),

with |Ih| = h, we define the sequence of vectors (uf1 , . . . , u
f
s−1) by setting

ufh = vIh − vIh−1 (uf1 = vI1). We then set

zf :=
r∏
j=1

(ufj , u
f
j )

1
2 .

Now take v in the interior of C and denote by Pv the convex hull of the
orbit of v under W .

Proposition 2.59. Let F be the set of all complete flags in {1, 2, . . . , s}. The
volume of Pv equals

|W |
s!

∑
f∈F

zf . (2.22)
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Proof. We proceed by induction on s. If s = 1 then Pv is the segment [−v, v],
there is a unique flag, and uf1 = v. Thus formula (2.22) gives 2(v, v)

1
2 that is

indeed the length of the segment [−v, v].
Passing to the general case, let us start by remarking that the volume

Vol(Pv) of Pv is the sum of the volumes of the pyramids with bases the faces
of codimension-one and vertex the origin. If we take such a face F, one knows,
by the theory of root systems, that there are a unique i ∈ {1, 2, . . . , s} and a
unique coset ΣF ⊂W/Wi with Wi equal to the subgroup of W generated by
the simple reflections sj , j 
= i, such that for any w ∈ ΣF , wF is the face Fi
given by the convex hull of the Wi orbit of v.

Thus, if we denote by Πi the pyramid with basis Fi and vertex at the
origin, we get

Vol(Pv) =
r∑
i=1

Vol(Πi)
|W |
|Wi|

.

Now notice that the face Fi is parallel to the hyperplane spanned by the roots
∆i := ∆ \ {αi}. Thus its volume equals that of its orthogonal projection on
this hyperplane, that is, the volume of Pv∆i . Also, the height of Πi is clearly
the segment [0, v − v∆i ]; thus

Vol(Πi) =
1
s
Vol(Pv∆i )(v − v∆i , v − v∆i)

1
2 .

Substituting, we get

Vol(Pv) =
s∑
i=1

Vol(Pv∆i )(v − v∆i , v − v∆i)
1
2
|W |
r|Wi|

. (2.23)

We now use the inductive hypothesis. Take for a fixed i = 1, . . . , s the set
Fi of flags of subsets of ∆i. We can think of this set as the set of flags
f = (I1 ⊂ I2 ⊂ · · · ⊂ Is−1 ⊂ Is) in ∆ with Is−1 = ∆i. For such a flag,
ufs = v − v∆i , and by the inductive hypothesis,

Vol(Pv∆i ) =
|Wi|

(s− 1)!

∑
f∈Fi

zf

(v − v∆i , v − v∆i)
1
2
.

This and formula (2.23) clearly give our claim.

A simple computation gives the following

Example 2.60. We have the recursive formulas:
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β(s) =
s∑

h=1

β(s− h)(2h)h−1
(
s

h

)
2s− h

s
,

γ(s) =
s−1∑
h=1

γ(s− h)(2h)h−1
(
s

h

)
2s− h+ 1

s
+ (2s)s−2(s+ 1),

δ(s) =
s−2∑
h=1

δ(s− h)(2h)h−1
(
s

h

)
2s− h− 1

s
+ (2s)s−2(s− 1),

d(s) =
1
2s

[ s−2∑
i=1

(2i)i−1
(
s

i

)
(4s− 3i− 1)d(s− i) + (2s)s−1(s− 1)

]
,

b(s) =
1
2s

[ s−2∑
i=1

2i
(
s

i

)(
s2 −

[(i
2

)
+ (s− i)2

])
ii−2b(s− i)

]
+ 2s−2

(s(s+ 3)
2

− 2
)
(s− 1)s−3 + 2s−2(s+ 1)ss−2.

For type As one gets the identity

(s+ 1)s−1 =
1
2s

s∑
h=1

(
s+ 1
h

)
hh−1(s− h+ 1)s−h.

2.4.3 The External Activity and Tutte Polynomials

In this section we are going to give the generating functions for both the Tutte
and the external activity polynomials, defined in formulas (2.3) and (2.7), for
classical root systems, and in exceptional cases, their explicit expression. This
computations for type An were done by Tutte in [114] and for other classical
groups by Ardila [4] by a different method.

We follow the method explained in Section 2.2.5, so we first express the
external activity polynomial in terms of the external activity polynomial of
complete subsystems using formula (2.10). After this. we use formula (2.9)
to get the Tutte polynomials. As we have already mentioned, in order to use
this formula, we need know all proper complete subsystems, and for this we
use the results and tables contained in [84].

1. Type As−1. We are in the subspace of Rs where the sum of coordinates
is 0. Here a space of the arrangement is determined by a partition of the set
[1, · · · , s]. To such a partition we associate the subspace in which the coor-
dinates are equal on each part. If the partition is of type 1h12h2 · · ·nhs with∑s
i=1 hii = s, we have that the corresponding root system is Ah1

0 Ah2
1 · · ·Ahss−1

with rank
∑s
i=0(i− 1)hi (here and later A0 will have external activity equal

to 1). There are exactly

s!
h1!1!h1h2!2!h2 · · ·hs!s!hs
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such subspaces, so that if we denote by es(y) the external activity of As−1,
we have, by formula (2.10),

y(
s
2)

s!
=

∑
h1h2···hs |

∑s
i=1 hii=s

(y − 1)
∑s
i=1(i−1)hi e1(y)

h1e2(y)h2 · · · es(y)hs
h1!1!h1h2!2!h2 · · ·hs!s!hs

.

Writing the generating function, we get

∞∑
n=0

tn
y(
n
2)

n!

=
∞∑
n=0

tn
∑

h1h2···hn |
∑n
i=1 hii=n

[e1(y)]h1 [(y − 1)e2(y)]h2 · · · [(y − 1)n−1en(y)]hn

h1!1!h1h2!2!h2 · · ·hn!n!hn

= exp
( ∞∑
i=1

ti
(y − 1)i−1ei(y)

i!

)
so that

∞∑
i=1

ti
(y − 1)i−1ei(y)

i!
= log(

∞∑
n=0

tn
y(
n
2)

n!
). (2.24)

We can also rewrite this identity, if for t we substitute t/(y − 1), as

(y − 1)−1
∞∑
i=1

ti
ei(y)
i!

= log
( ∞∑
n=0

( t

y − 1

)n y(n2)
n!

)
.

For the Tutte polynomial Tn(x, y) of An−1 we have

∞∑
i=1

tn
Tn(x, y)

n!

= (x− 1)−1
∞∑
n=1

tn
∑

h1h2···hn |
∑n
i=1 hii=n

(x− 1)
∑
i hie1(y)h1e2(y)h2 · · · en(y)hn

h1!1!h1h2!2!h2 · · ·hn!n!hn

=
exp

(∑∞
i=1 t

i (x−1)ei(y)
i!

)
− 1

x− 1
=

(∑∞
n=0(

t
y−1 )n y

(n2)
n!

)(y−1)(x−1)
− 1

x− 1
.

2. Types Bs, Ds. We are in Rs. In type Ds, the hyperplanes are those of
equations xi ± xj = 0, i 
= j, while in Bs we have also the equations xi = 0.
In both cases we may take permutations of coordinates and sign changes as
group of symmetries of the arrangement (this group coincides with the Weyl
group in type B, while in type D, it contains the Weyl group as a subgroup
of index 2).
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Here a space of the arrangement is determined, up to sign changes, by
a subset A of [1, · · · , s] where the coordinates are 0, that in case Ds if
nonempty must contain at least two elements, and a partition of the set
[1, · · · , s] \ A, where the coordinates are equal on each part. If k = |A| and
1h12h2 · · · (s − k)hs−k with

∑s−k
i=1 hii = s − k are the sizes of the parts of the

partition, we have that the corresponding root system is BkAh1
0 Ah2

1 · · ·Ahs−k
s−k−1

or DkA
h1
0 Ah2

1 · · ·Ahs−k
s−k−1. There are exactly

2s−(k+h1+h2+···+hs−k)s!
k!h1!1!h1h2!2!h2 · · ·hs!(s− k)!hs−k

such subspaces, so that if we denote by bs(y), ds(y) the external activity poly-
nomials of Bs, Ds, we have, by formula (2.10),

Bs :
ys

2

2ss!
=

∑
k,

∑s−k
i=1 hii=s−k

(y − 1)k+
∑s
i=1(i−1)hi bk(y)

2kk!

s−k∏
j=1

ej(y)hj

2(hj !j!hj )
,

Ds :
ys(s−1)

2ss!
=

∑
k 
=1,

∑s−k
i=1 hii=s−k

(y − 1)k+
∑s
i=1(i−1)hi dk(y)

2kk!

s−k∏
j=1

ej(y)hj

2(hj !j!hj )
,

In term of generating functions we have

∑
n

yn
2

2nn!
tn =

[∑
k

(t(y − 1))k
bk(y)
2kk!

]
exp

∞∑
i=1

ti
(y − 1)i−1ei(y)

2(i!)∑
n

yn(n−1)

2nn!
tn =

[∑
k 
=1

(t(y − 1))k
dk(y)
2kk!

]
exp

∞∑
i=1

ti
(y − 1)i−1ei(y)

2(i!)

whence, applying formula (2.24) we deduce

∑
k

(t(y − 1))k
bk(y)
2kk!

=
∑
n

( yn
2

2nn!
tn
)[ ∞∑

n=0

tn
y(
n
2)

n!

]− 1
2

∑
k 
=1

(t(y − 1))k
dk(y)
2kk!

=
∑
n

(yn(n−1)

2nn!
tn
)[ ∞∑

n=0

tn
y(
n
2)

n!

]− 1
2

.

Now for the Tutte polynomials let us denote by TBs (x, y), TDs (x, y) the two
series.

We have for type Bs,

TBs (x, y)
s!

=
∑

k,
∑s−k
i=1 hii=s−k

2s(x− 1)
∑
i hi

bk(y)
2kk!

s−k∏
j=1

ej(y)hj

2(hj !j!hj )
.
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For type Ds, we have for s 
= 1:

TDs (x, y)
s!

=
∑

k 
=1,
∑s−k
i=1 hii=s−k

2s(x− 1)
∑
i hi

dk(y)
2kk!

s−k∏
j=1

ej(y)hj

2(hj !j!hj )
.

For s = 1 we still use the formula and reset by abuse of notation TD1 = x− 1.
In terms of generating functions we get∑

n

TBn (x, y)
2nn!

tn =
(
1 +

∑
k≥1

tk
bk(y)
2kk!

)
exp

(∑
i

ti
(x− 1)ei(y)

2i!

)

=
(∑

n

yn
2

2nn!

( t

y − 1

)n)( ∞∑
n=0

( t

y − 1

)n y(n2)
n!

) 1
2
( ∞∑
n=0

( t

y − 1

)n y(n2)
n!

) (y−1)(x−1)
2

=
(∑

n

yn
2

2nn!

( t

y − 1

)n)( ∞∑
n=0

( t

y − 1

)n y(n2)
n!

) (y−1)(x−1)+1
2

∑
n

TDn (x, y)
2nn!

tn =
(
1 +

∑
k≥2

tk
dk(y)
2kk!

)
exp

(∑
i

ti
(x− 1)ei(y)

2i!

)

=
(∑

n

yn(n−1)

2nn!

( t

y − 1

)n)( ∞∑
n=0

( t

y − 1

)n y(n2)
n!

) 1
2
( ∞∑
n=0

( t

y − 1

)ny(n2)
n!

)(y−1)(x−1)
2

=
(∑

n

yn(n−1)

2nn!

( t

y − 1

)n)( ∞∑
n=0

( t

y − 1

)n y(n2)
n!

) (y−1)(x−1)−1
2

.

Summarizing,

∞∑
i=1

(y − 1)i−1ti
ei(y)
i!

= log
( ∞∑
n=0

tn
y(
n
2)

n!

)

∞∑
n=1

((y − 1)t)n
Tn(x, y)

n!
=

(∑∞
n=0 t

n y
(n2)
n!

)(y−1)(x−1)
− 1

x− 1

∑
k

(
(y − 1)t)k

bk(y)
k!

=
(∑

n

yn
2

n!
tn
)( ∞∑

n=0

(2t)n
y(
n
2)

n!

)− 1
2

∑
n

TBn (x, y)
n!

tn =
(∑

n

yn
2

n!
tn
)( ∞∑

n=0

(2t)n
y(
n
2)

n!

) (y−1)(x−1)+1
2

∑
k 
=1

(
(y − 1)t

)k dk(y)
k!

=
(∑

n

yn(n−1)

n!
tn
)( ∞∑

n=0

(2t)n
y(
n
2)

n!

)− 1
2
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∑
n

TDn (x, y)
n!

((y − 1)t)n =
(∑

n

yn(n−1)

n!
tn
)( ∞∑

n=0

(2t)n
y(
n
2)

n!

) (y−1)(x−1)−1
2

Notice that when we set x = 1 in the generating series of Tutte polynomials,
we get the generating series of external activity.

Under the change of variable q := (x − 1)(y − 1), y with inverse x =
q+y−1
y−1 , y, one recovers the formulas of Ardila [4], that are expressed in terms

of the coboundary polynomial introduced by Crapo [36], for a matroid M =
(X, I). If X is of rank r, the coboundary polynomial is

χ(x, y) :=
∑
A⊂X

(x− 1)r−ρ(A)(y − 1)|A|.

The coboundary polynomial is related to the Tutte polynomial by the identity

χ(x, y) := (y − 1)rT
(
M,

x+ y − 1
y − 1

, y
)
.

Since the external activity and Tutte polynomials depend on the list of vectors
only up to scale, type Cn (where the elements xi are replaced by 2xi) is
identical to type Bn for these computations.

For the exceptional groups one has to compute case by case using the
method explained in Section 2.2.5 and the tables in [84]. The results one
obtains are listed below.

2.4.4 Exceptional Types

We present the Tutte polynomials for exceptional root systems by a computer
assisted computation

For G2 the external activity is

5 + 4 y + 3 y2 + 2 y3 + y4.

The Tutte polynomial is

x2 + 4x+ 4 y + 3 y2 + 2 y3 + y4

and δ(X) = 24, d(X) = 15, and m(X) = 5.

For F4 the external activity is

385 + 700 y + 850 y2 + 900 y3 + 873 y4 + 792 y5 + 680 y6 + 560 y7 + 455 y8 +
364 y9+286 y10+220 y11+165 y12+120 y13+84 y14+56 y15+35 y16+20 y17+
10 y18 + 4 y19 + y20.

The Tutte polynomial is

240x + 124x2 + 20x3 + x4 + 240 y + 392x y + 68x2 y + 508 y2 + 324x y2 +
18x2 y2 + 660 y3 + 240x y3 + 729 y4 + 144x y4 + 720 y5 + 72x y5 + 656 y6 +



66 2 Hyperplane Arrangements

24x y6 + 560 y7 + 455 y8 + 364 y9 + 286 y10 + 220 y11 + 165 y12 + 120 y13 +
84 y14 + 56 y15 + 35 y16 + 20 y17 + 10 y18 + 4 y19 + y20,
and δ(X) = 12462, d(X) = 7560. In this case m(X) = 15.

For E6 the external activity is

12320 + 33600 y + 54600 y2 + 71200 y3 + 81000 y4 + 84240 y5 + 82080 y6 +
76140 y7+68040 y8+58940 y9+49728 y10+40992 y11+33082 y12+26172 y13+
20322 y14 +15504 y15 +11628 y16 +8568 y17 +6188 y18 +4368 y19 +3003 y20 +
2002 y21 + 1287 y22 + 792 y23 + 462 y24 + 252 y25 + 126 y26 + 56 y27 + 21 y28 +
6 y29 + y30.

The Tutte polynomial is

5040x+5004x2+1900x3+345x4+30x5+x6+5040 y+17064x y+9516x2 y+
1860x3 y+120x4 y+17100 y2+27660x y2+9030x2 y2+810x3 y2+32140 y3+
32220x y3 + 6570x2 y3 + 270x3 y3 + 46125 y4 + 31140x y4 + 3735x2 y4 +
56250 y5+26226x y5+1764x2 y5+61380 y6+20034x y6+666x2 y6+61830 y7+
14130x y7 +180x2 y7 +58635 y8 +9360x y8 +45x2 y8 +53090 y9 +5850x y9 +
46290 y10 + 3438x y10 + 39102 y11 + 1890x y11 + 32137 y12 + 945x y12 +
25767 y13+405x y13+20187 y14+135x y14+15477 y15+27x y15+11628 y16+
8568 y17+6188 y18+4368 y19+3003 y20+2002 y21+1287 y22+792 y23+462 y24+
252 y25 + 126 y26 + 56 y27 + 21 y28 + 6 y29 + y30,
and δ(X) = 895536,d(X) = 846720. In this case m(X) = 16.

For E7 the external activity is

765765 + 2522520 y + 4851000 y2 + 7320600 y3 + 9580725 y4 + 11439540 y5 +
12802020 y6 + 13650000 y7 + 14026425 y8 + 13998600 y9 + 13645800 y10 +
13047048 y11 + 12273786 y12 + 11386620 y13 + 10436139 y14 + 9463104y15 +
8499015y16+7567056y17+6683418y18+5859000y19+5100354y20+4410540y21+
3789891y22+3236688y23+2747745y24+2318904y25+1945440y26+1622376y27+
1344708y28 +1107540y29 +906192y30 +736281y31 +593775y32 +475020y33 +
376740y34 + 296010y35 + 230230y36 + 177100y37 + 134596y38 + 100947y39 +
74613y40 +54264y41 +38760y42 +27132y43 +18564y44 +12376y45 +8008y46 +
5005y47 + 3003y48 + 1716y49 + 924y50 + 462y51 + 210y52 + 84y53 + 28y54 +
7y55 + y56.

The Tutte polynomial is

368640x+290304x2 +90944x3 +14560x4 +1260x5 +56x6 +x7 +368640 y+
1340928x y+ 672000x2 y+ 129696x3 y+ 10920x4 y+ 336x5 y+ 1419264 y2 +
2498496xy2+831600x2y2+97860x3y2+3780x4y2+3046400y3+3409840xy3+
801360x2y3+61740x3y3+1260x4y3+4959360y4+3923640xy4+666540x2y4+
31185x3y4+6864480y5+4055436xy5+505260x2y5+14364x3y5+8549856y6+
3892098xy6+354900x2y6+5166x3y6+9886584y7+3529896xy7+232260x2y7+
1260x3y7 +10815720y8 +3065490xy8 +144900x2y8 +315x3y8 +11339440y9 +
2573060x y9 + 86100x2 y9 + 11496240 y10 + 2100588x y10 + 48972x2 y10 +
11344368 y11 + 1676220x y11 + 26460x2 y11 + 10949456 y12 + 1311100x y12 +
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13230x2 y12 + 10374840 y13 + 1006110x y13 + 5670x2 y13 + 9676584 y14 +
757665xy14+1890x2y14+8902578y15+560148xy15+378x2y15+8092350y16+
406665xy16+7277256y17+289800xy17+6481048y18+202370xy18+5720820y19+
138180xy19+5008332y20+92022xy20+4350956y21+59584xy21+3752532y22+
37359xy22+3214134y23+22554xy23+2734746y24+12999xy24+2311848y25+
7056x y25+1941912 y26+3528x y26+1620808 y27+1568x y27+1344120 y28+
588x y28 + 1107372 y29 + 168x y29 + 906164 y30 + 28x y30 + 736281 y31 +
593775 y32 +475020 y33 +376740 y34 +296010 y35 +230230 y36 +177100 y37 +
134596 y38 + 100947 y39 + 74613 y40 + 54264 y41 + 38760 y42 + 27132 y43 +
18564 y44 + 12376 y45 + 8008 y46 + 5005 y47 + 3003 y48 + 1716 y49 + 924 y50 +
462 y51 + 210 y52 + 84 y53 + 28 y54 + 7 y55 + y56,
and δ(X) = 248454360,d(X) = 221714415. In this case m(X) = 27.

For E8 the external activity is

215656441 + 832880048 y+ 1846820976 y2 + 3154271120 y3 + 4616982370 y4 +
6116101992y5+7560167076y6+8882835192y7+10042185195y8+11014370920y9+
11790836876 y10 + 12374757528 y11 + 12777173066 y12 + 13013665000 y13 +
13102173000 y14 + 13061395200 y15 + 12909698025 y16 + 12664461600 y17 +
12341786800 y18 + 11956490000 y19 + 11522046984 y20 + 11050547072 y21 +
10552683964 y22 + 10037779560 y23 + 9513837015 y24 + 8987619288 y25 +
8464749444 y26 + 7949828968 y27 + 7446561710 y28 + 6957871080y29 +
6486009452 y30 + 6032658736 y31 + 5599021077 y32 + 5185898640 y33 +
4793761440 y34 + 4422802176 y35 + 4072982628 y36 + 3744072816 y37 +
3435684120 y38 + 3147297560 y39 + 2878288435 y40 + 2627948520 y41 +
2395505940 y42 + 2180142840 y43 + 1981010970 y44 + 1797245304 y45 +
1627975812 y46 + 1472337504 y47 + 1329478865 y48 + 1198568800 y49 +
1078802208y50+969404304y51+869633808y52+778785120y53+696189600y54+
621216072y55+553270671y56+491796152y57+436270780y58+386206920y59+
341149446y60+300674088y61+264385836y62+231917400y63+202927725y64+
177100560 y65+154143080 y66+133784560 y67+115775100 y68+99884400 y69+
85900584 y70 + 73629072 y71 + 62891499 y72 + 53524680 y73 + 45379620 y74 +
38320568 y75 + 32224114 y76 + 26978328 y77 + 22481940 y78 + 18643560 y79 +
15380937 y80 + 12620256 y81 + 10295472 y82 + 8347680 y83 + 6724520 y84 +
5379616y85+4272048y86+3365856y87+2629575y88+2035800y89+1560780y90+
1184040 y91 +888030 y92 +657800 y93 +480700 y94 +346104 y95 +245157 y96 +
170544 y97 + 116280 y98 + 77520 y99 + 50388 y100 + 31824 y101 + 19448 y102 +
11440 y103 +6435 y104 +3432 y105 +1716 y106 +792 y107 +330 y108 +120 y109 +
36 y110 + 8 y111 + y112.

The Tutte polynomial is
127733760x+70154496x2 +15748992x3 +1883728x4 +130144x5 +5208x6 +
112x7 +x8 + 127733760 y+ 487014912x y+ 187062912x2 y+ 28823872x3 y+
2164512x4 y + 78960x5 y + 1120x6 y + 544594176 y2 + 995541120x y2 +
275866080x2 y2+29436960x3 y2+1359960x4 y2+22680x5 y2+1298666880 y3+
1513341760x y3+316755040x2 y3+24726240x3 y3+773640x4 y3+7560x5 y3+
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2337363280y4+1944391680xy4+316590120x2y4+18285120x3y4+352170x4y4+
3558562560y5+2252074608xy5+292502448x2y5+12802608x3y5+159768x4y5+
4858714728y6+2436564312xy6+256396392x2y6+8435952x3y6+55692x4y6+
6151371912y7+2510748360xy7+215485920x2y7+5216400x3y7+12600x4y7+
7369379325y8 +2494145520xy8 +175532400x2y8 +3124800x3y8 +3150x4y8 +
8465594760y9+2407667360xy9+139319600x2y9+1789200x3y9+9409765316y10+
2271720360x y10 + 108358320x2 y10 + 992880x3 y10 + 10186403808 y11 +
2104854360x y11 + 82970160x2 y11 + 529200x3 y11 + 10792181106 y12 +
1922032000x y12 + 62695360x2 y12 + 264600x3 y12 + 11232554200 y13 +
1734243840x y13 + 46753560x2 y13 + 113400x3 y13 + 11518581060 y14 +
1549144080x y14 + 34410060x2 y14 + 37800x3 y14 + 11664558360 y15 +
1371840000x y15 + 24989280x2 y15 + 7560x3 y15 + 11686317405 y16 +
1205492400x y16 + 17888220x2 y16 + 11600023680 y17 + 1051848000x y17 +
12589920x2 y17 + 11421406080 y18 + 911703800x y18 + 8676920x2 y18 +
11165341880 y19 + 785303400x y19 + 5844720x2 y19 + 10845723504 y20 +
672483840x y20 + 3839640x2 y20 + 10475351712 y21 + 572741440x y21 +
2453920x2 y21 + 10065843904 y22 + 485319240x y22 + 1520820x2 y22 +
9627584040 y23 + 409285800x y23 + 909720x2 y23 + 9169710435 y24 +
343605360xy24+521220x2y24+8700137688y25+287199360x y25+282240x2y25+
8225609004 y26 + 238999320x y26 + 141120x2 y26 + 7751775168 y27 +
197991080xy27+62720x2y27+7283296430y28+163241760xy28+23520x2y28+
6823954920y29+133909440xy29+6720x2y29+6376765212y30+109243120xy30+
1120x2y30+5944078216y31+88580520xy31+5527677357y32+71343720xy32+
5128866000 y33 + 57032640x y33 + 4748545080 y34 + 45216360x y34 +
4387279896 y35 + 35522280x y35 + 4045355028 y36 + 27627600x y36 +
3722820816 y37 + 21252000x y37 + 3419532600 y38 + 16151520x y38 +
3135183920y39+12113640xy39+2869334875y40+8953560xy40+2621436840y41+
6511680xy41+2390854740y42+4651200xy42+2176887000y43+3255840xy43+
1978783290y44+2227680xy44+1795760184y45+1485120xy45+1627014852y46+
960960xy46 +1471736904 y47 +600600x y47 +1329118505 y48 +360360x y48 +
1198362880 y49+205920x y49+1078691328 y50+110880x y50+969348864 y51+
55440x y51 + 869608608 y52 + 25200x y52 + 778775040 y53 + 10080x y53 +
696186240 y54 + 3360x y54 + 621215232 y55 + 840x y55 + 553270551 y56 +
120x y56 + 491796152 y57 + 436270780 y58 + 386206920 y59 + 341149446 y60 +
300674088y61+264385836y62+231917400y63+202927725y64+177100560y65+
154143080 y66+133784560 y67+115775100 y68+99884400 y69+85900584 y70+
73629072 y71 + 62891499 y72 + 53524680 y73 + 45379620 y74 + 38320568 y75 +
32224114 y76 + 26978328 y77 + 22481940 y78 + 18643560 y79 + 15380937 y80 +
12620256 y81 + 10295472 y82 + 8347680 y83 + 6724520 y84 + 5379616 y85 +
4272048y86+3365856y87+2629575y88+2035800y89+1560780y90+1184040y91+
888030 y92 +657800 y93 +480700 y94 +346104 y95 +245157 y96 +170544 y97 +
116280 y98 + 77520 y99 + 50388 y100 + 31824 y101 + 19448 y102 + 11440 y103 +
6435 y104 + 3432 y105 + 1716 y106 + 792 y107 + 330 y108 + 120 y109 + 36 y110 +
8 y111 + y112,

and δ(X) = 438191214480, d(X) = 348607121625. In this case m(X) = 57.
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Fourier and Laplace Transforms

This short chapter collects a few basic facts of analysis needed for the topics
discussed in this book.

3.1 First Definitions

3.1.1 Algebraic Fourier Transform

In this chapter, by vector space we shall mean a finite-dimensional vector
space over the field of real numbers R. It is convenient to take an intrinsic
and basis-free approach.

Let us fix an s-dimensional vector space U, and denote by V := U∗ its dual.
As usual, we also think of U as the dual of V . We identify the symmetric
algebra S[V ] with the ring of polynomial functions on U .

This algebra can also be viewed as the algebra of polynomial differential
operators on V with constant coefficients. Indeed, given a vector v ∈ V, we
denote by Dv the corresponding directional derivative defined by

Dvf(x) :=
df(x+ tv)

dt

∣∣∣
t=0

.

Observe that if φ ∈ U is a linear function (on V ), we have 〈φ |x + tv〉 =
〈φ |x〉+t〈φ | v〉. Thus Dv is algebraically characterized, on S[U ], as the deriva-
tion that on each element φ ∈ U takes the value 〈φ | v〉. It follows that S[V ]
can be thus identified with the ring of differential operators that can be ex-
pressed as polynomials in the Dv.

Similarly, S[U ] is the ring of polynomial functions on V, or polynomial
differential operators on U with constant coefficients.

It is often very convenient to work over the complex numbers and use the
complexified spaces

C. De Concini and C. Procesi, Topics in Hyperplane Arrangements, Polytopes  

© Springer Science + Business Media, LLC 2010 
and Box-Splines, Universitext, DOI 10.1007/978-0-387-78963-7_3,  

69



70 3 Fourier and Laplace Transforms

VC := V ⊗R C, UC := U ⊗R C = hom(V,C).

One can organize all these facts in the algebraic language of the Fourier trans-
form. Let us introduce the Weyl algebras W (V ),W (U) of differential opera-
tors with complex polynomial coefficients on V and U respectively. Choose
explicit coordinates x1, . . . , xs for U, that is, a basis xi for V, the dual basis
in U is given by ∂

∂x1
, . . . , ∂

∂xs
and:

W (U) = W (s) := R
[
x1, . . . , xs;

∂

∂x1
, . . . ,

∂

∂xs

]
.

Notice that from a purely algebraic point of view they are both generated by
V ⊕ U . In the coordinates x1, . . . , xs, for a multi-index α := {h1, . . . , hs},
hi ∈ N, one sets

xα := xh1
1 · · ·xhss , ∂α :=

∂h1

∂x1
· · · ∂

hs

∂xs
.

One easily proves that the elements xα∂β form a basis of W (s), in other
words, as a vector space we have that W (U) and W (V ) equal the tensor
product S[U ]⊗ S[V ].

In the first case, V is thought of as the space of directional derivatives and
then we write Dv instead of v, and U is thought of as the linear functions. In
W (U) the two roles are exchanged.

The relevant commutation relations are

[Dv, φ] = 〈φ | v〉, [Dφ, v] = 〈v|φ〉 = 〈φ | v〉, (3.1)

and we have a canonical isomorphism of algebras

F : W (V ) →W (U), Dv �→ −v, φ �→ Dφ.

One usually writes â instead of F(a).
This allows us, given a moduleM overW (V ) (resp. overW (U)) to consider

its Fourier transform M̂ . This is the same vector space M, whose elements
we shall denote by m̂, and it is considered as a module over W (U) (resp. over
W (V )) by the formula a.m̂ := âm.

In coordinates the automorphism F is then

F : xi �→
∂

∂xi
,

∂

∂xi
�→ −xi.

3.1.2 Laplace Transform

We use Fourier transforms as an essentially algebraic tool. The fact is that
for the purpose of this theory, the Fourier transform is essentially a duality
between polynomials and differential operators with constant coefficients. As



3.1 First Definitions 71

long as one has to perform only algebraic manipulations, one can avoid difficult
issues of convergence and the use of various forms of algebraic or geometric
duality (given by residues) is sufficient.

Nevertheless, we shall use some elementary analytic facts that we shall
present in the language of Laplace transforms. This avoids cluttering the
notation with unnecessary i’s.

Our conventions for Laplace transforms are the following. With the no-
tation of the previous section, fix a Euclidean structure on V that induces
Lebesgue measures dv, du on V,U and all their linear subspaces. We set

Lf(u) :=
∫
V

e−〈u | v〉f(v)dv. (3.2)

Then L maps suitable functions on V to functions on U ; a precise definition
is given below. To start, if f is a C∞ function with compact support, (3.2)
is well-defined. We have the following basic properties when p ∈ U,w ∈ V,
writing p for the linear function 〈p | v〉, and Dw for the derivative on V in the
direction of w, (and dually on U):

L(Dwf)(u) =wLf(u), L(pf)(u) = −DpLf(u), (3.3)
L(epf)(u) =Lf(u− p), L(f(v + w))(u) = ewLf(u). (3.4)

3.1.3 Tempered Distributions

In order for the formula (3.2) to have a correct analytic meaning, it is necessary
to impose restrictions on the functions f(v), but the restriction that f be C∞

with compact support is too strong for the applications we have in mind. One
very convenient setting, which we shall use systematically, is given by the
analytic language of tempered distributions (cf. [97], [98], [99], [121]).

Definition 3.1. The Schwartz space S is the space of smooth C∞ and rapidly
decreasing functions f on Rs. That is, such that for every pair of multi-indices
α, β one has that xα∂βf is a bounded function.

It follows easily that |xα∂βf | takes a maximal value, which will be denoted
by |f |α,β . This is a family of seminorms on S that induces a topology on S,
and

Definition 3.2. A tempered distribution is a linear functional on S continuous
under all these seminorms.

Remark 3.3. We have used coordinates to fix explicitly the seminorms, but
one could have given a coordinate-free definition using monomials in linear
functions φ and derivatives Dv.

By definition, the Schwartz space is a module over the Weyl algebra W (s)
of differential operators. By duality, so is the space of tempered distributions
via the formulas
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〈xiT | f〉 = 〈T |xif〉,
〈 ∂

∂xi
T | f

〉
= −

〈
T | ∂

∂xi
f
〉
. (3.5)

The usual Fourier transform is

f̂(u) := (2π)−s/2
∫
V

ei〈u | v〉f(v)dv. (3.6)

A basic fact of the Fourier analysis (cf. [121]), is that the Fourier transform
is an isomorphism of S to itself (as a topological vector space) and thus it
induces, by duality, a Fourier transform on the space of tempered distribu-
tions. We shall use this fact in order to describe certain special functions g
that are implicitly given by suitable formulas for the associated distribution
f �→

∫
V
g(v)f(v)dv.

We leave to the reader to make explicit the analogues of formulas (3.3)
that make explicit the compatibility of the Fourier transform with the W (s)
module structure on S.

We shall also use, in a superficial way, distributions on periodic functions,
that is the dual of C∞ functions on a compact torus with a similar topology
as that of Schwartz space. In this case Fourier transform is a function on the
character group, a lattice Λ. The Fourier coefficients of C∞ functions and of
distributions can be characterized by their decay or their growth at infinity;
see, for instance, [71].

3.1.4 Convolution

In our treatment, functions and distributions will be very special, and most
of their analytic properties can be verified directly. Nevertheless, we should
recall some basic general constructions, referring to [64] for the proofs.

The convolution of two L1 functions on Rs is defined by the formula

(f ∗ g)(x) :=
∫

Rs
f(y)g(x− y)dy.

For two distributions T1 and T2, where T2 has compact support, the convo-
lution can be defined using the following fact. Given a function f ∈ S, we
consider for each x the function f [x](y) := f(x − y) as a function of y and
apply to it the distribution T2. We set (T2 ∗ f)(x) := 〈T2 | f [x]〉. Then T2 ∗ f
belongs to S, so we can set

〈T1 ∗ T2 | f〉 := 〈T1 |T2 ∗ f〉.

Indeed, this definition is compatible with the definition of T2∗f once we think
of f as a distribution.

One has the following formula for Fourier transform

T̂1 ∗ T2 = T̂1T̂2.
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Although the product of two distributions is in general not well-defined, this
formula is justified by the fact that in this case T̂2 is a function. In fact, if one
restricts to distributions with compact support, one has unconditionally that
convolution of such distributions is an associative and commutative law and
Fourier transform is a homomorphism to holomorphic functions with respect
to usual multiplication.

Example 3.4. Let p ∈ Rs and let δp be the usual Dirac distribution at p:
〈δp | f〉 := f(p). We then have δp ∗ f(x) = f(x − p) for any function f. Thus
δ0 ∗ T = T for all distributions T, and by associativity δp ∗ δq = δp+q.

3.1.5 Laplace Versus Fourier Transform

If we take a C∞ function g(x) with compact support, its Fourier transform
extends to a global holomorphic function. Then the Fourier transform is
connected with the Laplace transform by the formula

Lg(u) = (2π)s/2ĝ(iu). (3.7)

We need to generalize this relation. Take a list X := (a1, . . . , am) of
nonzero vectors in V . We assume that 0 is not in the convex hull of the
vectors in X so that C(X) does not contain lines.

Define the dual cone Ĉ(X) of C(X):

Ĉ(X) := {u ∈ U | 〈u | v〉 ≥ 0, ∀v ∈ C(X)}.

This cone thus consists of the linear forms that are nonnegative on C(X). Its
interior in not empty, since C(X) contains no lines.

Take a function T (v) of polynomial growth supported in C(X). Such
a function determines by integration a tempered distribution. Its Fourier
transform is defined, for f ∈ S, by

〈T̂ | f〉 =
∫
C(X)

T (v)f̂(v)dv = (2π)−s/2
∫
C(X)

T (v)
(∫

U

ei〈u | v〉f(u)du
)
dv.

We would like to argue that T̂ (u) = (2π)−s/2 ∫
C(X) e

i〈u | v〉T (v)dv is a function,
so that

〈T̂ | f〉 = (2π)−s/2
∫
U

(∫
C(X)

ei〈u | v〉T (v)dv
)
f(u)du =

∫
U

T̂ (u)f(u)du.

In fact, the integral
∫
C(X) e

i〈u | v〉T (v)dv may diverge, in which case the ex-
change of integrals is not justified. We then proceed as follows:

Proposition 3.5. (1) The formula
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T̂ (z) := (2π)−s/2
∫
C(X)

ei〈x+iy | v〉T (v)dv = (2π)−s/2
∫
C(X)

e−〈y−ix | v〉T (v)dv

(3.8)
defines an analytic function of the complex variable z = x + iy, in the
domain where y lies in the interior of Ĉ(X) and x ∈ U .

(2) T̂ is the weak limit (in the sense of distributions) of the family of functions
T̂ (x+ iy) of x, parametrized by y, as y → 0.

Proof. (1) The fact that T̂ (z) is holomorphic in the described region follows
from the fact that the function e−〈y−ix | v〉T (v) is rapidly decreasing at infinity
when y lies in the interior of Ĉ(X).

(2) We claim now that T̂ is the weak limit of the functions T̂ (x+ iy) (each
for fixed y) in the space of tempered distributions. This means that if f is
any C∞ function in the Schwartz space S, we have

〈T̂ | f〉 = lim
y→0

∫
U

T̂ (x+ iy)f(x)dx.

Notice that formula (3.8) shows that given y, the function T̂ (x+ iy) is the
Fourier transform of the function Ty(v) := e−〈y | v〉T (v), which is easily seen
to be an L2 function.

Since the Fourier transform is an isomorphism of the Schwartz space, T̂ is
the weak limit of the functions T̂ (x+ iy) if and only if limy→0 Ty = T in the
weak topology of tempered distributions. Thus we have to show that given a
Schwartz function f ,

lim
y→0

∫
V

Ty(v)f(v)dv =
∫
V

T (v)f(v)dv.

We have that limy→0 Ty(v) = T (v) pointwise and uniformly on compact sets.
For y in the interior of Ĉ(X) we have |Ty(v)| ≤ |T (v)|, ∀v. By hypothesis,
there is an integer k and two positive numbers R,C such that, for points
outside the ball of radius R we have an estimate |Ty(v)| < C|v|k. Given
f ∈ S, we can also find a radius, that we may assume to be equal to R, such
that if |v| ≥ R we have |f(v)| < R−2k. Now given ε > 0 we can choose R large
enough that |

∫
|v|≥R Ty(v)f(v)dv| < ε, ∀y. On the other hand, by the uniform

convergence of Ty to T on the ball |v| ≤ R, we can find η such that when
|y| < η, y in the interior of Ĉ(X), we have |

∫
|v|≤R(T (v)− Ty(v))f(v)dv| < ε.

This proves the weak convergence.

Thus LT (z) := (2π)s/2T̂ (iz) is holomorphic for z = x + iy as long as x
lies in the interior of Ĉ(X). This is the sense in which we understand formula
(3.7).

We shall apply formula (3.2), defining the Laplace transform, to functions
(or distributions) supported in C(X) and with polynomial growth there. Thus
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by definition the Laplace transform will be a holomorphic function in the
region of complex vectors where the real part x lies in the interior of Ĉ(X).

In most examples these functions extend to a meromorphic functions with
poles on suitable hypersurfaces, as hyperplanes or tori. We shall also consid-
erthese functions as Laplace transforms.





4

Modules over the Weyl Algebra

All the modules over Weyl algebras that will appear are built out of some basic
irreducible modules, in the sense that they have finite composition series in
which only these modules appear. It is thus useful to give a quick description
of these modules. Denote by F the base field (of characteristic 0) over which
V,U := V ∗ are finite-dimensional vector spaces of dimension s. We can take
either F = R or F = C.

4.1 Basic Modules

4.1.1 The Polynomials

With the notation of the previous chapter we are going to study certain mod-
ules over the Weyl algebra W (U) of differential operators with polynomial
coefficients on U . The most basic module on W (U) is the polynomial ring
S[V ] = F [x1, . . . , xs] (using coordinates). The following facts are immediate,
but we want to stress them, since they will be generalized soon.

Proposition 4.1. (a) F [x1, . . . , xs] is a cyclic module generated by 1.
(b) F [x1, . . . , xs] is an irreducible module.
(c) The annihilator ideal of 1 is generated by all the derivatives Du, u ∈ U,

equivalently by all the derivatives ∂
∂xi

.
(d) An element a ∈ F [x1, . . . , xs] is annihilated by all the derivatives if and

only if it is a constant multiple of 1.

We shall use a simple corollary of this fact.

Corollary 4.2. Let M be any W (U) module.
If m ∈ M is a nonzero element satisfying Dum = 0, ∀u ∈ U, then the

W (U)-module generated by m is isomorphic to S[V ] under a unique isomor-
phism mapping 1 to m.
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Let m1, . . . ,mk be linearly independent elements in M satisfying the equa-
tions Dum = 0, ∀u ∈ U . Then the modules W (U)mi form a direct sum.

Proof. If I denotes the left ideal generated by the elements Du, we have
W (U)/I = S[V ]. We have a nonzero surjective morphism W (U)/I →W (U)m
mapping 1 to m. Since S[V ] is irreducible, this map is an isomorphism.

Let us prove the second part. Any element of
∑
iW (U)mi can clearly be

written (by part 1) as a sum
∑
i fimi, fi ∈ S[V ] polynomials. We have to

show that if
∑
i fimi = 0 then all the fi’s are equal to 0.

Assume this is not the case. Let r ≥ 0 be the highest degree of the
polynomials fi. Choose a monomial xα of degree r that appears in at least
one of the polynomials fi and apply ∂α to

∑
i fimi. Since Dumi = 0 for all u,

we have that ∂α(fimi) = ∂α(fi)mi. For all i we have that ∂α(fi) is a constant,
and for at least one of the fi’s it is nonzero. Thus 0 =

∑
i ∂

α(fi)mi is a linear
combination with nonzero constant coefficients of the mi, a contradiction.

4.1.2 Automorphisms

From the commutation relations (3.1) it is clear that the vector subspace
V ⊕U ⊕F ⊂W (U) is closed under commutators. Thus it is a Lie subalgebra
(called the Heisenberg algebra). The Lie product takes values in F and induces
the natural symplectic form on V ⊕ U .

The group G = (V ⊕ U) � Sp(V ⊕ U) (where Sp(V ⊕ U) denotes the
symplectic group of linear transformations preserving the given form) acts as
a group of automorphisms of the algebra W (U) preserving the space V ⊕U⊕F .
Let us identify some automorphisms in G.1

• Translations. Given u ∈ U we get the automorphism τu defined by τu(v) =
v + 〈v, u〉 for v ∈ V and τu(u′) = u′ if u′ ∈ U . Similarly, we get the
automorphism τv associated to an element v ∈ V .

• Linear changes. Given an element g ∈ Gl(V ), we can consider the sym-
plectic transformation (

g 0
0 g∗−1

)
,

where g∗ : U → U is the adjoint to g.
• Partial Fourier transform. If we choose a basis xj , 1 ≤ j ≤ s of U and

denote by ∂/∂xi the dual basis of V, we have for a given 0 ≤ k ≤ s the
symplectic linear transformation ψk defined by

xi �→
∂

∂xi
,

∂

∂xi
�→ −xi, ∀i ≤ k,

xi �→ xi,
∂

∂xi
�→ ∂

∂xi
, ∀i > k.

1It is not hard to see that these automorphisms generate G.
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We can use automorphisms in the following way.

Definition 4.3. Given a module M over a ring R and an automorphism φ of
R, one defines φM, the module twisted by φ, as the same abelian group (or
vector space for algebras) M with the new operation r ◦φ m := φ−1(r)m.

The following facts are trivial to verify:

• φ(M ⊕N) =φM ⊕φN.
• If M is cyclic generated by m and with annihilator I, then φM is cyclic

generated by m and with annihilator φ(I).
• M is irreducible if and only if φM is irreducible.
• If φ, ψ are two automorphisms, then φψM =φ (ψM).

What will really appear in our work are some twists, under automorphisms
of the previous type, of the basic module of polynomials.

More precisely, for each affine subspace S of U we have an irreducible
module NS , which is defined as follows.

Let S = W + p, where W is a linear subspace of U and p ∈ U . Choose
coordinates x1, . . . , xs such that

W = {x1 = x2 = · · · = xk = 0}

and 〈xi, p〉 = 0 for i > k. We define the module NS as follows: NS is generated
by an element δS satisfying

xiδS = 〈xi, p〉δS , i ≤ k,
∂

∂xi
δS = 0, i > k. (4.1)

To our basis we associate the linear transformation ψk and to p the translation
τp. It is clear that the two transformations commute and their composition
gives a well-defined element φ ∈ G and hence a well-defined automorphism of
W (U), which we denote by the same letter.

Proposition 4.4. 1. NS is canonically isomorphic to the twist φS[V ] of the
polynomial ring under the automorphism φ defined above. This isomor-
phism maps δS to 1. In particular NS is irreducible.

2. NS is freely generated by the element δS , the transform of 1, over the ring

φ(F [x1, . . . , xs]) = F
[ ∂

∂x1
, . . . ,

∂

∂xk
, xk+1, xk+2, . . . , xs

]
.

3. NS depends only on S and not on the coordinates chosen.

Proof. The first two statements follow from the definitions.
As for the last statement, notice that the elements xi−〈xi, p〉 that vanish

on S span the intrinsically defined space S⊥ of all (inhomogeneous) linear
polynomials vanishing on S. On the other hand, the derivatives ∂

∂xi
, i > k,

thought of as elements of U, span W . These two spaces generate the left ideal
annihilator of the element δS .
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Remark 4.5. We can also interpret NS in the language of distributions, leaving
to the reader to verify that in this language, δS should be thought of as the
δ−function of S, given by 〈δS | f〉 =

∫
S
fdx.

4.1.3 The Characteristic Variety

In our work, we shall need to be able to distinguish some modules as noniso-
morphic. In particular, we need to show that if S1 
= S2 are two affine spaces,
the corresponding modules NS1 , NS2 are not isomorphic.

This is best done with the use of the characteristic variety. This is an
important notion and deserves a more detailed treatment (cf. [35]). For our
purposes only very little information is necessary, and we give it here.

We start with some simple facts on filtered algebras. We shall use only
increasing filtrations.

Definition 4.6. A filtration of an algebra R is a sequence of subspaces
Rk, k = −1, . . . ,∞, such that

R = ∪∞
k=0Rk, RhRk ⊂ Rh+k, R−1 = 0. (4.2)

The concept of a filtered algebra compares with the much more restrictive
notion of a graded algebra.

Definition 4.7. A graded algebra is an algebra R with a sequence of subspaces
Rk ⊂ R, k = 0, . . . ,∞ such that

R = ⊕∞
k=0Rk, RhRk ⊂ Rh+k. (4.3)

An element of Rk is said to be homogeneous of degree k. The product of two
homogeneous elements of degree h, k is homogeneous of degree h+ k.

A graded algebra is also filtered in a natural way (we take ⊕i≤kRi as the
subspace of filtration degree k), but in general filtrations do not arise from
gradings.

While the algebra of polynomials can be graded in the usual way, the
algebra of differential operators can only be filtered.

In the case of the algebra W (s) let us consider for each k ≥ 0 the subspace
W (s)k consisting of those operators that are of degree ≤ k in the derivatives.
This is clearly a filtration, that is known as the Bernstein filtration [35].

From a filtered algebra R = ∪Rk we can construct its associated graded
algebra.

Intuitively, the idea is that given an element of Rh, we wish to concentrate
on the degree h and neglect elements in Rh−1. More concretely, we replace R
with the direct sum

gr(R) := ⊕∞
h=0Rh/Rh−1, gr(R)h := Rh/Rh−1, for h ≥ 0.
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Given elements a ∈ gr(R)h, b ∈ gr(R)k, in order to define their product
we lift them to elements ã ∈ Rh, b̃ ∈ Rk. We then define ab ∈ gr(R)h+k
as the image modulo Rh+k−1 of ãb̃ ∈ Rh+k. It easy to see that this gives a
well-defined product

Rh/Rh−1 ×Rk/Rk−1 → Rh+k/Rh+k−1.

Thus gr(R) with this product is a graded algebra, which we call the associated
graded algebra to R.

The class in Rh/Rh−1 of an element a ∈ Rh is called the symbol of a. This
is consistent with the terminology used in the theory of differential operators.

The graded algebra associated to a filtration of an algebra R can be viewed
as a simplification or degeneration of R. Often it is possible to recover many
properties of R from those of the (simpler) associated graded algebra. A
particularly important case arises when R is noncommutative but gr(R) is
commutative, this happens if and only if for any two elements a, b of degree
(in the filtration) h, k we have [a, b] ∈ Rh+k−1.

This occurs in particular in the case of the Bernstein filtration. From the
definitions one easily sees the following

Lemma 4.8. The associated graded algebra of W (s) relative to the Bernstein
filtration is a ring of polynomials in the variables xi and the classes ξi of ∂

∂xi
.

Proof. The elements xj have degree 0 and the ∂
∂xi

have degree 1, both xj
∂
∂xi

and ∂
∂xi

xj have degree 1. Their commutators [ ∂
∂xi

, xj ] = δi,j have degree 0,
and therefore their classes commute in the graded algebra.

The fact that the classes xi and ξi polynomially generate the graded alge-
bra is a simple exercise, that follows from the canonical form of the operators
in W (s).

One can take a more intrinsic point of view and then see that this graded
polynomial algebra is just the coordinate ring of U ⊕ V, that can be thought
of as the cotangent bundle to U .

Consider now a module M over a filtered algebra R.

Definition 4.9. A filtration on M, compatible with the filtration of R, is an
increasing sequence of subspaces 0 = M−1 ⊂ M0 ⊂ M1 ⊂ Mk ⊂ · · · that
satisfies

∪kMk = M, RhMk ⊂Mh+k, ∀h, k.

Lemma 4.10. The graded vector space gr(M) := ⊕∞
h=0Mh/Mh−1 is in a nat-

ural way a module over the graded algebra.

Proof. We leave this as an exercise.
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From now on, we assume that M is a finitely generated module over R. We
can define on M a compatible filtration by choosing generators m1, . . . ,md

and setting Mk :=
∑d
i=1 Rkmi. This filtration depends on the generators mi,

but we have the following lemma:

Lemma 4.11. Let M1
k ,M

2
k be the filtrations corresponding to two sets of gen-

erators m1, . . . ,md; n1, . . . , ne. There exist two positive integers a, b such that
for each k, we have

M1
k ⊂M2

k+b, M2
k ⊂M1

k+a.

Proof. Let a be an integer such that ni ∈ M1
a , i = 1, . . . , e and b an integer

such that mi ∈ M2
b ,i = 1, . . . , d. The assertion follows immediately from

the definition of the filtrations, since M2
k =

∑
iRkni ⊂

∑
iRkM

1
a ⊂ M1

k+a
(similarly for the other case).

When the graded algebra is commutative, it is useful to consider the ideal
Jgr(M) in gr(R) that annihilates gr(M). Notice that Jgr(M) is a graded ideal.

A priori, this ideal depends on the generators of M we have chosen but
we have the following important theorem:

Theorem 4.12. The radical
√
Jgr(M) is independent of the choice of the gen-

erators.

Proof. Let us consider two such filtrations and let a, b be defined as above.
Let us show, for instance, that Jgr1(M) ⊂

√
Jgr2(M). Take x ∈ Jgr1(M) ho-

mogeneous of degree h. This means that for all k we have xM1
k ⊂ M1

h+k−1.
Thus xtM1

k ⊂ M1
th+k−t,∀t > 0, and thus xtM2

k ⊂ xtM1
k+b ⊂ M1

th+k+b−t ⊂
M2
th+k+b+a−t. Thus if t > a+ b, we have xt ∈ Jgr2(M), as desired.

In the case of a finitely generated module M over the Weyl algebra W (s) the
ideal

√
Jgr(M) is a well-defined ideal in a polynomial ring in 2s variables, the

functions on U ⊕ V .

Definition 4.13. The variety of the zeros of
√
Jgr(M) is the characteristic

variety of M .

We have just seen that the characteristic variety of a finitely generated module
M is a geometric invariant of the isomorphism class of the module M .

Consider now the module NS , where as before, S is an affine subspace of
the form W + p, with W a linear subspace. It is clear that, the filtration
on NS induced by the Bernstein filtration, using the generator δS , equals the
filtration by degree in the variables ∂

∂xj
for

NS = F
[ ∂

∂x1
, . . . ,

∂

∂xk
, xk+1, xk+2, . . . , xs

]
δS .

The ideal Jgr(NS) is the ideal generated by the elements xi−〈xi | p〉, ξj with i ≤
k, j > k. The associated characteristic variety is a subspace of dimension n of
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the 2n-dimensional space that intrinsically can be identified to the conormal
space to S, that is the set of pairs (v, u) ∈ V ⊕U such that u ∈ S and v ∈W⊥.

In particular, we deduce the following result

Corollary 4.14. If S1, S2 are two distinct subspaces. Then the two modules
NS1 , NS2 are not isomorphic.

Proof. The two characteristic varieties are different.

Remark 4.15. In the theory one has a deep property of the characteristic va-
riety, that of being involutive for the symplectic structure on the cotangent
bundle. This implies that the characteristic variety has always dimension ≥ s.
When it has dimension exactly s it is a Lagrangian variety and the module
is called holonomic. The modules NS are all (simple examples of) holonomic
modules.
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Differential and Difference Equations

The purpose of this chapter is to recall standard facts about certain special
systems of differential equations that admit, as solutions, a finite-dimensional
space of exponential polynomials. The theory is also extended to difference
equations and quasipolynomials.

5.1 Solutions of Differential Equations

5.1.1 Differential Equations with Constant Coefficients.

In this section we recall the algebraic approach to special systems of differen-
tial equations with constant coefficients.

We use the same notation as in Chapter 4, but for reasons coming from du-
ality, we usually think of V as directional derivatives and U as linear functions
on V .

In coordinates, we fix a basis e1, . . . , es of V . We denote by yi the coordi-
nates of a vector y ∈ V in this basis, so y1, . . . , ys form a basis of U . We then
can identify e1, . . . , es with ∂

∂y1
, . . . , ∂

∂ys
, so that

S[U ] = F [y1, . . . , ys], S[V ] = F
[ ∂

∂y1
, . . . ,

∂

∂ys

]
.

The duality between U and V extends as follows:

Proposition 5.1. The ring S[U ] is the graded dual of the polynomial ring
S[V ].1

Proof. Using coordinates, the duality pairing can be explicitly described as
follows. Given a polynomial p( ∂

∂y1
, . . . , ∂

∂ys
) in the derivatives and another

q(y1, . . . , ys) in the variables yi, the pairing
1By definition, the graded dual of a graded vector space ⊕iVi is the space ⊕iV

∗
i ,

clearly contained in the dual (⊕iVi)∗ =
∏

i(Vi)∗.
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86 5 Differential and Difference Equations〈
p
( ∂

∂y1
, . . . ,

∂

∂ys

)
| q(y1, . . . , ys)

〉
= p(

∂

∂y
)(q(y))y=0 (5.1)

is obtained by applying p to q and then evaluating at 0.

Even more explicitly, the dual basis of the monomials yh1
1 · · · yhss is given

by the monomials (1/
∏
i hi!)

∂h1

∂y1
· · · ∂hs∂ys

.

The algebraic theory of differential equations starts with the following
simple lemma

Lemma 5.2. A polynomial f ∈ C[y1, . . . , ys] satisfies the differential equa-
tions of an ideal I ⊂ C[ ∂

∂y1
, . . . , ∂

∂ys
] if and only if it is orthogonal to I.

Proof. One direction is clear: if f satisfies the differential equations of I then
it is orthogonal to I. Conversely, assume that f is orthogonal to I, take
g( ∂
∂y1

, . . . , ∂
∂ys

) ∈ I, and consider q := g( ∂
∂y1

, . . . , ∂
∂ys

)(f). We need to show
that q = 0. By assumption, for every h ∈ C[ ∂

∂y1
, . . . , ∂

∂ys
] we have that h(q)

evaluated at 0 equals 0. In particular, this implies that q with all of its
derivatives is 0 at 0, and this clearly implies that q = 0.

We shall use the algebraic dual (S[V ])∗ of S[V ], which is a rather enormous
space of a rather formal nature. It can be best described as a space of formal
power series by associating to an element f ∈ (S[V ])∗ the formal expression

〈f | ey〉 =
∞∑
k=0

〈f | yk〉
k!

, y =
s∑
i=1

yiei ∈ V.

Write y =
∑s
i=1 yiei in the basis ei, thus

yk =
∑

h1+h2+···+hs=k

(
k

h1, h2, . . . , hs

)
yh1
1 · · · yhss eh1

1 · · · ehss ,

〈f | yk〉
k!

=
∑

h1+h2+···+hs=k

〈f | eh1
1 . . . ehss 〉

h1!h2! · · ·hs!
yh1
1 · · · yhss ,

is a genuine homogeneous polynomial of degree k on V .
We have that S[U ] is the subspace of S[V ]∗ formed by those f with

〈f | yk〉 = 0 for k large enough. The following facts are easy to see:

Proposition 5.3. 1. Given a vector v ∈ V, the transpose of multiplication by
v acting on S[V ] is the directional derivative Dv (acting on (S[V ])∗ and
preserving S[U ]).

2. Given φ ∈ U, denote by τφ the automorphism of S[V ] induced by translation
y �→ y − 〈φ | y〉,∀y ∈ V, and by τ∗

φ its transpose. We have τ∗
φf = e−〈φ | y〉f.



5.1 Solutions of Differential Equations 87

Proof. 1 follows from the way we have defined the duality and the formula
Dv(φ) = 〈φ | v〉.

As for 2,

〈τ∗
φf | ey〉 = 〈f | τφ(ey)〉 = 〈f | ey−〈φ | y〉〉 = e−〈φ | y〉〈f | ey〉.

Observe that if J is an ideal of S[V ] defining a subvariety Z ⊂ U, we have
that τφ(J) defines the subvariety Z + φ.

Starting from a quotient S[V ]/I by an ideal I we deduce an injection
i : (S[V ]/I)∗ → (S[V ])∗. The image of i is, at least formally, the space of
solutions of the differential equations given by I, that is the space of formal
power series solutions of the system I of linear differential equations. As we
shall see, as soon as I is of finite codimension, all the formal solutions are
in fact holomorphic. We denote by Sol(I) the space of C∞ solutions of the
system of differential equations given by I.

Assume now that S[V ]/I is finite-dimensional. Denote by {φ1, . . . , φk} ⊂
U the finite set of points that are the support of I. Take the decomposition

S[V ]/I = ⊕ki=1S[V ]/I(φi), (5.2)

where S[V ]/I(φi) is local and supported at φi. Under these assumptions we
get the following result:

Theorem 5.4. (1) If S[V ]/I is finite-dimensional and supported at 0 the im-
age of i lies in S[U ] and coincides with Sol(I).

(2) If S[V ]/I is finite-dimensional and supported at a point φ ∈ U, then
S[V ]/τ−φI is supported at 0

Sol(I) = e〈φ | y〉Sol(τ−φI).

(3) For a general finite-dimensional S[V ]/I = ⊕ki=1S[V ]/I(φi), as in 5.2:

Sol(I) = ⊕ki=1Sol(I(φi)).

Proof. (1) Consider S[V ] = C[x1, . . . , xs] as a polynomial algebra. To say
that I is of finite codimension and supported at 0 means that I contains all
homogeneous polynomials of high enough degree. Dually a function satisfy-
ing the differential equations defined by substituting the xi with ∂

∂yi
in the

elements of I have all the high enough derivatives equal to 0. Thus they are
polynomials. Now we can apply Lemma 5.2 and see that a function f ∈ S[U ]
satisfies the differential equations given by an ideal I if and only if it is in the
subspace of S[U ] orthogonal to I.

As for (2) observe that for v ∈ V and f a differentiable function we have
Dve

〈φ | x〉f = 〈φ | v〉e〈φ | x〉f + e〈φ | x〉Dvf . Therefore, f satisfies a differential
equation gf = 0,g ∈ S[V ], if and only if e〈φ | x〉f satisfies the differential
equation τφg.
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For part (3) let us choose elements gi ∈ S[V ] giving the unit elements of
the various S[V ]/I(φi). If f satisfies the differential equations of I we see that
gi(f) satisfies the differential equations of I(φi). Moreover,

∑
i gi − 1 ∈ I, so

that
∑
i gi(f) = f and the claim follows.

We see that the space of solutions of the equations given by an ideal I of
finite codimension m is an m-dimensional vector space formed by functions of
type eφp, with φ linear and p a polynomial. Some authors refer to these func-
tions as exponential polynomials. If the variety associated to I is supported
at 0, then all the solutions are polynomials. On the other hand if I defines m
distinct points (the reduced case), the space of solutions has a basis given by
the exponential functions associated to these distinct points. In both cases
the space of solutions is closed under the operation of taking derivatives.

Proposition 5.5. Let M be an m-dimensional vector space of C∞ functions
on some open set A ⊂ V that is closed under the operation of taking deriva-
tives. Then:

1. All the elements of M are linear combinations of functions of type eφp, with
φ linear and p a polynomial.

2. M is the space of solutions of the differential equations given by an ideal
I ⊂ S[V ] of codimension m.

Proof. Since the derivatives are commuting operators, M has a Fitting de-
composition M = ⊕αMα, where Mα is the subspace corresponding to the
generalized eigenvalue α := {α1, . . . , αs}. This means that the elements f of
Mα satisfy, for some k > 0, the differential equations( ∂

∂yi
− αi

)k
f = 0, ∀i. (5.3)

By the theory already developed, the space of solutions of 5.3 is a space of
functions e

∑
i αiyip(y) where p(y) is a polynomial of degree < k.

This proves (i). As far as (ii) is concerned, the Fitting decomposition
allows us to reduce to the case in which M consists only of polynomials times
a fixed exponential e

∑
i αiyi . Applying a translation, we can reduce to the

case in which α = 0, and the space M is a space of polynomials.

Having made this reduction, consider M as a module over S[V ]. Its annihi-
lator ideal I is thus the set of differential equations (with constant coefficients)
satisfied by all the elements of M . We claim that I has finite codimension
and M = Sol(I). Since M ⊂ Sol(I), by duality it is enough to see that I has
finite codimension equal to the dimension of M .

By applying derivatives, we see that every subspace of M invariant under
derivatives, contains the element 1.

There is a duality under which M∗ is also a module over the algebra S[V ],
the graded dual of S[U ], using the formula 〈uφ |m〉 := 〈φ |u(m)〉. Consider
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the element ε ∈M∗ given by the map ε : p �→ p(0). We claim that ε generates
M∗ as an S[V ] module.

In fact, if this were not true, the subspace of M, orthogonal to S[V ]ε,
would be a nontrivial S[V ] submodule of M consisting of elements vanishing
at 0, contradicting the property that every submodule contains 1.

We finally claim that I is the annihilator of ε, so S[V ]/I ∼= M, and this
completes the claim. In fact, it is clear that Iε = 0. Conversely, assume that
uε = 0, u ∈ S[V ], then ε vanishes on the submodule uM . Since every nonzero
submodule of M contains 1 and ε(1) = 1, this means that uM = 0.

Remark 5.6. When we take an ideal of finite codimension the polynomial so-
lutions we have found exhaust all solutions of the system of differential equa-
tions, even in the space of tempered distributions.

This follows easily by the following lemma

Lemma 5.7. A tempered distribution T that is annihilated by all derivatives
of order k is necessarily a polynomial of degree ≤ k − 1.

We offer two proofs, the first uses cohomology with compact support and the
second elliptic regularity.

First proof. We proceed by induction on the order of the derivatives
that annihilate the distribution.

First, if all the first derivatives are 0, we claim that the distribution is a
constant. This is equivalent to showing that given any function f ∈ S in the
Schwartz space, with the property that

∫
V
fdv = 0, we have 〈T | f〉 = 0.

This requires several steps. Assume first that f has compact support.
We use a basic fact for which we refer to [18], namely that the top de Rham
cohomology with compact support of Rn is R. This implies thatv if

∫
V
fdv = 0

then f is a sum of derivatives of functions with compact support. Thus if a
distribution T has all the derivatives equal to zero it must vanish on such a
function.

In order to pass from functions with compact support to all functions
in the Schwartz space we can use theorem XV on page 75 of [99], stating
that functions with compact support are dense in the Schwartz space (for the
topology of seminorms).

Using induction, we can find polynomials pi with,

∂T

∂yi
= pi ∀ i = 1, . . . ,m.

We have
∂pi
∂yj

=
∂

∂yj

∂

∂yi
T =

∂

∂yi

∂

∂yj
T =

∂pj
∂yi

,

and hence there is a polynomial q with

∂q

∂yi
= pi, ∀ i = 1, . . . ,m.
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Thus T − q is a constant, as required.
Second proof. If T satisfies the hypotheses, then T also satisfies the

differential equation ∆kT = 0 where ∆ =
∑
i
∂2

∂yi
is the Laplace operator.

Since the operator ∆k is elliptic, it follows (see [64]) that T is a C∞ function.
The hypothesis that its high enough derivatives vanish immediately implies
that it is a polynomial.

5.1.2 Families

In many interesting examples, a finite subscheme of Cn appears as the limit
of a family of sets of points. The classical example is for roots of a polynomial
of degree n, where we can think of the identity

n∏
i=1

(t− yi) = tn +
n∑
i=1

tn−iai

as a system of n-equations in the 2n variables y1, . . . , yn; a1, . . . , an. For
generic values of the ai, these equations define n! distinct points. On the
other hand, if ai = 0, ∀i, we have an interesting scheme, supported at 0, whose
dual is the space of harmonic polynomials. This is the space of polynomials f
satisfying the differential equations p( ∂

∂y1
, . . . , ∂

∂ys
)f = 0 for all the symmetric

polynomials p without constant coefficients.
Since a similar phenomenon will occur when we study E-splines versus

multivariate splines it is useful to collect some general facts.
Assume that we have an ideal J ⊂ C[y1, . . . , ys, x1, . . . , xm] of a polyno-

mial algebra defining some variety V ⊂ Cs+m. If J ∩ C[x1, . . . , xm] = 0, we
have that the mapping π : V → Cm induced by (y1, . . . , ys, x1, . . . , xm) �→
(x1, . . . , xm) is generically surjective. Let us specialize the variables xi to
explicit values µ := (µ1, . . . , µm), so that

C[y1, . . . , ys] = C[y1, . . . , ys, x1, . . . , xm]/(x1 − µ1, . . . , xi − µi, . . . , xm − µm).

The corresponding ideal J+(x1−µ1, . . . , xi−µi, . . . , xm−µm) gives rise to the
ideal J(µ) := J+(x1−µ1, . . . , xm−µm)/(x1−µ1, . . . , xm−µm) ⊂ C[y1, . . . , ys].
The scheme that this ideal defines in Cs is by definition the scheme-theoretic
fiber π−1(µ) of the map π at the point µ.

There are rather general theorems of semicontinuity of the fibers (cf. [55]).
The case that we will discuss is that in which C[y1, . . . , ys, x1, . . . , xm]/J is
a domain that is a finite module over its subalgebra C[x1, . . . , xm]. In par-
ticular, the corresponding extension of quotient fields is of some finite de-
gree k. In this case it is well known (cf. [61]), that the generic fiber of π
consists of k distinct and reduced points (i.e., C[y1, . . . , ys]/J(µ) is the al-
gebra Ck of functions on k-distinct points), and for every point µ we have
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dim C[y1, . . . , ys]/J(µ) ≥ k. Moreover, the set of points on which, for some h
we have dim C[y1, . . . , ys]/J(µ) ≥ h is closed.

The case that we will encounter and that often appears is that in which
the following equivariance condition holds:

The ideal J is homogeneous for some choice of positive weights hi for the
variables xi. In other words, if f(y1, . . . , ys, x1, . . . , xm) ∈ J and λ ∈ C we
have that f(λy1, . . . , λys, λ

h1x1, . . . , λ
hmxm) ∈ J . This occurs for instance in

the previous example if we give to ai the weight i.
In this case consider the action of the multiplicative group C∗ on Cs+m by

(y1, . . . , ys, x1, . . . , xm) �→ (λy1, . . . , λys, λ
h1x1, . . . , λ

hmxm).

This is a group of symmetries of J and the set of points of Cm where
dim C[y1, . . . , ys]/J(µ) ≥ h is stable under C∗. Thus since it is closed, if it is
not empty it contains zero. In particular, one has the following consequence:

Proposition 5.8. If the hypothesis that dim C[y1, . . . , ys]/J(µ) = k holds
generically, we have dim C[y1, . . . , ys]/J(µ) = k everywhere if and only if
dim C[y1, . . . , ys]/J(0) ≤ k.

There are in this case some interesting algebraic constructions, which we men-
tion without proofs. The first relates the algebra C[y1, . . . , ys]/J(µ) for µ
generic to C[y1, . . . , ys]/J(0). One defines an increasing filtration on the alge-
bras C[y1, . . . , ys]/J(µ) by giving degree ≤ h to the image of the polynomials
of degree ≤ h and easily sees that C[y1, . . . , ys]/J(0) can be obtained as the
graded algebra associated to this filtration.

There is a similar description in the dual picture of functions satisfying
the corresponding polynomial differential equations. As we have seen before,
we can think of (C[y1, . . . , ys]/J(µ))∗ as a space of exponential polynomials
(or just exponential functions in the generic case). The space of polynomials
(C[y1, . . . , ys]/J(0))∗ coincides with the space spanned by the initial terms
of the Taylor series of the elements of (C[y1, . . . , ys]/J(µ))∗. This remark is
sometimes used as a device to compute the solutions of J(0).

5.2 Tori

We start by discussing some very basic facts on tori that belong to the first
chapters of the theory of linear algebraic groups.

5.2.1 Characters

Let us start recalling the main definitions in the special case of complex num-
bers.
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Definition 5.9. The standard s-dimensional algebraic torus (over C) is the
set (C∗)s of s-tuples of nonzero complex numbers. This is a group under
multiplication of the coordinates.

The group (C∗)s is an affine algebraic variety with coordinate ring the ring
of Laurent polynomials C[x±1

1 , . . . , x±1
s ]. In fact, (C∗)s is an affine algebraic

group. We do not want to use the theory of algebraic groups, of which we
need only a very small portion (see [66], [103], [17]).

Definition 5.10. A (multiplicative) character of a group G is a homomor-
phism f : G→ C∗.

For tori one usually drops the term multiplicative and simply speaks of a
character. Moreover, we look only at characters that are algebraic, that is lie
in C[x±1

1 , . . . , x±1
s ].

Proposition 5.11. The functions in C[x±1
1 , . . . , x±1

s ] that are characters of
(C∗)s are the monomials

∏s
i=1 x

hi
i , hi ∈ Z.

Proof. It is immediate to verify that any monomial is a character. Conversely,
to say that a function f is a character means that f(xy) = f(x)f(y) for all
x, y ∈ (C∗)s.

Given any element y ∈ (C∗)s, consider the multiplication operatormy map-
ping a function f(x) into the function f(xy). In coordinates y = (y1, . . . , ys),
my maps xi �→ xiyi. If f is a character, then f is an eigenvector for the
operators my of eigenvalue f(y).

Clearly, the monomials
∏s
i=1 x

hi
i are a basis of the ring of Laurent poly-

nomials consisting of eigenvectors for these operators with distinct eigenval-
ues. Thus f must be a multiple c

∏s
i=1 x

hi
i of one of these monomials. Since

f(1) = 1 we have c = 1 and f is a monomial.

Corollary 5.12. (1) The set Λ of characters of (C∗)s is an abelian group
under multiplication, naturally isomorphic to Zs.

(2) The ring of Laurent polynomials is naturally identified with the group al-
gebra C[Λ ].

Proof. (1) The fact that the multiplicative characters of any group G also
form a group under multiplication is clear from the definition.

In the case of the torus (C∗)s we have seen that these characters are of
the form

∏s
i=1 x

hi
i , (h1, . . . , hs) ∈ Zs.

Clearly, the mapping (h1, . . . , hs) �→
∏s
i=1 x

hi
i is an isomorphism between

the additive group Zs and the multiplicative group Λ.
(2) Follows immediately from the definitions.

We need to stress now the duality between tori and lattices, which is an
important tool for computations. It is the algebraic-geometric analogue of
the much more general theory of Pontryagin duality between compact and
discrete abelian groups.
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Take a free abelian group Λ of rank s. By definition, Λ is isomorphic (but
not in a unique way) to the group Zs. Its group algebra C[Λ ] is isomorphic to
the algebra of Laurent polynomials. Like every commutative algebra, finitely
generated over C and without zero divisors, C[Λ ] is the coordinate ring of an
irreducible affine variety whose points are intrinsically defined as given by the
homomorphisms φ : C[Λ ] → C. By a general elementary argument, to give
such a homomorphism is equivalent to giving a homomorphism of Λ into the
multiplicative group C∗, that is, a character of Λ. We shall denote this variety
by TΛC := hom(Λ,C∗) to stress the fact that it is the torus associated to Λ.

Often when the context is clear we shall drop the supscript Λ and denote
our torus by TC. We can perform the same construction when Λ is a finitely
generated abelian group, so Λ � Zs × G with G finite. In this case, the
algebraic group TΛC = hom(Λ,C∗) is isomorphic to (C∗)s × Ĝ, where Ĝ, the
character group of G, is noncanonically isomorphic to G.

Since C∗ = S1×R+ the torus TΛC decomposes as the product of a compact
torus TΛ := hom(Λ, S1) and a noncompact part T := hom(Λ,R+) isomorphic
under the logarithm to the space U := hom(Λ,R). Let V := Λ⊗ R. We then
have that U is the dual space to V .

In other words, start from the vector space UC = hom(Λ,C), the complex
dual of Λ. From a function φ ∈ UC construct the function a �→ e〈φ | a〉 on Λ.

One immediately verifies the following statements

Proposition 5.13. 1. For each φ ∈ UC the function a �→ e〈φ | a〉 is a charac-
ter.

2. The map φ �→ e〈φ | a〉 is a homomorphism between the additive group UC

and the multiplicative group TC.
3. The elements of Λ∗ := hom(Λ, 2πiZ) give rise to the trivial character.
4. TC = UC/Λ

∗ is an algebraic group isomorphic to (C∗)s whose group of
algebraic characters is Λ.

The expression e〈φ | a〉 has to be understood as a pairing between TC and
Λ. I.e., a map UC × Λ→ C∗ factoring as

e〈φ | a〉 : TC × Λ→ C∗.

This duality expresses the fact that Λ is the group of algebraic characters of
TC, denoted by ea for a ∈ Λ, and TC the analogous group of complex characters
of Λ.

The class of a vector φ ∈ UC in TC will be denoted by eφ so that we may
also write 〈eφ | ea〉 = e〈φ | a〉.

5.2.2 Elementary Divisors

To proceed further, we are going to use the following standard fact, known
as the theorem on elementary divisors (for a proof we refer, for example, to
[19]).
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Theorem 5.14. Let M ⊂ Λ be a subgroup of a lattice Λ. There exists a basis
of Λ such that M is the free abelian group with basis given by k elements of
the type

(d1, 0, . . . , 0), (0, d2, 0, . . . , 0), . . . , (0, 0, . . . , dk, 0, . . . , 0), di ∈ N+.

Furthermore, one can assume that d1 | d2 | · · · | dk and this determines
uniquely the elements di.

Notice that in particular, M is itself a free abelian group of some rank k,
so that the algebra C[M ] is thus also the coordinate algebra of some torus SC.
By standard algebraic geometry, the inclusion C[M ] ⊂ C[Λ ] corresponds to a
homomorphism π : TC → SC. In order to understand this homomorphism we
can use the explicit change of basis given by Theorem 5.14. We then see that
we identify SC = (C∗)k, and π is given by:

π : (c1, . . . , cs) �→ (cd11 , . . . , cdkk ).

We thus have that the image of π is S, while the kernel ker(π) is the
subgroup of (C∗)s given by the equations cdii = 1, i = 1, . . . , k.

Let us understand this kernel.

The equation xd = 1 defines the d roots of unity e
2πik
d , 0 ≤ k < d.

Therefore, ker(π) has d1d2 · · · dk connected components, given by

(ζ1, . . . , ζk, ak+1, . . . , as)| ζdii = 1.

The component K0 containing the element 1 is the subtorus of dimension s−k,
with the first k coordinates equal to 1.

It is now not difficult to convince ourselves that

• The characters that take the value 1 on K0 are those that have the last
s− k coordinates equal to 0.

• These characters form a subgroup M with M ⊂ M and M/M =
⊕ki=1Z/(di).

• M can also be characterized as the set of elements a ∈ Λ for which there
exists a nonzero integer k with ka ∈M (the torsion elements modulo M).

• Moreover, Λ/M is a lattice whose corresponding torus of complex charac-
ters is K0, while M (resp. M) is the character group of the torus TC/ kerM
(resp. TC/K0).

Remark 5.15. One can in fact prove (see for instance [103]) that every Zariski
closed subgroup (i.e., also a subvariety) of a torus TC is of the previous type,
obtaining a correspondence between subgroups of TC and those of Λ.

In this context it is useful to think of a torus as a periodic analogue of a vector
space, and a subtorus as an analogue of a subspace.
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In general, one may prove that Λ/M is the group of characters of the,
not necessarily connected, group T

Λ/M
C = ker(π), thus obtaining dual exact

sequences of algebraic groups and characters respectively:

0 → T
Λ/M
C → TΛC → TMC → 0, 0 →M → Λ→ Λ/M → 0.

We immediately note a point of difference: the intersection of two subtori
is not necessarily connected.

An important special case of the previous theorem arises when we have
s linearly independent vectors, i.e., a basis b = (χ1, . . . , χs), χi ∈ Λ, of the
vector space Λ ⊗ Q. Consider the lattice Λb ⊂ Λ that it generates in Λ. Let
us use a multiplicative notation and identify Λ with the Laurent monomials.

Proposition 5.16. There are a basis x1, . . . , xs of Λ and positive integers
d1, . . . , ds such that xd11 , . . . , xdss is a basis of the lattice Λb.

The kernel T (b) := {p ∈ T |χi(p) = 1} is a finite subgroup with d1 · · · ds
elements.

Λ/Λb is the character group of T (b).

Proof. We apply Theorem 5.14, observing that now k = s, since Λb is s-
dimensional and we note that the restriction of a character in Λ to T (b) gives
the duality between T (b) and Λ/Λb.

Notice that if we think of b as the columns of an integer s × s-matrix A,
we have that |det(b)| := |det(A)| is the order of the finite group Λ/Λb.

To complete the picture, we prove the following lemma

Lemma 5.17. Let M ⊂ Λ be a subgroup generated by some elements mi,
i = 1, . . . t.

(1) The ideal IM of C[Λ ] generated by the elements mi − 1 is the ideal of
definition of TΛ/MC .

(2) Each coset in Λ/M maps to a single element in C[Λ ]/IM .
(3) The quotient C[Λ ]/IM has as possible basis the elements images of the

cosets Λ/M, the character group of TΛ/MC .

Proof. (1) We may choose our coordinates so that C[Λ ] = C[x±1
1 , . . . , x±1

s ]
and M is generated by the elements xdii .

Let us observe that the set of monomials m ∈ Λ such that m − 1 ∈ IM is
a subgroup of Λ. Indeed, we have that if m− 1, n− 1 ∈ I:

mn− 1 = m(n− 1) + m− 1 ∈ I, m−1 − 1 = −m−1(m− 1) ∈ I.

It follows that the ideal IM coincides with the ideal generated by the elements
xdii − 1. By the standard correspondence between ideals and subvarieties, in
order to prove that this is the entire defining ideal of TΛ/MC it is then enough
to show that C[x±1

1 , . . . , x±1
s ]/(xdi1 − 1, . . . , xdkk − 1) is an algebra without
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nilpotent elements. We have a separation of variable, and hence, always by
standard facts, it is enough to see that an algebra C[x±1]/(xd − 1) has this
property. One easily sees that C[x±1]/(xd − 1) is isomorphic to Cd under the
map x �→ (1, ζd, ζ2

d , . . . , ζ
d−1
d ), where ζd := e

2πi
d .

(2) This follows since each element of M maps to 1.
(3) Since the image of a monomial m in C[Λ ]/IM depends only on its

coset modulo the subgroup M, it is enough to prove the statement for a given
choice of coset representatives. In the coordinates xi a set of representatives
is formed by the elements xh1

1 . . . xhss , 0 ≤ hi < di,∀i ≤ k. By the previous
discussion, the algebra C[Λ ]/IM is isomorphic to ⊗ki=1Cdi ⊗C[x±1

k+1, . . . , x
±1
s ].

We are reduced to analyzing a single factor C[x±1]/(xd − 1). The image of
xi, i = 0, . . . , d − 1 in Cdi equals (1, ζid, ζ

2i
d , . . . , ζ

(d−1)i
d ), where ζd = e

2πi
d .

These elements form a basis of Cdi by the usual Vandermonde determinant
argument.

We shall in particular apply this discussion to the problem of counting
integral points for the family of polytopes associated to a list X of integer
vectors ai ∈ Zs. In this case, each (rational) basis b extracted from X gives rise
to an integral matrix. This matrix has a determinant with absolute value some
positive integer m(b). The number m(b) is the index in Zs of the subgroup
Mb generated by b. This basis determines also the subgroup T (b) of (C∗)s,
formed by the m(b) points on which the elements ai ∈ b take the value 1.

All the points of such subgroups will contribute to the formulas that we
wish to derive and will play a special role in the theory. They will be called
points of the arrangement (14.3).

5.3 Difference Equations

5.3.1 Difference Operators

We now study the discrete analogue of the theory of differential equations
discussed in the previous sections. We start with a lattice Λ ⊂ V, from which
we can construct the group algebra C[Λ ] and we use the multiplicative notation
ea for the element in C[Λ ] corresponding to a ∈ Λ.

Definition 5.18. Given any subset A of V, stable under translation by Λ, for
v ∈ Λ we define the translation and difference operators τv,∇v, acting on the
space of functions on A, as

τvf(u) := f(u− v), ∇vf(u) := f(u)− f(u− v), ∇v = 1− τv. (5.4)

Given two elements a, b ∈ Λ, we have that, τaτb = τa+b. Thus the space of
complex-valued functions on A is a module over the algebra C[Λ ].

Given an element p ∈ C[Λ ] and a function f on A, we say that f satisfies
the difference equation p if pf = 0.
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Remark 5.19. Sometimes one uses the forward difference operator defined by
∇−vf(u) = −∇vf(u+ v).

In particular, we are interested in the space C[Λ ] of complex-valued functions
f on the lattice Λ. We identify this last space with the algebraic dual C[Λ ]∗

of C[Λ ] by the formula
〈f | ea〉 := f(a).

In a similar way, by duality we act on tempered distributions by

〈τvD | f〉 := 〈D | τ−vf〉, 〈∇vD | f〉 := 〈D | ∇−vf〉, (5.5)

and we have τv(δa) = δa+v, ∇v(δa) = δa − δa+v.

Definition 5.20. Given a function f on Λ, we define the distribution∑
λ∈Λ

f(λ)δλ, (5.6)

where δv is the Dirac distribution supported at v.

Remark 5.21. Formula (5.6) implies that for any function f, we have the iden-
tity ∇̃vf = ∇v f̃ .

We want to reformulate the fact that a function is a solution of a system
of difference equations as the property for such a function to vanish on an
appropriate ideal JX of C[Λ ]. As we have seen in the previous section C[Λ ]
is the algebra of regular algebraic functions on the algebraic torus TC :=
hom(Λ,C∗). We use the notation of the previous section.

Notice that the ideal I1 of functions in C[Λ ] vanishing at 1 ∈ TC has as
linear basis the elements 1 − e−a, a ∈ Λ, a 
= 0. If one takes another point
eφ, the ideal Iφ of functions in C[Λ ] vanishing at eφ has as linear basis the
elements 1− e−a+〈φ | a〉, a ∈ Λ, a 
= 0.

For every a, x ∈ Λ, we have by definition

〈τaf | ex〉 = 〈f | ex−a〉, 〈∇af | ex〉 = 〈f | (1− e−a)ex〉.

Thus the translation operator τa and the difference operator ∇a are the du-
als of the multiplication operator by e−a, 1 − e−a. In this setting, we get a
statement analogous to that of Theorem 5.4 on differential equations:

Theorem 5.22. Given a polynomial p, a function f on Λ satisfies the differ-
ence equation

p(∇a1 , . . . ,∇ak)f = 0

if and only if, thought of as element of the dual of C[Λ ], f vanishes on the
ideal of C[Λ ] generated by the element p(1− e−a1 , . . . , 1− e−ak).
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We have also the twisted difference operators ∇φ
a , e

φ ∈ TC defined by

(∇φ
af)(x) := f(x)− e〈φ | a〉f(x− a), (5.7)

dual to multiplication by 1− e−a+〈φ | a〉.
We need some simple algebraic considerations. We use the word scheme

in an intuitive way as meaning some sort of variety defined by a system of
polynomial equations. We treat only schemes that reduce to a finite set of
points. Consider a subscheme of TC supported at a point eφ ∈ TC. This
really means that we take an ideal J of C[Λ ] vanishing exactly at eφ. As a
consequence, the algebra C[Λ ]/J (the coordinate ring of such a scheme) is
finite-dimensional. We want to identify this scheme with a subscheme of UC

supported at φ.

We can repeat the discussion made in Section 5.1.

Proposition 5.23. There exists a linear map i : V → C[Λ ]/J such that:

1. The elements i(v)− 〈φ | v〉, v ∈ V are all nilpotent.
2. Given an element a ∈ Λ, we have that the class of ea in C[Λ ]/J equals to
ei(a) =

∑∞
k=0

i(a)k

k! .
3. The map i extends to a surjective homomorphism i : S[V ] → C[Λ ]/J .

4. Let I be the kernel of i. So that i : S[V ]/I ∼= C[Λ ]/J . The variety defined
by the ideal I coincides with the point φ.

Proof. 1. Given an element a ∈ Λ, we have that e−〈φ | a〉ea − 1 vanishes at
eφ. Thus, in the ring C[Λ ]/J, the class ta of e−〈φ | a〉ea − 1 is nilpotent. The
power series of ua := log(1 + ta) = ta − t2a/2 + t3a/3 − · · · reduces to a finite
sum which is still a nilpotent element. We set

i(a) := log(1 + ta) + 〈φ | a〉

(notice that this definition depends on the choice of a representative for eφ).
We have 1 + ta+b = (1 + ta)(1 + tb) hence the map i : Λ → C[Λ ]/J is

additive and thus extends to a linear map i : V → C[Λ ]/J .
2. By definition, ei(a) = (1 + ta)e〈φ | a〉 ∈ C[Λ ]/J equals the class of ea.
3. The linear map i extends to a homomorphism i : S[V ] → C[Λ ]/J . In

order to prove that i is surjective recall that, for each a ∈ Λ, the elements
ta and ua = log(1 + ta) are nilpotent. Thus the series

∑
k≥0 u

k
a/k! reduces

to a finite sum and equals 1 + ta, the class e−〈φ | a〉+a. Thus, for each a ∈ Λ,
the class of e−〈φ | a〉+a lies in the image of the homomorphism i. Since these
classes generate C[Λ ]/J, i is surjective.

4. Since, for every a ∈ V, i(a)−〈φ | a〉 is nilpotent. The element a−〈φ | a〉,
vanishes on the variety defined by I. But the elements a−〈φ | a〉 vanish exactly
at φ, hence I defines the point φ.
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We have thus identified C[Λ ]/J with a quotient S[V ]/I where I is an ideal
of finite codimension in S[V ]. Moreover, the class of the element ea that at
the beginning was just a symbol is the actual exponential ei(a) of the element
i(a) class of a ∈ V modulo I.

Definition 5.24. The isomorphism i : S[V ]/I → C[Λ ]/J is called the loga-
rithmic isomorphism.

We have thus identified, using this algebraic logarithm, the given scheme
as a subscheme in the tangent space. This may be summarized in the following
proposition:

Proposition 5.25. Let J ⊂ C[Λ ] be an ideal such that C[Λ ]/J defines (set
theoretically) the point eφ. Under the logarithm isomorphism C[Λ ]/J becomes
isomorphic to a ring S[V ]/I defining the point φ.

When we dualize this isomorphism we get a canonical isomorphism i∗

between the space of solutions of the difference equations given by J, that is a
space of functions on Λ, and the space of solutions of the differential equations
given by I, that instead is a space of functions on V . We want to understand
this isomorphism and in particular prove the following result

Proposition 5.26. The inverse of i∗ is the restriction of a function on V to
Λ.

Proof. We have identified in Proposition 5.23, the class of ea modulo J with
euae〈φ | a〉. The explicit formula is, given f ∈ (C[Λ ]/J)∗:

f(a) := 〈f | ea〉 = 〈f | euae〈φ | a〉〉 = e〈φ | a〉〈f | eua〉 = e〈φ | a〉〈f | 1 + ta〉. (5.8)

The element f corresponds to the element of (S[V ]/I)∗ given by

e〈φ | a〉
〈
f | ei(a)−〈φ | a〉

〉
.

Since i(a)− 〈φ | a〉 is nilpotent 〈f | ei(a)−〈φ | a〉〉 is a polynomial. Thus we have
extended the function f on Λ, to an exponential-polynomial on V .

We can view this isomorphism in an equivalent way that will be used later.
This is done by making explicit the relationship between the difference and
differential equations satisfied by a given space of polynomials (invariant under
such operators).

Consider the space Pm(V ) of polynomials on V of degree ≤ m. We have
that given v ∈ V, both ∂

∂v and ∇v map Pm(V ) to Pm−1(V ). Therefore, these
operators are nilpotent on Pm(V ) of degree m+1. Moreover, the Taylor series
expansion gives:

τv = e− ∂
∂v , ∇v = 1− e− ∂

∂v ,
∂

∂v
= − log(1−∇v).
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On Pm(V ) we have thus the identities

∂

∂v
=

m∑
i=1

∇i
v

i
, ∇v = −

m∑
i=1

(−1)i

i!
∂i

∂v
. (5.9)

Therefore, we deduce from these formulas the following facts

Proposition 5.27. 1. On Pm(V ) the algebra of operators generated by deriva-
tives coincides with that generated by difference operators.

2. Using formula (5.9) we can transform (on Pm(V )) a differential into a
difference equation and conversely.

Example 5.28. Let a1, . . . , as be an integral basis of Λ. The ideal J of C[Λ ]
generated by 1− e−a1 , . . . , 1− e−as defines the point 1 and C[Λ ]/J = C. Let
I ⊂ C[x1, . . . , xs] be the ideal generated by x1, . . . , xs. Consider C[Λ ]/Jk.
Take the logarithm isomorphism mapping xi �→ − log(e−ai) (modulo Jk).
If ui denotes the class of 1 − e−ai modulo Jk we use the finite polynomial
expression − log(e−ai) = − log(1− ui) =

∑k−1
j=1

uji
j .

This establishes an isomorphism between C[Λ ]/Jk and C[x1, . . . , xs]/Ik.
We have shown that the restriction to Λ of the space of polynomials of degree
less than or equal to k−1 coincides with the space of solutions of the difference
operators in Jk.

In general, assume that J is an ideal of C[Λ ] of finite codimension that defines
points p1, . . . , pk ∈ TC. Thus C[Λ ]/J = ⊕ki=1C[Λ ]/Ji decomposes as a sum of
local algebras. Choose representatives φi ∈ UC for the points pi. At each φi,
under the logarithm isomorphism C[Λ ]/Ji = S[V ]/Ii and Ii defines a space
of polynomials Di on V .

Theorem 5.29. The space of functions ⊕ki=1e
〈φi | v〉Di on V restricts isomor-

phically to the space of functions on Λ that are solutions of the system of
difference equations given by J .

In order to complete this theorem, we have still to understand explicitly the
equations defining Dp for a point p defined by J . Thus take a representative
φ for p. We have, for a difference operator ∇a and a polynomial f(v), that

∇a(e〈φ | v〉f(v)) = e〈φ | v〉f(v)− e〈φ | v−a〉f(v − a)

= e〈φ | v〉(f(v)− e−〈φ | a〉f(v − a)) = e〈φ | v〉∇−φ
a f(v).

Thus we have proved the following corollary

Corollary 5.30. Let q(t1, . . . , tk) be a polynomial. The difference equation

q(∇a1 , . . . ,∇ak)(e
〈φ | v〉f(v)) = 0

is equivalent to the twisted difference equation

q(∇−φ
a1
, . . . ,∇−φ

ak
)f(v) = 0.
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5.4 Recursion

5.4.1 Generalized Euler Recursion

A special role is played by the points of finite order m, i.e. characters eφ on
Λ whose kernel is a sublattice Λφ of index m (of course this implies that we
have mφ ∈ Λ∗ = hom(Λ, 2πiZ)).

Let J ⊂ C[Λ ] be an ideal that defines (set-theoretically) the finite order
point eφ. As we have seen, a function f(x) appearing in the dual of C[Λ ]/J,
is of the form f(x) := e〈φ | x〉g(x) with g(x) a polynomial.

Since eφ is of finite order, e〈φ | x〉 takes constant values (m-th roots of 1)
on the m cosets of the sublattice Λφ. Thus f(x) is a polynomial only on each
such coset. This is a typical example of what is called a periodic polynomial
or quasipolynomial.

Formally, we make the following definition

Definition 5.31. A function f on a lattice Λ is a quasipolynomial, or periodic
polynomial, if there exists a sublattice Λ0 of finite index in Λ such that f
restricted to each coset of Λ0 in Λ is (the restriction of) a polynomial.

As a consequence, of this definition and of Proposition 5.25 we deduce the
following resut

Theorem 5.32. Let J ⊂ C[Λ ] be an ideal such that C[Λ ]/J is finite-dimensio-
nal and defines (set- theoretically) the points eφ1 , . . . , eφk , all of finite order.

Then the space (C[Λ ]/J)∗ of solutions of the difference equations associated
to J is a direct sum of spaces of periodic polynomials e〈φi | a〉p(a) for the points
φi, each invariant under translations under Λ.

We shall call such an ideal J an ideal of multidimensional Euler recursions.

Remark 5.33. A solution of the difference equations associated to J is deter-
mined by the values that it takes on a subset A ⊂ Λ consisting of elements
that modulo the ideal J give a basis of C[Λ ]/J . Once such a set is chosen, in
order to perform the recursion, one needs to compute the s- matrices giving
the multiplication of the generators eai of the lattice, with respect to this
basis. The transpose matrices give the action of the lattice on the dual space,
from which the recursive formulas are easily written.

We shall see that, for the partition functions, we have specially useful
choices for such a subset A (see Theorem 13.54).

As in the case of differential equations, the previous theorem has a con-
verse. Let us thus take a finite-dimensional vector spaceQ spanned by periodic
polynomials e〈φi | a〉p(a) (for some points eφi of finite order) invariant under
translations by elements of Λ. We have the following

Lemma 5.34. Any nonzero subspace M of Q, invariant under translations
by elements of Λ, contains one of the functions e〈φi | a〉.
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Proof. Indeed, a nonzero subspace invariant under translations under Λ con-
tains a nonzero common Λ-eigenvector. This eigenvector must necessarily be
a multiple of one of the e〈φi | a〉.

Let J be the ideal of the difference equations satisfied by Q.

Theorem 5.35. The ideal J is of finite codimension equal to dim(Q), and Q
is the space of all solutions of J .

Proof. The proof is analogous to that of Proposition 5.5. We can easily reduce
to the case of a unique point φ. In fact, the commuting set of linear operators
Λ on Q has a canonical Fitting decomposition relative to the generalized
eigenvalues that are characters of Λ. Our hypotheses imply that these points
are of finite order.

Applying translation in the torus, one reduces to the case of the unique
eigenvalue 1 and of polynomials. From the previous lemma, we have also for
polynomials that every subspace stable under difference operators contains 1.
We take thus Q∗ and the map ε, evaluation at 0.

At this point we can continue as in the proof of Proposition 5.5 or invoke
directly Proposition 5.27 in order to transform the statement on difference
equations into one on differential equations.



6

Approximation Theory I

In this chapter we discuss an approximation scheme as in [33] and [51], that
gives some insight into the interest in box splines, which we will discuss
presently.

6.1 Approximation Theory

6.1.1 A Local Approximation Scheme

Let us start with an ideal I ⊂ S[V ] of finite codimension h. According to the
theory developed in Section 5.1, this set of differential operators determines a
finite-dimensional space of solutions H whose elements are exponential poly-
nomials.

The first approximation scheme starts with a C∞ function f on some
domain Ω and a point α, and then consists in choosing, in the space H, an
element that shares as much as possible of the Taylor series of f in α.

In order to do this, we describe the Taylor series in α intrinsically, by
acting with the differential operators in S[V ] on C∞ complex-valued functions
defined in Ω. Consider the pairing

S[V ]× C∞(Ω) → C, 〈p | f〉 := p(f)(α).

This pairing induces a mapping πα : C∞(Ω) → S[V ]∗ that we can interpret
as associating to a function f its Taylor series at α. Assume now for simplicity
that α = 0 and that I defines only the point 0 (this means that I ⊃ V k for
some k).

We now fix a complement A to I such that S[V ] = I ⊕ A. We compose
the map π0 with the projection S[V ]∗ → A∗, and we obtain a linear map
πA : C∞(Ω) → A∗. By what we have seen in Section 5.1, H ⊂ C∞(Ω) is
a space of polynomials mapping isomorphically under πA to A∗. Therefore,
given f ∈ C∞(Ω), there is a unique g ∈ H with πA(f) = πA(g). In other
words,

C. De Concini and C. Procesi, Topics in Hyperplane Arrangements, Polytopes  
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p(f − g)(0) = 0, ∀p ∈ A.

The function g can be understood as a local approximant to f chosen in H.
An explicit formula to determine g is the following: fix dual bases pi ∈

A, hi ∈ H, i = 1, . . . ,m then: g =
∑m
i=1 pi(f)(0)hi.

The way in which g approximates f (at least around 0) depends on prop-
erties of I. For instance, assume that I is such that H contains all the poly-
nomials of degree ≤ d. Then we may choose A such that it contains all the
partial derivative operators of degree ≤ d, and thus we deduce that the Taylor
series of f − g starts with terms of order > d. In this case, an estimate of the
approximation of g to f can be obtained by the standard theorem evaluating
the remainder in the Taylor series, which we recall for the convenience of the
reader.

Let G be a disk of radius R centered at 0 in Rs, f a Cr function on G,
r ≥ 1. Let qr be the polynomial expressing the Taylor expansion of f at 0 up
to order r.

Theorem 6.1. For every 1 ≤ p ≤ ∞ there is a constant C, dependent on
p, r, s but independent of f, such that we have

‖f − qr−1‖Lp(G) ≤ C
∑

|α|=r
‖Dαf‖Lp(G)R

r. (6.1)

Proof. Assume first p < ∞. We work in polar coordinates (y, u), setting
the variable x equal to yu, where y ∈ R+, u ∈ Ss−1 is a unit vector, and the
Lebesgue measure is dx = dy du. Thus set gu(y) := f(yu) = f(x). Integrating
by parts, and applyig induction we have∫ y

0

(y − t)r−1

(r − 1)!
g(r)
u (t)dt = f(x)− qr−1(x). (6.2)

We expand

g(r)
u (t) =

∑
α

(
r

α

)
uα∂αf(tu) =

∑
α

cα∂
αf(tu),

where all the cα can be bounded by C0 := maxα∈Ns, |α|=r
(
r
α

)
≤ sr,

‖f − qr−1‖Lp(G) ≤ C0

∑
|α|=r

∥∥∥∫ y

0

(y − t)r−1

(r − 1)!
∂αf(tu)dt

∥∥∥
Lp(G)

.

We now start making some estimates∥∥∥∫ y

0

(y − t)r−1

(r − 1)!
∂αf(tu)dt

∥∥∥
Lp(G)

=
(∫

Ss−1

∫ R

0

∣∣∣ ∫ y

0

(y − t)r−1

(r − 1)!
∂αf(tu)dt

∣∣∣pdydu) 1
p

≤
(∫

Ss−1

∫ R

0

(∫ y

0

∣∣∣ (y − t)r−1

(r − 1)!
∂αf(tu)

∣∣∣dt)pdy du) 1
p

.



6.1 Approximation Theory 105

We now apply the Hölder inequality and get∫ y

0

∣∣∣ (y − t)r−1

(r − 1)!
∂αf(tu)

∣∣∣dt ≤ ‖∂αf‖Lp([0,y]u)

∥∥∥ (y − t)r−1

(r − 1)!

∥∥∥
Lq([0,y])

with 1/p+ 1/q = 1. ‖∂αf‖Lp([0,y]u) ≤ ‖∂αf‖Lp([0,R]u). Also,

∥∥∥ (y − t)r−1

(r − 1)!

∥∥∥
Lq([0,y])

=
(∫ y

0

∣∣∣ (y − t)r−1

(r − 1)!

∣∣∣qdt) 1
q

= K|y|r−1+1/q,

with K a constant independent of f . We deduce(∫
Ss−1

∫ R

0

(∫ y

0

∣∣∣ (y − t)r−1

(r − 1)!
∂αf(tu)

∣∣∣dt)pdy du)1/p

≤ K

∫ R

0
|y|p(s−1)+p/qdy

(∫
S(s−1)

‖∂αf‖pLp([0,R]u)du
)1/p

= K ′‖∂αf‖Lp(G)R
s.

The case p = ∞ follows in a similar but simpler way

∥∥∥∫ y

0

(y − t)r−1

(r − 1)!
∂αf(tu)dt

∥∥∥
L∞(G)

≤
∫ R

0

(y − t)r−1

(r − 1)!
dt‖∂αf(tu)‖L∞(G)

=
Rr

r!
‖∂αf(tu)‖L∞(G)

‖f − qr−1‖L∞(D(R)) ≤ C0
Rr

r!

∑
|α|=r

‖∂αf(tu)dt‖L∞(D(R))

≤ (sR)r

r!

∑
|α|=r

‖∂αf(tu)dt‖L∞(D(R)). (6.3)

6.1.2 A Global Approximation Scheme

In this second scheme, we fix a lattice Λ ⊂ V and a model function B(x)
with support on a compact set A. On the function B(x) we make the basic
assumption that its translates under Λ form a partition of unity:

1 =
∑
λ∈Λ

B(x− λ).

This remarkable property is satisfied by the box spline associated to a list of
vectors X ⊂ Λ spanning V .

Let us anticipate a fundamental example in one variable. The simplest
kind of family of box splines is bm(x), which, in the terminology of Section
7.1.1, is associated to the list 1, . . . , 1 of length m + 1. The proof of the
following statements follow from the theory to be developed in Chapter 7.
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Example 6.2. The box spline bm(x) can be defined through an auxiliary func-
tion tm(x) (the multivariate spline T1m+1(x) cf. 7.1.1), as follows:

tm(x) :=

{
0 if x < 0,
xm/m! if x ≥ 0,

bm(x) :=
m+1∑
i=0

(−1)i
(
m+ 1
i

)
tm(x− i).

(6.4)
It can be easily seen that bm(x) is of class Cm−1. It is supported in the interval
[0,m+ 1], and given by the formula

bm(x) :=
k∑
i=0

(−1)i
(
m+ 1
i

)
(x− i)m

m!
, ∀x ∈ [k, k + 1].

The box spline bm(x) is known as the cardinal B-spline of Schoenberg; cf. [95].
Notice in particular that when x > m+ 1, the formula for bm(x) is

1
m!

m+1∑
i=0

(−1)i
(
m+ 1
i

)
τ i1x

m =
∇m+1

1

m!
xm = 0

showing that bm(x) vanishes outside the interval [0,m+ 1].

The approximation method we want to discuss is the following. Fix a scale
n−1, n ∈ N, and use the scaled function Bn(x) := B(xn) and its translates
B(n(x + λ/n)) = B(nx + λ) by elements of Λ/n to approximate a given
function f . Of course, if B(x) has support in A, then B(nx+ λ) has support
in the set (A− λ)/n.

Clearly, we still have

1 =
∑
λ∈Λ

B(nx− λ) =
∑
µ∈Λ/n

Bn(x− µ).

We fix some compact set K over which we request to have a good approxi-
mation and want to estimate how well we can approximate a given function
f with a linear combination of the translates Bn(x−µ) as n tends to infinity.

We start from the identity f(x) =
∑
µ∈Λ/n f(x)Bn(x − µ). Assume,

for instance, that 0 ∈ A and notice that, as n grows f(x) tends to be
nearly constant on the small set A/n − µ. Thus we have that each func-
tion f(x)Bn(x − µ), µ ∈ Λ/n can be well approximated by f(µ)Bn(x − µ)
from which we obtain the approximation

f(x) ∼=
∑
µ∈Λ/n

f(µ)Bn(x− µ). (6.5)

Better approximations of the form
∑
µ∈Λ/n cµBn(x − µ) can be found by

modulating the coefficients cµ (cf. Section 18.1.6).
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6.1.3 The Strang–Fix Condition

One can try to combine both approximation schemes and ask how good the
approximation given by (6.5) is as n tends to infinity. The way we intend to
measure this is the following. Let B be a model function in Rs as before (with
compact support), and Λ a lattice in Rs such that

∑
λ∈ΛB(x− λ) = 1.

Definition 6.3. (i) A function on Λ is called a mesh-function.
(ii) Let a : Λ→ C be a mesh-function. We set B ∗ a to be the function

(B ∗ a)(x) :=
∑
λ∈Λ

B(x− λ)a(λ).

This is well-defined, since B(x) has compact support; it is called the
discrete convolution of B with a.

(iii) The vector space SΛB formed by all the convolutions B ∗ a, where a is a
mesh-function, is called the cardinal space associated to B and Λ.

(iv) A function f(x) on Rs restricts to a mesh-function f|Λ on Λ. We set

B ∗′ f := B ∗ f|Λ (6.6)

and call it the semidiscrete convolution of B with f .

Observe that, if a is a mesh function with compact support, we have the
identity

(B ∗ a) ∗′ f = B ∗′ (f ∗ a). (6.7)

Example 6.4. Consider the function from Example 6.2

b1(x) :=

⎧⎪⎨⎪⎩
x if 0 ≤ x ≤ 1
2− x if 1 ≤ x ≤ 2
0 otherwise.

It is easily verified that its cardinal spline space is the space of all contin-
uous functions on R that are linear on each interval [n, n+ 1], n ∈ Z.



108 6 Approximation Theory I

For every positive real number h we define the linear scale operator

(σhf)(x) := f(x/h). (6.8)

We apply it to functions in the cardinal space:

σh

(∑
λ∈Λ

B(x− λ)a(λ)
)

=
∑
λ∈Λ

B(x/h− λ)a(λ) =
∑
µ∈hΛ

(σhB)(x− µ)a(µ/h).

(6.9)
In particular, we shall apply this when h = n−1, n ∈ N so that hΛ is a
refinement of Λ.

We can consider σha as a function on hΛ. Formula (6.9) means that:

σh(B ∗ a) = σh(B) ∗ σh(a).

Therefore we have the following result:

Proposition 6.5. The space Sh := σh(SΛB) equals the cardinal space for the
scaled function σhB and the lattice hΛ, i.e., Sh = ShΛσh(B).

One of the ideas of the finite element method (see [105]) is to approximate
functions by elements of S1/n so that the approximation is more and more
accurate as n ∈ N tends to ∞.

Definition 6.6. We say that B has approximation power ≥ r if for any
bounded domain G and a smooth function f in a neighborhood of G, there
exists a sequence gh ∈ σh(S), h = 1/n, n ∈ N, such that for every p ≥ 1 we
have

‖gh − f‖Lp(G) = O(hr).

That is, there exist gh and a constant K with ‖gh − f‖Lp(G) < Khr, ∀h.

The Strang–Fix conditions amount to a general statement, which we shall
discuss only in the case of box splines, giving a usable criterion to check the
approximation power of a function B. Denote by Hp the Sobolev space (for
some fixed domain) of functions that are L2 together with their derivatives
up to order p and by

‖u‖2Hp =
∑

|α|≤p
‖∂αu‖2L2

the corresponding Hilbert norm. This is convenient due to Plancherel’s theo-
rem, which implies that ‖∂αu‖2L2 = ‖xαû‖2L2 .

The Strang –Fix conditions are (see [106]):

Theorem 6.7. Let B be a compactly supported function of class Cp and let
r ≤ p+ 1. The following conditions are equivalent:

(1) B̂(0) 
= 0, but B̂ has zeros of order at least r at all other points of 2πZs.
(2) For every polynomial q of degree < r the semidiscrete convolution B ∗′ q

is also a polynomial of the same degree.
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(3) For each function u ∈ Hr there exists an element gh ∈ Sh, associated to
a sequence whi with the property that,

‖u− gh‖Hs ≤ csh
r−s‖u‖Hr , 0 ≤ s ≤ r − 1 (6.10)∑

i

|whi |2 ≤ K‖u‖2H0 , (6.11)

where the constants cs,K are independent of u.

Condition (3) expresses the approximation power in terms of L2 norms, but
also L∞ norms can be used.

As for condition (2), we need to study a stronger property.

Definition 6.8. We say that a function ψ with compact support is a super-
function of strength r for S if ψ ∈ S and ψ ∗′ f = f for all polynomials of
degree < r.

In Section 18.1 we shall:

(i) See how to construct superfunctions associated to box splines BX .
(ii) Prove that the approximation power of such a function B = BX is the

maximum r such that the space of all polynomials of degree < r is
contained in the cardinal space SBX .

(iii) Determine r and describe the space D(X) of all polynomials contained
in SBX .

(iv) Finally, give an efficient and explicit approximation algorithm based on
semidiscrete convolution with superfunctions.
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The Differentiable Case





7

Splines

The theme of this chapter is a brief introduction to two classes of functions
that have been used in numerical analysis: the box spline and the multivariate
spline associated to a list of vectors X. They both compute the volume of a
variable polytope.

The theory of splines plays an important role in numerical analysis, and it
is outside the scope of this book to discuss it in any detail. For an introduction
the reader can consult, for instance, [96].

7.1 Two Splines

7.1.1 The Box Spline

Take a finite list X := (a1, . . . , am) of nonzero vectors ai ∈ Rs, thought of
as the columns of an s ×m matrix, still denoted by X. If X spans Rs, one
builds an important function for numerical analysis, the box spline BX(x),
implicitly defined by the formula∫

Rs
f(x)BX(x)dx :=

∫ 1

0
· · ·
∫ 1

0
f(

m∑
i=1

tiai)dt1 · · · dtm, (7.1)

where f(x) varies over a suitable set of test functions.

If 0 is not in the convex hull of the vectors ai, then one has a simpler
function TX(x), the multivariate spline (cf. [40]), characterized by the formula∫

Rs
f(x)TX(x)dx =

∫ ∞

0
· · ·
∫ ∞

0
f
( m∑
i=1

tiai

)
dt1 · · · dtm, (7.2)

where f(x) varies in a suitable set of test functions (usually continuous func-
tions with compact support or more generally, exponentially decreasing on
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the cone C(X)). From now on, in any statement regarding the multivariate
spline TX(x) we shall tacitly assume that the convex hull of the vectors in X
does not contain 0.

Remark 7.1. If X does not span V, we have to consider TX and BX as measures
on the subspace spanned by X. In fact, it is best to consider them as tempered
distributions, as one easily verifies (see also Proposition 7.17).

One then proves that TX and BX are indeed functions as soon as X spans V,
i.e., when the support of the distribution has maximal dimension.

In the rest of this section we assume that X spans V .

Both BX and TX have a simple geometric interpretation as functions com-
puting the volumes VX(x) and V 1

X(x) of the variable polytopes ΠX(x) and
Π1
X(x) introduced in Section 1.3.

Let F be an L1 function on Rm. Given v ∈ Rs, consider the variable
subspace V (v) := {w ∈ Rm |Xw = v} and let dw(v) be the Lebesgue measure
in V (v) induced by the Euclidean structure of Rm.

Lemma 7.2. For almost every v ∈ Rs we have that F restricted to the space
V (v) is L1, and if G(v) :=

∫
V (v) F (w)dw(v), we have that G(v) is L1 and

√
det(XXt)

∫
Rm
F (t1, . . . , tm)dt1 · · · dtm =

∫
Rs
G(x1, . . . , xs)dx1 · · · dxs. (7.3)

Proof. Denote by ei the standard basis of Rm. Choose an orthonormal basis
u1, . . . , um for Rm such that its last m− s elements form a basis of the kernel
of the matrix X. If Q denotes the orthogonal matrix with columns the ui,
we have Qei = ui; hence XQ is a matrix of block form (B, 0) with B an
s×s invertible matrix. Take variables z1, . . . , zm with

∑
i xiei =

∑
j zjuj . We

have that for given z := {z1, . . . , zs} (that we think of as a column vector), the
integral

∫
· · ·
∫
F (z1, . . . , zm)dzs+1 · · · dzm consists in integrating the function

F on the space V (v) where v = Bz; thus it equals G(Bz). We change variables
and apply Fubini’s Theorem, and since Q is orthogonal, we have∫

Rm
F (t1, . . . , tm)dt1 · · · dtm =

∫
Rs
G(Bz)dz1 · · · dzs.

By a second change of variables,∫
Rs
G(Bz)dz1 · · · dzs = |det(B)|−1

∫
Rs
G(z)dz1 · · · dzs.

From XQ = (B, 0) we have XXt = BBt, and hence |det(B)| = det(XXt)
1
2 .

Theorem 7.3. VX(x) =
√

det(XXt)TX(x), V 1
X(x) =

√
det(XXt)BX(x).
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Proof. Let us give the proof in the case of TX , the other case being similar.
We want to apply Lemma 7.2 to the function F = χ+f(

∑m
i=1 tiai) where χ+

denotes the characteristic function of the quadrant Rm+ and f is any given test
function.

The space that we denoted by V (v) equals the subspace of ti with∑m
i=1 tiai = v; on this space the function F equals f(v) on the polytope

ΠX(v) and 0 elsewhere, and thus by definition, the associated function G(v)
equals f(v)VX(v), and the theorem follows from the formulas (7.3) and (7.2).

This proof defines the volume function only weakly, and thus the given equality
holds a priori only almost everywhere. In order to characterize the volume,
we still have to prove that VX is continuous on C(X). Furthermore, we shall
find explicit formulas for TX as a continuous function on C(X). We shall do
this in Proposition 7.19 by an explicit recursive formula, using the convexity
of the cone.

Remark 7.4. Let M be an invertible s× s matrix. Then∫
Rs
f(x)TMX(x)dx =

∫
Rm+

f
( m∑
i=1

tiMai

)
dt =

∫
Rs
f(Mx)TX(x)dx

= |det(M)|−1
∫

Rs
f(x)TX(M−1x)dx,

so that
TMX(x) = |det(M)|−1TX(M−1x). (7.4)

7.1.2 E-splines

It is useful to generalize these notions, introducing a parametric version of the
previously defined splines called E-splines, introduced by A. Ron in [92].

Fix parameters µ := (µ1, . . . , µm) and define the functions (or tempered
distributions) BX,µ, TX,µ on V by the implicit formulas∫

V

f(x)BX,µ(x)dx : =
∫ 1

0
. . .

∫ 1

0
e−

∑m
i=1 tiµif

( m∑
i=1

tiai

)
dt1 · · · dtm (7.5)

∫
V

f(x)TX,µ(x)dx : =
∫ ∞

0
. . .

∫ ∞

0
e−

∑m
i=1 tiµif

( m∑
i=1

tiai

)
dt1 · · · dtm. (7.6)

The same proof as in Theorem 7.3 shows that these functions have a nice
geometric interpretation as integrals on the polytopes Π1

X(x) and ΠX(x) :

BX,µ(x) =
∫
Π1
X(x)

e−
∑m
i=1 tiµidz; TX,µ(x) =

∫
ΠX(x)

e−
∑m
i=1 tiµidz, (7.7)

where the measure dz is induced from the standard Lebesgue measure on Rm

multiplied by the normalization constant
√

det(XXt)
−1

. Of course for µ = 0,
we recover the previous definitions.
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Remark 7.5. Since the ti restricted to the polytope ΠX(x) span the linear
functions, the function TX,µ(x) may be interpreted as a generating series for
integrals of polynomials on this polytope.

We come now to the main formula, which will allow us to change the compu-
tation of these functions into a problem of algebra. By applying formula (7.5)
we obtain their Laplace transforms:

Theorem 7.6.∫
V

e−〈x | y〉BX,µ(y)dy =
∫ 1

0
. . .

∫ 1

0
e−

∑m
i=1 ti(〈x | ai〉+µi)dt1 · · · dtm (7.8)

=
∏
a∈X

1− e−a−µa

a+ µa
,

and∫
V

e−〈x | y〉TX,µ(y)dy =
∫ ∞

0
. . .

∫ ∞

0
e−

∑m
i=1 ti(〈x | ai〉+µi)dt1 · · · dtm (7.9)

=
∏
a∈X

1
a+ µa

.

Proof. The result follows immediately from the elementary formulas∫ 1

0
e−tbdt =

1− e−b

b
and

∫ ∞

0
e−tbdt =

1
b
.

The second one is valid only when b > 0.

We have introduced the shorhand a := 〈x | a〉 for the linear function a on U .
In the course of this book we give an idea of the general algebraic calculus

involving the spline functions that we have introduced. Under the Laplace
transform one can reinterpret the calculus in terms of the structure of certain
algebras of rational functions (or exponentials) as D-modules.

Remark 7.7. Due to its particular importance, we introduce the notation
dX,µ :=

∏
a∈X(a+ µa). When µ = 0 we set dX :=

∏
a∈X a.

From the expressions for the Laplace transforms one gets that the box
spline can be obtained from the multivariate spline by a simple combinatorial
formula using the twisted difference operators ∇µ

a (cf. formula (5.7)).

Proposition 7.8. For every subset S ⊂ X, set aS :=
∑
a∈S a and µS :=∑

a∈S µa. Then

BX,µ(x) =
∏
a∈X

∇µa
a TX,µ(x) =

∑
S⊂X

(−1)|S|e−µSTX,µ(x− aS). (7.10)

In particular, for µ = 0,

BX(x) =
∏
a∈X

∇aTX(x) =
∑
S⊂X

(−1)|S|TX(x− aS). (7.11)
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Proof. The proposition follows from the two formulas of Theorem 7.6 by ap-
plying the rule (3.4) that gives the commutation relation between the Laplace
transform and translations.

If we choose for TX , BX the functions that are continuous on C(X) and B(X)
respectively, this identity is true pointwise only on strongly regular points
(see definition 1.50). For instance, if X = {1}, then C(X) = [0,∞) and
we can take TX to be the characteristic function of [0,∞). Then BX(x) =
TX(x)− TX(x− 1) is the characteristic function of [0, 1) and not of [0, 1].

But in case TX is continuous on the entire space, formula 7.11 expresses
BX as a continuous function.

Example 7.9. Let us draw some of the functions of Example 6.2

tm(x) := T1m+1(x), bm(x) := B1m+1(x).

Fig. 7.1. The function b1(x)

Fig. 7.2. The function b5(x)
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Fig. 7.3. The function t2(x)

7.1.3 Shifted Box Spline

Let us make explicit some simple consequences in the case of the parameters
µ = 0. In this case, the formulas of the Laplace transform become:

LBX =
∏
a∈X

1− e−a

a
, LTX =

∏
a∈X

1
a
. (7.12)

It is useful to shift the box spline by ρX := 1
2

∑
a∈X a (as in Section 2.4.1)

and consider BX(x+ ρX) with support in the

shifted box B(X)− ρX = {
∑
a∈X

taa | −
1
2
≤ ta ≤

1
2
}.

From formula (3.4) we have that the Laplace transform of BX(x+ ρX) is

∏
a∈X

ea/2 − e−a/2

a
, (7.13)

that is now seen to be symmetric with respect to the origin. In other words,
BX(x+ ρX) = BX(−x+ ρX).

This setting is particularly interesting when X is the set of positive roots
of a root system (see Section 2.4).

Then formula (7.13), which expresses the Laplace transform of the shifted
box spline, is invariant under the action of the Weyl group W .

Proposition 7.10. The shifted box spline is symmetric under W .

Proof. Let us recall the simple proof (cf. [89], [102]).
The Weyl group W is generated by the reflections si relative to the simple

roots αi. The reflection si maps αi to −αi and permutes the remaining
positive roots. Thus
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si(
∏
α∈X

eα/2 − e−α/2

α
) =

∏
α∈X,α
=αi

eα/2 − e−α/2

a

e−αi/2 − eαi/2

−αi

=
∏
α∈X

eα/2 − e−α/2

α
.

Recall that we have already shown in Section 2.4 that in this case, the shifted
box is the generalized permutohedron, the convex envelope of the W -orbit of
ρX , and computed all its basic invariants.

As a consequence, we see that the affine Weyl group W̃ acts on the car-
dinal spline space translated by ρX . Where W̃ is the group of isometries
generated by W and by the translations under the root lattice Λ, i.e., the
lattice generated by the roots. The affine Weyl group is a semi-direct product
W̃ := Λ � W .

Remark 7.11. If we take in the shifted cardinal space the finite combinations of
translates of BX(x−ρ), we see that, as representation of W̃ it equals IndW̃W (1).
This is the representation induced by the trivial representation, from W to
W̃ .

7.1.4 Decompositions

We want to make a simple remark on a basic reduction computation for the
functions TX . This computation is based on the notion of decomposition,
which will be analyzed more systematically in Section 20.1.

Assume that the list X is, up to reordering, the concatenation of lists
X1, . . . , Xk with V = 〈X〉 = ⊕kj=1〈Xj〉. In this case set Vj = 〈Xj〉 for each
j = 1, . . . , k. The space Vj has a canonical Euclidean structure and thus
a Lebesgue measure induced from that of V . As usual, write an element
x = (x1, . . . , xk) ∈ V with the xj ∈ Vj .

Proposition 7.12.

TX(x) = c

k∏
j=1

TXj (xj), BX(x) = c

k∏
j=1

BXj (xj), (7.14)

where the constant c is the ratio between the product of Lebesgue measures on
the Vj’s and the Lebesgue measure on V .

The constant c is the absolute value of the determinant of a basis of V,
constructed by choosing for each i an orthonormal basis of Vi.

Proof. By formula (7.10), it is enough to prove the statement for TX . We are
going to apply the definition given by Formula (7.2) using as test function
f(x) a product f(x) =

∏k
j=1 fj(xj). We get
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Rs
f(x)TX(x)dx =

∫ ∞

0
· · ·
∫ ∞

0
f(

m∑
i=1

tiai)dt1 · · · dtm

=
k∏
j=1

[ ∫ ∞

0
· · ·
∫ ∞

0
fj

( ∑
a∈Xj

taa
) ∏
a∈Xj

dta

]
,

=
k∏
j=1

∫
Vj

fj(xj)TXj (xj)dxj .

Thus c is computed by c dx =
∏k
j=1 dxj . This computation can be re-

duced easily to a computation of a determinant, by taking a basis u1, . . . , us
of V the union of orthonormal bases for all the subspaces Vj . Then c =
|det(u1, . . . , us)|.

Remark 7.13. For the support of the two functions we have

C(X) =
k∏
i=1

C(Xi), B(X) =
k∏
i=1

B(Xi). (7.15)

7.1.5 Recursive Expressions

The defining formula (7.2) implies immediately that, if X = (Y, z)

Proposition 7.14. In the sense of distributions we have:
1. Dz(TX) = TY .
2. Dz(BX) = ∇zBY .

Proof. 1. Given a function f in the Schwartz space, we have, by definition of
distributional derivative,

〈Dz(TX) | f〉 = 〈TX | −Dz(f)〉

= −
∫ ∞

0
· · ·
∫ ∞

0

(∫ ∞

0
Dz(f)

(m−1∑
i=1

tiai + tz
)
dt

)
dt1 · · · dtm−1

=
∫ ∞

0
. . .

∫ ∞

0
f
(m−1∑
i=1

tiai

)
dt1 · · · dtm−1 = 〈TY | f〉.

2. The proof is similar (use formula (5.5)),

〈Dz(BX) | f〉 =
∫ 1

0
· · ·
∫ 1

0

[
f
(m−1∑
i=1

tiai

)
− f
(m−1∑
i=1

tiai + z
)]
dt1 · · · dtm−1

=
∫ 1

0
· · ·
∫ 1

0
(∇−zf)

(m−1∑
i=1

tiai

)
dt1 · · · dtm−1 = 〈∇zBY | f〉.
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It is customary to compute both TX and BX recursively as follows.
The initial computation is the following.

Proposition 7.15. Let X=(a1, . . . , as) be a basis of V, d := |det(a1, . . . , as)|.
Then B(X) is the parallelepiped with edges the ai, C(X) is the positive quad-
rant generated by X. Furthermore,

BX = d−1χB(X), TX = d−1χC(X), (7.16)

where for any given set A, we denote by χA its characteristic function.

Proof. This follows immediately from the definitions (cf. also (7.4)).

It is convenient to think of BX , in case X = (a1, . . . , as) is a basis, not as the
characteristic function of the compact parallelepiped (multiplied by d−1) but
rather that of the half-open parallelepiped given by {

∑s
i=1 tiai, 0 ≤ ti < 1}.

There are two advantages in this definition. The first is that the identity
(7.10) holds unconditionally, and the second appears when the vectors X are
in Zs, since then the translates of BX under this lattice give a partition of
unity.

Let us apply formula (7.14) in a more systematic way. This tells us
that we should concentrate our computations to the case in which X is in-
decomposable, that is, it cannot be written in the form X = X1, X2 with
〈X〉 = 〈X1〉 ⊕ 〈X2〉. Under this assumption unless X is a single vector in
a one dimensional space, X is automatically nondegenerate, (cf. Definition
2.23), i.e., the minimal length m(X) of a cocircuit is ≥ 2.

Example 7.16. The simplest nondegenerate example is

X = (e1, . . . , es,
s∑
i=1

ei).

Since we have taken as definition of TX , BX a weak one, we should think of
these functions as being defined up to sets of measure 0.

It will be proved (cf. Theorem 7.24) that for nondegenerate X, both func-
tions can be taken to be continuous on the whole space. We start by proving
that they can be taken continuous on their support.

From (7.15) we are reduced to the nondegenerate case. Since the one-
dimensional case is trivial we may assumem > 0, consider Y := (a1, . . . , am−1)
and set z := am, so that X = (Y, z). Since X is nondegenerate, Y still spans
V = Rs.

Proposition 7.17. 1. BX is supported in the box B(X). Similarly, TX is
supported in C(X). They can both be represented by continuous functions
on B(X) and C(X) respectively.

2. We can choose TX and BX to be given by

TX(x) =
∫ ∞

0
TY (x− tz)dt, BX(x) =

∫ 1

0
BY (x− tz)dt. (7.17)
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3. The cone C(X) can be decomposed into the union of finitely many polyhedral
cones Ci so that TX restricted to each Ci is a homogeneous polynomial of
degree m− s.

Proof. Working by induction on the dimension s of V and on the length m
of X, we may assume that TY is continuous on its support C(Y ). For any
Schwartz function f∫

Rm+

f
( m∑
i=1

tiai

)
dt1 · · · dtm =

∫ ∞

0

(∫
V

TY (x)f(x+ tz)dx
)
dt

=
∫ ∞

0

(∫
V

TY (x− tz)f(x)dx
)
dt =

∫
V

(∫ ∞

0
TY (x− tz)dt

)
f(x)dx.

We claim that
∫∞
0 TY (x − tz)dt is well defined and continuous everywhere.

Furthermore, it vanishes outside C(X) and it is strictly positive in the interior
of C(X). This will allow us to identify it with TX .

By definition, C(X) = C(Y ) + R+z, so for each point x ∈ V, the set
Ix := {t ∈ R+ |x− tz ∈ C(Y )} is empty unless x ∈ C(X).

We claim that if x ∈ C(X), then Ix = [a(x), b(x)] is an interval and both
a(x), b(x) are continuous functions on C(X).

Let C(Y ) := {v | 〈φi | v〉 ≥ 0} for some elements φ1, . . . , φM ∈ V ∗. We
have that Ix = {t ≥ 0 | 〈φi |x〉 ≥ t〈φi | z〉,∀i}.

These inequalities can be written as

t ≥ 〈φi |x〉〈φi | z〉−1, ∀i | 〈φi | z〉 < 0,

t ≤ 〈φi |x〉〈φi | z〉−1, ∀i | 〈φi | z〉 > 0.

When 〈φi | z〉 = 0 we have either that every t or no t satisfies the inequality.
Since C(X) is a pointed cone, there is at least one i such that 〈φi | z〉 > 0;
otherwise, −z ∈ C(Y ) ⊂ C(X).

This proves that Ix is a bounded closed interval.
Set

a(x) := max{0, 〈φi |x〉〈φi | z〉−1}, ∀i | 〈φi | z〉 < 0,

b(x) := min{〈φi |x〉〈φi | z〉−1}, ∀i | 〈φi | z〉 > 0.

The set Ix is empty as soon as a(x) > b(x), and as we have seen, this
happens exactly outside the cone C(X).

Clearly, the two functions a(x), b(x) are continuous and piecewise linear
with respect to a decomposition into cones of the space.

The continuity of TX on C(X) now follows from the continuity of TY on
C(Y ) and that of a(x) and b(x). This proves 1 and 2.

We claim now that the function TX is piecewise polynomial of homoge-
neous degree m− s with s = dim〈X〉.
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Again proceed by induction: TY is continuous on C(Y ), which is decom-
posed into polyhedral cones Ci(Y ), so that TY is a polynomial pi,Y (x) ho-
mogeneous of degree m − 1 − s on each Ci(Y ). Then as before, we have
piecewise linear functions ai(x), bi(x), so that when ai(x) ≤ bi(x) the inter-
section Iix := {t ∈ R+ |x− tz ∈ Ci(Y )} is the segment [ai(x), bi(x)]; otherwise
it is empty.

Thus we can decompose the cone C(X) into polyhedral cones on each of
which all the functions ai, bi are linear.

When x varies over one of these cones C, the interval Ix is decomposed
into intervals [uj(x), uj+1(x)], j = 1, . . . , k, so that all the uj(x) are linear,
and when t ∈ [uj(x), uj+1(x)] the point x− tz lies in some given cone Cj(Y ).
Therefore, on C the function TX is a sum:

TX(x) =
k−1∑
j=1

∫ uj+1(x)

uj(x)
TY (x− tz)dt.

We know that on Cj(Y ) the function TY (x) = pj,Y (x) is a homogeneous
polynomial of degree m − 1 − s. So pj,Y (x − tz) =

∑m−1−s
k=0 tkpkj,Y (x) with

pkj,Y (x) homogeneous of degree m− 1− s− k and∫ uj+1(x)

uj(x)
tkpkj,Y (x)dt = (k + 1)−1pkj,Y (x)[uj+1(x)k+1 − uj(x)k+1].

This is a homogeneous polynomial of degree m− 1− s+ 1 = m− s.

We leave to the reader to interpret the previous recursion as a statement
on distributions. With X = {a1, . . . , am}.

Theorem 7.18. The distribution TX is the convolution

TX = Ta1 ∗ · · · ∗ Tam .

A similar statement holds for BX = Ba1 ∗ · · · ∗Bam .

We now relate TX with the volume of ΠX(x).

Proposition 7.19. 1. For any x ∈ C(X), TX(x) equals the volume of the
polytope ΠX(x), while BX(x) equals the volume of the polytope Π1

X(x),
both divided by the normalization factor

√
det(XXt).

2. TX (resp. BX) is strictly positive in the interior of C(X) (resp. B(X)).

Proof. 1 Let us prove this for TX . In the degenerate case, we can assume that
z does not lie in the subspace W = 〈Y 〉. We have a unique decomposition
x = y + tz, y ∈W, t ∈ R. Since x ∈ C(X), we must have t ≥ 0 and y ∈ C(Y ).
In this case, ΠX(x) = ΠY (y)×{tz}. The volume Vol(ΠX(x)) of ΠX(x) equals
that of ΠY (y).
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Let us now assume that X is nondegenerate. Consider on the polytope
ΠX(x) the function tm. This ranges over the set of positive t such that
x − tam ∈ C(Y ). If tm is constant on the polytope ΠX(x), this lies in a
hyperplane and its volume is 0. By formula (7.17), it also follows that TX(x) =
0. Otherwise, by Fubini’s theorem Vol(ΠX(x)) = cm

∫∞
0 Vol(ΠY (x− tam))dt,

for some positive constant cm. By induction, since the recursive formulas
are the same up to constants, we then see that Vol(ΠX(x)) is continuous on
C(X), and the first claim follows from the weak equality proved in Theorem
7.3.

2 Follows from part 1 and Proposition 1.47.

Remark 7.20. In the parametric case we have the analogous recursive formulas

TX,µ(x) =
∫ ∞

0
e−µztTY,µ(x− tz)dt, BX,µ(x) =

∫ 1

0
e−µztBY,µ(x− tz)dt.

(7.18)

We finish this section by introducing a fundamental space of polynomials
D̃(X).

Definition 7.21. We set D̃(X) to be the space spanned by all the homoge-
neous polynomials that coincide on some open set with the multivariate spline
TX (cf. Proposition 7.17 3.) and all of the derivatives of any order of these
polynomials.

Notice that these polynomials also describe BX locally by formula (7.11).
The study of D̃(X) will be one of our central themes (see Chapter 11).

We shall describe it in various other ways, in particular as the space D(X) of
solutions of a remarkable set of differential equations (Definition 11.2). Only
in Theorem 11.37 will we see that D̃(X) = D(X).

7.1.6 Smoothness

Splines are used to interpolate and approximate functions. For this purpose it
is important to understand the class of smoothness of a spline. We are going
to show that m(X) (the minimum number of elements in a cocircuit in X cf.
Section 2.2.1), determines the class of differentiability of TX .

Assume that X spans the ambient space V and m(X) = 1. Thus there is
a ∈ X such that X \ {a} does not span. In this case we may apply formulas
(7.14) and (7.16) that show that TX is discontinuous.

Definition 7.22. Given a nonzero vector a we say that a function f on Rs,
is continuous in the direction of a if, for every x ∈ Rs the function f(x− ta)
is continuous in the variable t.

Lemma 7.23. Let X = {Y, a} with Y spanning Rs, then TX is continuous in
the direction of a.
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Proof. We have that TY is given by a piecewise polynomial function and TX
is obtained from the recursive expression from which the claim follows.

Assume now m(X) ≥ 2.

Theorem 7.24. BX and TX are of class Cm(X)−2.

Proof. Let m(X) ≥ 2. Let us first prove that TX is everywhere continuous.
Since TX is continuous on C(X), and 0 outside C(X) it is enough to prove
that TX = 0 on the boundary of TX . The hypothesis m(X) ≥ 2 implies that
TX is continuous in the direction of a for each a ∈ X and these elements
span Rs. We claim that given a point x in the boundary of C(X), we must
have that for some a ∈ X, the points x − ta, t > 0, do not lie in C(X).
Otherwise, by convexity, all the points x − ta, t ≤ ε, would lie in C(X) for
ε > 0 sufficiently small. But these points generate a convex set in C(X) whose
interior contains x, contradicting the hypothesis. For such an a, TX(x − ta)
is continuous and is equal to 0 for t > 0. It follows that TX(x) = 0.

Assume now that m(X) ≥ 3. By Proposition 7.14, for each a ∈ X we have
that TX has a derivative in the direction of a that is continuous and in fact
of class at least Cm(X)−3 by induction. Since the elements of X span Rs, the
claim follows.

As for BX , it is enough to apply formula (7.11) to TX .

7.1.7 A Second Recursion

Let us discuss another recursive formula due to Micchelli for TX .
From the previous reduction theorem we may assume that m(X) ≥ 2, so

that both TX and TX\ai for all ai ∈ X are functions that are continuous on
their support.

Theorem 7.25. Let b =
∑m
i=1 tiai. We then have that if either m(X) ≥ 3 or

b is in the open set where TX coincides with some polynomial, then

TX(b) =
1

m− s

m∑
i=1

tiTX\ai(b). (7.19)

Proof. Let us fix coordinates. We first assume that b = (b1, . . . , bs) lies in an
open set where TX is a homogeneous polynomial of degree m − s. Thus by
Euler’s identity, in this open set,

TX(x) =
1

m− s

s∑
i=1

xi
∂

∂xi
TX(x).

We have
s∑
i=1

bi
∂

∂xi
= Db =

m∑
i=1

tiDai .
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Thus

TX(b) =
1

m− s

m∑
j=1

tjDajTX(b) =
m∑
j=1

tjTX\aj (b).

If we make the further assumption that m(X) ≥ 3, then all the functions
involved in formula (7.19) are continuous, and thus the identity holds uncon-
ditionally.

When m(X) = 2 the above formula fails for special values of b. For
instance, in the simple example of the three vectors e1, e2, e1 + e2 and the
point b := e 1

2
+ e2/2, we have TX(b) = 1

2 , while for the right-hand side we get
1.

One can use this theorem together with the reduction to the casem(X) ≥ 2
to effectively compute the function TX . One of the main difficulties is that
when we arrive at m(X) = 1, we have to do some complicated combinatorics.
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RX as a D-Module

In this chapter, the word D-module is used to denote a module over one of
the two Weyl algebras W (V ),W (U) of differential operators with polynomial
coefficients on V,U respectively. The purpose of this chapter is to determine
an expansion in partial fractions of the regular functions on the complement
of a hyperplane arrangement. This is essentially the theory of Brion–Vergne
(cf. [28], [7]). We do it using the D-module structure of the algebra of regular
functions. Finally, by inverse Laplace transform all this is interpreted as a
calculus on the corresponding distributions.

8.1 The Algebra RX

8.1.1 The Complement of Hyperplanes as Affine Variety

Let us return to the hyperplane arrangement HX,µ in U = V ∗ associated to a
list of vectors X in V and parameters µ. Consider the open set AX,µ, the com-
plement of the given hyperplanes. We usually start with a real vector space
V but it is useful to define AX,µ as the complement of the given hyperplanes
in the complexified dual UC = hom(V,C).

The set AX,µ is an affine algebraic variety with coordinate ring the algebra

RX,µ = S[VC][
∏
a∈X

(a+ µa)−1], (8.1)

obtained from the algebra S[VC] of complex-valued polynomial functions by
inverting the polynomial

∏
a∈X(a+ µa).

The study of this algebra will be the main theme of this chapter. We shall
do this by describing the algebra RX,µ as a module over the Weyl algebra.

In order not to have a very complicated notation, unless there is a risk of
confusion we shall simply write R = RX,µ.
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As a preliminary step, take a subset Y ⊂ X and set µ(Y ) to be the family
µ restricted to Y . We have thus the inclusion of algebras RY,µ(Y ) ⊂ RX,µ,

and clearly this is an inclusion of W (U) modules.
Let us now introduce a filtration in R = RX,µ by D-submodules that we

will call the filtration by polar order.
This is defined algebraically as follows.

Definition 8.1 (filtration by polar order).

Rk =
∑

Y⊂X, dim〈Y 〉≤k
RY,µ(Y ). (8.2)

In other words, the subspace Rk of degree ≤ k is spanned by all the fractions
f
∏
a∈X(a+µa)−ha , ha ≥ 0, for which the vectors a with ha > 0 span a space

of dimension ≤ k. Notice that Rs = R.
In the next subsection we shall start with a special case in order to in-

troduce the building blocks of the theory. From now on, we assume that the
spaces have been complexified and write V,U instead of VC, UC.

8.1.2 A Prototype D-module

We start by considering, for some t ≤ s, the algebra of partial Laurent poly-
nomials L := C[x±1

1 , . . . , x±1
t , xt+1, . . . , xs] as a module over the Weyl algebra

W (s).
A linear basis of the space L is given by the monomials M := xh1

1 . . . xhss ,
hi ∈ Z,∀i ≤ t, hi ∈ N,∀i > t. For such a monomial M set p(M) := {i |hi <
0}, the polar set of M , and for any subset A ⊂ {1, . . . , t} let LA be the
subspace with basis the monomials M with p(M) ⊂ A.

Define furthermore Lk :=
∑

|A|≤k LA. We see immediately that the fol-
lowing is true

Proposition 8.2. The subspace LA is a W (s) submodule for each A.
Lk/Lk−1 has as basis the classes of the monomials M with |p(M)| = k.

For each A let WA be the space defined by the linear equations xi = 0, ∀i ∈ A,
we shall denote by NA the module NWA

(defined in Section 4.1.2).
If |A| = k, define MA as the subspace of Lk/Lk−1 with basis the classes

of the monomials M with p(M) = A.

Theorem 8.3. Lk/Lk−1 = ⊕|A|=kMA.
The submodule MA is canonically isomorphic to NA by an isomorphism

mapping the generator δA := δWA
to the class of 1/

∏
i∈A xi.

Proof. All the statements are essentially obvious. We have already remarked
that Lk/Lk−1 has as basis the classes of the monomials M with |p(M)| = k.
Thus Lk/Lk−1 = ⊕|A|=kMA.

The class [ 1∏
i∈A xi

] ∈ Lk/Lk−1 clearly satisfies the equations
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xi

[ 1∏
i∈A xi

]
=

∂

∂xj

[ 1∏
i∈A xi

]
= 0, ∀i ∈ A, j /∈ A,

so by formula (4.1), it generates a submodule isomorphic to NA.
Given

∏
j /∈A x

hj
j

∏
i∈A

∂ki

∂xi
, hi, ki ≥ 0 we have explicitly

∏
j /∈A

x
hj
j

∏
i∈A

∂ki

∂xi

1∏
i∈A xi

=
∏
j /∈A

x
hj
j

∏
i∈A

(−1)hihi!x−1−hi
i .

Th classes of these elements form a basis of MA.

Corollary 8.4. Let {a1, . . . , at} be a set of linearly independent elements of V
and take numbers µ1, . . . , µt. The successive quotients of the filtration by polar
order, of the ring S[V ][

∏t
i=1(ai+µi)−1], are direct sums of the modules NWA

associated to the affine linear subspaces WA of equations ai + µi = 0, i ∈ A
for all subsets A ⊂ {1, . . . , t}.

Proof. This is an immediate consequence of Theorem 8.3 on applying an affine
change of coordinates.

8.1.3 Partial Fractions

In this section we are going to deduce some identities in the algebra RX,µ. In
the linear case, where all µa = 0, we drop the µ and write simply RX . Related
approaches can be found in [113] and [63]

Let us first develop a simple identity. Take vectors bi, i = 0, . . . , k. Assume
that b0 =

∑k
i=1 αibi. Choose numbers νi, i = 0, . . . , k, and set

ν := ν0 −
k∑
i=1

αiνi. (8.3)

If ν 
= 0, we write

1∏k
i=0(bi + νi)

= ν−1 b0 + ν0 −
∑k
i=1 αi(bi + νi)∏k

i=0(bi + νi)
. (8.4)

When we develop the right-hand side, we obtain a sum of k+ 1 terms in each
of which one of the elements bi + νi has disappeared.

Let us draw a first consequence on separation of variables. We use the
notation P (X,µ) of Section 2.1.1 for the points of the arrangement, and given
p ∈ P (X,µ), Xp for the set of a ∈ X such that a+ µa vanishes at p.

Proposition 8.5. Assume that X spans V . Then:∏
a∈X

1
a+ µa

=
∑

p∈P (X,µ)

cp
∏
a∈Xp

1
a+ µa

=
∑

p∈P (X,µ)

cp
∏
a∈Xp

1
a− 〈a | p〉 (8.5)
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with cp given by the formula:

cp =
∏

a∈X\Xp

1
〈a | p〉+ µa

.

Proof. This follows by induction applying the previous algorithm of separation
of denominators.

Precisely, if X is a basis, there is a unique point of the arrangement and
there is nothing to prove. Otherwise, we can write X = (Y, z) where Y still
spans V . By induction∏

a∈X

1
a+ µa

=
1

z + µz

∏
a∈Y

1
a+ µa

=
∑

p∈P (Y,µ)

c′p
1

z + µz

∏
a∈Yp

1
a+ µa

.

We need to analyze each product

1
z + µz

∏
a∈Yp

1
a+ µa

. (8.6)

If 〈z | p〉 + µz = 0, then p ∈ P (X,µ), Xp = {Yp, z}, and we are done. Oth-
erwise, choose a basis y1, . . . , ys from Yp and apply the previous proposition
to the list z, y1, . . . , ys and the corresponding numbers µz, µyi . The product
(8.6) develops as a linear combination of products involving one fewer factor,
and we can proceed by induction.

It remains to compute cp. For a given p ∈ P (X,µ),

∏
a∈X\Xp

1
a+ µa

= cp +
∑

q∈P (X,µ), q 
=p
cq

∏
a∈Xp(a+ µa)∏
a∈Xq (a+ µa)

.

Hence, evaluating both sides at p yields

cp =
∏

a∈X\Xp

1
〈a | p〉+ µa

.

Remark 8.6. In case X does not span the ambient space, we have that the
minimal subspaces of the corresponding arrangement are all parallel to the
subspace W defined by the equations a = 0, a ∈ X. One then has the same
type of formula on replacing the points of the arrangement with these minimal
subspaces.

We use this remark in order to start a development in partial fractions:

Proposition 8.7. We can write a fraction∏
a∈X

(a+ µa)−ha , ha ≥ 0,

as a linear combination of fractions in which the elements ai + µi appearing
in the denominator vanish on a subspace of the arrangement.
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At this point we are still far from having a normal form for the partial fraction
expansion. In fact, a dependency relation

∑k
i=0 αi(bi + νi) = 0 produces a

relation
k∑
j=0

αj∏k
i=0, i 
=j(bi + νi)

=
∑k
i=0 αi(bi + νi)∏k
i=0(bi + νi)

= 0. (8.7)

So let us return to (8.3). If ν = 0, we can write

1∏k
i=0(bi + νi)

=

∑k
j=1 αj(bj + νj)

(b0 + ν0)
∏k
i=0(bi + νi)

=
k∑
j=1

αj

(b0 + ν0)2
∏k
i=1, i 
=j(bi + νi)

.

We shall use Proposition 8.7, these relations, and the idea of unbroken
bases, in order to normalize the fractions.

Theorem 8.8. Consider a fraction F :=
∏k
i=1(bi + νi)−hi , hi > 0, where the

elements bi form an ordered sublist extracted from the list X = (a1, . . . , am),
and νi denotes µbi . Assume that the equations bi + νi define a subspace W
of the arrangement of codimension d. Then F is a linear combination of
fractions

∏d
r=1(air + µir )

−kr , where:

(a) The elements air + µir , r = 1, . . . , d appearing in the denominator form
an unbroken basis on W (see Definition 2.29).

(b) kr > 0 for all r.
(c)
∑d
r=1 kr =

∑k
i=1 hi.

Proof. Assume that there is an element ai ∈ XW breaking a sublist of
(b1, . . . , bk) consisting of elements aij , i.e., ai + µi =

∑
j αj(aij + µij ) and

i < ij , ∀j. We multiply the denominator and the numerator by ai + µi and
then apply the previous identity (8.7). Thus the fraction

∏k
j=1(bj + νj)−1

equals a sum of fractions in which one of the terms aij + µij has been re-
placed by ai + µi and i < ij . In an obvious sense, the fraction has been
replaced by a sum of fractions that are lexicographically strictly inferior, but
the elements appearing in the denominator still define W and span the same
subspace spanned by the elements b1, . . . , bk. The sum of the exponents also
remains constant. The algorithm stops when each fraction appearing in the
sum is of the form required in (a). The rest of the Theorem is clear.

In particular, RX is spanned by the functions of the form f/(
∏
i b
ki+1
i ),

with f a polynomial, B = {b1, . . . , bt} ⊂ X a linearly independent subset, and
ki ≥ 0 for each i = 1, . . . , t.

8.1.4 The Generic Case

Let us (by abuse of notation) denote by BX the family of all subsets σ :=
{i1, . . . , is} ⊂ {1, . . . ,m} with the property that the set bσ := (ai1 , . . . , ais) is
a basis extracted from the list X. Consider finally the corresponding point
pσ : aik + µik = 0, k = 1, . . . , s.
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Definition 8.9. We say that the parameters are generic if these points are
all distinct.

In particular, we have that 〈ai | pσ〉 + µi = 0, ⇐⇒ i ∈ σ. This condition
holds on a nonempty open set of the space of parameters, in fact, on the
complement of the following hyperplane arrangement:

For each sublist ai1 , . . . , ais+1 of the list X consisting of s + 1 vectors
spanning V, form the (s+ 1)× (s+ 1) matrix∣∣∣∣ai1 . . . ais+1

µi1 . . . µis+1

∣∣∣∣ . (8.8)

Its determinant is a linear equation in the µi, and the hyperplanes defined by
these linear equations give the nongeneric parameters.

If bσ := (ai1 , . . . , ais) is a basis and vσ is the determinant of the matrix
with columns this basis, one easily sees that the determinant of the matrix
(8.8) equals vσ(〈ais+1 | pσ〉+ µis+1).

Set dσ :=
∏
k∈σ(ak + µk). By Proposition 8.5 we get

m∏
i=1

1
(ai + µi)

=
∑
σ

cσ
dσ

, cσ =
m∏

i=1, i/∈σ
(〈ai | pσ〉+ µi)−1. (8.9)

This formula has a simple geometric meaning, in the sense that the function∏m
i=1 1/(ai + µi) has simple poles at the points pσ and the residues have a

fairly simple formula. When the parameters µi specialize or even become all
0, the poles coalesce and become higher-order poles. We will return on this
point in Part IV.

8.1.5 The Filtration by Polar Order

We are now ready to analyze the filtration of the algebra R by polar order.

Theorem 8.10. Rk/Rk−1 is a direct sum of copies of the modules NW as W
runs over the subspaces of the arrangement of codimension k.

For given W, the isotypic component of MW is canonically isomorphic to
the module NW ⊗ΘW , where ΘW is the vector space spanned by the elements
d−1
c :=

∏
a∈c(a+ µa)−1 as c runs over all the bases of XW .

The space ΘW has as basis the elements d−1
c as c runs over all the unbroken

bases in XW .

Proof. We prove the statement by induction on k. For k = 0 we have as the
only space of codimension 0 the entire space V . Then R0 = S[V ] = NV as
desired.

Next, using the expansion (8.2) and Theorem 8.8, it follows that:

Rk =
∑
W,c

Rc,µ(c)
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as W runs over the subspaces of the arrangement of codimension ≤ k and c
over the unbroken bases in the subset XW .

Consider, for each W, c with codimension W = k, the composed map
Rc,µ(c) ⊂ Rk → Rk/Rk−1.

Clearly, this factors to a map

ic : (Rc,µ(c))k/(Rc,µ(c))k−1 → Rk/Rk−1.

By the discussion in Section 8.1.2 we know that (Rc,µ(c))k/(Rc,µ(c))k−1
is identified with the irreducible module NW . Thus either the map ic is an
injection or it is 0. In this last case, the module NW appears in a composition
series of the module Rk−1. By induction, Rk−1 has a composition series for
which each irreducible factor has as characteristic variety the conormal space
to some subspace of codimension ≤ k−1. If ic = 0, then NW is isomorphic to
one of these factors. This is a contradiction, since the characteristic variety
of NW is the conormal space to W, a space of codimension k. It follows that
ic is an injection. Let Im(ic) denote its image.

As a consequence, we can deduce at least that

Rk/Rk−1 =
∑
W,c

Im(ic)

as W runs over the subspaces of the arrangement of codimension k and c over
the unbroken bases in the subset XW .

Since for two different W1,W2 the two modules NW1 , NW2 are not iso-
morphic, it follows that for given W, the sum

∑
c Im(ic) as c runs over the

unbroken bases in the subset XW gives the isotypic component of type NW
of the module Rk/Rk−1, and this module is the direct sum of these isotypic
components. Thus the first part of the theorem is proved, and in order to
complete the proof, it is enough to verify that ΘW is spanned by the elements
d−1
c and that the sum

∑
c Im(ic) is direct as c runs over the unbroken bases

in the subset XW .
The fact that the given elements d−1

c span ΘW follows by Theorem 8.8. In
order to show that the sum

∑
c Im(ic) is direct, it is enough to verify, using

the third part of Corollary 4.2 (which as noted extends to NW ), that the
classes in Rk/Rk−1 of the elements

∏
a∈c(a+ µa)−1 are linearly independent

as c runs over the unbroken bases of XW . This last point is nontrivial and
requires a special argument, that we prove separately in the next proposition.

Proposition 8.11. For given W of codimension k, the classes of the elements∏
a∈c(a + µa)−1 as c ⊂ XW runs over the unbroken bases are linearly inde-

pendent modulo Rk−1

Proof. We first reduce to the case k = s and µ = 0.
Consider the algebra R′ := S[V ][

∏
a∈XW (a+ µa)−1]. Suppose we have al-

ready proved that the previous classes are linearly independent modulo R′
k−1.
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We have certainly that R′
k−1 ⊂ Rk−1, but in fact, R′/R′

k−1 ⊂ R/Rk−1. In-
deed, by what we have seen before, R′/R′

k−1 is a direct sum of modules
isomorphic to NW and so with characteristic variety the conormal space of
W . We have seen that NW cannot appear in a composition series of Rk−1, so
the mapping R′/R′

k−1 → R/Rk−1 must be injective.
In order to prove the proposition for R′ we can further apply, to the algebra

R′, a translation automorphism (that preserves the filtration) and assume that
0 ∈W or µa = 0, ∀a ∈ XW .

Finally, we can choose coordinates x1, . . . , xs such that all the equations
a ∈ XW depend on the first k coordinates, and hence

R′ = C[x1, . . . , xk][
∏

a∈XW

a−1]⊗ C[xk+1, . . . , xs],

R′
k−1 = C[x1, . . . , xk][

∏
a∈XW

a−1]k−1 ⊗ C[xk+1, . . . , xs],

R′/R′
k−1

= C[x1, . . . , xk]
[ ∏
a∈XW

a−1
]
/C[x1, . . . , xk]

[ ∏
a∈XW

a−1
]
k−1

⊗ C[xk+1, . . . , xs],

and we are reduced to the case s = k and µ = 0, as desired. Let us thus
assume we are in this case.

We are going to apply a method that actually comes from cohomology, so
the reader may understand it better after reading the following chapters.

We need to work with top differential forms, rather than with functions.
We need two facts:

(1) The forms Rs−1dx1 ∧ dx2 ∧ · · · ∧ dxs are exact.
In fact, a form in Rs−1dx1∧dx2∧· · ·∧dxs is a linear combination of forms, each
one of which, in suitable coordinates, is of type

∏s
i=1 x

hi
i dx1 ∧ dx2 ∧ · · · ∧ dxs

where hi ∈ Z and at least one of the hi, say for instance hs, is in N. Then

s∏
i=1

xhii dx1 ∧ · · · ∧ dxs = (−1)s−1d
(
(hs + 1)−1

s−1∏
i=1

xhii x
hs+1
s dx1 ∧ · · · ∧ dxs−1

)
.

(2) A residue computation.
Let b = (b1, . . . , bs) be a basis extracted from X. Thus RX is a subring of

the ring of rational functions in the variables b1, . . . , bs. To b we associate an
injection

jb : RX → C[[u1, . . . , us]][(u1 · · ·us)−1].

Here C[[u1, . . . , us]][(u1 · · ·us)−1] is the ring of formal Laurent series in the
variables u1, . . . , us, defined by

jb(f(b1, . . . , bs)) = f(u1, u1u2, . . . , u1u2 · · ·us).
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Let us show that this is well-defined. Given a ∈ X, let k = γb(a) be the
maximum index such that a ∈ 〈bk, . . . , bs〉. We have

a =
s∑
j=k

αjbj = u1 · · ·uk
(
αk +

s∑
j=k+1

αj

j∏
i=k+1

ui

)
(8.10)

with αk 
= 0, so that a−1 can be expanded as a Laurent series. Clearly, this
map extends at the level of differential forms.

For a differential form ψ in C[[u1, . . . , us]][(u1 · · ·us)−1]du1 ∧ · · · ∧ dus we
define its residue res(ψ) to be the coefficient of (u1 · · ·us)−1du1 ∧ · · · ∧ dus.

Lemma 8.12. A form ψ with coefficients in C[[u1, . . . , us]][(u1 · · ·us)−1] is
exact if and only if res(ψ) = 0.

Proof. It is clear that if we take a Laurent series and apply the operator
∂
∂ui

we get a Laurent series in which ui never appears with the exponent
−1. Conversely, such a Laurent series f is of the form ∂g

∂ui
for some easily

computed g. The lemma follows by a simple induction.

As a consequence we have that the top forms with coefficients in Rs−1 map
to forms with zero residue.

Definition 8.13. Given a top differential form ω ∈ Ωs
X and an unbroken

basis b, we define resb(ω) as the residue of jb(ω).

One can immediately extend this definition to the parametric case X,µ, a
point p ∈ P (X,µ), and an unbroken basis b in Xp. The corresponding residue
will be denoted by resb,p(ω).

Given a basis b := (b1, . . . , bs), let us define

ωb := d log b1 ∧ · · · ∧ d log bk. (8.11)

The main technical result from which all the next results follow is given by
the following result of Szenes [108]:

Lemma 8.14. Let b and c be two unbroken bases extracted from X. Then

resb(ωc) = δb,c.

Proof. First notice that jb(ωb) = d log u1 ∧ · · · ∧ d log us so that resb(ωb) = 1.
With the notations of formula 8.10, notice that if c 
= b, there are two

distinct elements c, c′ ∈ c such that γb(c) = γb(c′). Indeed, since in an un-
broken basis, the first element is always also the first element in the list X,
γb(c1) = 1. If 〈c2, . . . , cs〉 
= 〈b2, . . . , bs〉, then there exists an index i > 1 with
γb(ci) = 1. If 〈c2, . . . , cs〉 = 〈b2, . . . , bs〉 then both c \ {c1} and b \ {b1} are
unbroken bases of 〈c2, . . . , cs〉 extracted from X ∩ 〈c2, . . . , cs〉 and everything
follows by induction.
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Given a c in c with γb(c) = k, we write c in the form (
∏k
i=1 ui)f with

f(0) 
= 0, so that d log c = d log(
∏k
i=1 ui) + d log f . Expand jb(ωc) using

the previous expressions. We get a linear combination of forms. All terms
containing only factors of type d log(

∏k
i=1 ui) vanish, since two elements are

repeated. The others are a product of a closed form by a form d log(f) with
f(0) 
= 0, which is exact. The product a ∧ db of a closed form by an exact
form equals ±d(a ∧ b), an exact form. So the residue is 0.

This clearly finishes the proof of Proposition 8.11, since the matrix (resb(ωc))
for b and c unbroken is the identity matrix.

Remark 8.15. In the case of generic parameters µ it is easy to see that for each
subspace W of the arrangement, the module NW appears in a composition
series of R with multiplicity 1.

We now interpret the previous theorem as an expansion into partial fractions.
Take a subspace W given in suitable coordinates x1, . . . , xs by the equations

W = {x1 − γ1 = x2 − γ2 = · · · = xk − γk = 0}

for suitable constants γ1, γ2, . . . , γk. Generalizing Proposition 4.4, NW is gen-
erated by an element δW satisfying

xiδW = γiδW , i ≤ k,
∂

∂xi
δW = 0, i > k.

Furthermore, as a module over C[ ∂
∂x1

, . . . , ∂
∂xk

, xk+1, xk+2, . . . , xs], NW is free
of rank 1 generated by δW .

The subring AW := C[ ∂
∂x1

, . . . , ∂
∂xk

, xk+1, xk+2, . . . , xs] ⊂ W (U) does not
depend only on W, but also on the choice of coordinates. Nevertheless, we
may make such a choice for each W in the arrangement and obtain an ex-
plicit family of subrings indexed by the subspaces of the arrangement. Apply
Theorem 8.10 and the previous remarks and notice that as δW we can take
the class of the element

∏
a∈c(a+ µa)−1, we obtain the following result

Theorem 8.16. We have a direct sum decomposition

RX,µ = ⊕W,cAW
∏
a∈c

(a+ µa)−1. (8.12)

The explicit monomial basis for AW produces, for each of the summands
AW

∏
a∈c(a+ µa)−1, a basis of explicit rational functions with denominators

of type
∏
a∈c(a+ µa)ha , ha < 0.

This expansion is what we consider as an expansion into partial fractions
of the rational functions in RX,µ.

The filtration by polar order has the following interpretation.
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Remark 8.17. RX,k is the maximal W (U) submodule of RX whose composi-
tion series is formed by irreducibles whose characteristic variety is the conor-
mal bundle of subspaces of dimension ≥ s− k.

The following proposition follows immediately:

Proposition 8.18. If Z ⊂ X is a sublist, then RZ,k = RZ ∩RX,k, ∀k.

8.1.6 The Polar Part

It is important to understand better the special case of k = s and the module
R/Rs−1, to which we sometimes refer as the module of polar parts. In this
case, the irreducible modules appearing are associated to the subspaces of the
arrangement of codimension s, that is, the points of the arrangement P (X,µ).

For p ∈ P (X,µ) and an unbroken basis b ⊂ Xp, let us denote by ub the
class of the element d−1

b =
∏
a∈b(a+ µa)−1 in the quotient R/Rs−1.

We have that
fub = f(p)ub, ∀f ∈ S[V ],

and ub generates a submodule isomorphic to Np.

Lemma 8.19. Given v ∈ V, the operator v−〈v | p〉 is locally nilpotent on Np.

Proof. We can first translate p to 0 and reduce to prove that v is locally
nilpotent on N0. This is the Fourier transform of the algebra of polynomials,
so the statement is equivalent to proving that a derivative is locally nilpotent
on the space of polynomials, and this is obvious.

Recall that given a vector space V, a linear operator t, a number α, and
a nonzero vector v, one says that v is a generalized eigenvector, of eigenvalue
α, for t, if there is a positive integer k with (t − α)kv = 0. In a finite-
dimensional vector space V, a set T of commuting operators has a canonical
Fitting decomposition V = ⊕αVα, where the α are distinct functions on T
and on Vα each t ∈ T has only α(t) as an eigenvalue. The same statement is
clearly true even if V is infinite-dimensional but the union of T stable finite-
dimensional subspaces. Summarizing we obtain the results of Brion–Vergne
[28]:

Theorem 8.20. (1) The isotypic component of type Np in R/Rs−1 is the
Fitting subspace for the commuting operators induced from V, where each
vector v ∈ V has generalized eigenvalue 〈v | p〉.

(2) Any S[V ] submodule in R/Rs−1 decomposes canonically into the direct
sum of its intersections with the various isotypic components.

(3) Each isotypic component Np is a free S[U ]-module with basis the elements
ub, as b runs over the unbroken bases of Xp.
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Corollary 8.21. Let ΨX be the linear subspace of R spanned by all the frac-
tions F :=

∏k
i=1(bi + µbi)

−hi , where the elements bi form an ordered sublist
extracted from the list X = (a1, . . . , am), the elements bi span V, and all
hi > 0.

Then ΨX is a free S[U ]-module with basis the element d−1
b as b runs over

the unbroken bases relative to some point of the arrangement.
As S[U ]-module, R = ΨX ⊕Rs−1.

Proof. From Theorem 8.8, the space ΨX is also spanned by all the fractions
F :=

∏k
i=1(bi + µbi)

−hi with all hi > 0 and where the elements bi form an
unbroken basis. By the previous theorem, the classes of these elements give
a basis of R/Rs−1 therefore these elements must give a basis of ΨX and ΨX
maps isomorphically to R/Rs−1.

8.1.7 Two Modules in Correspondence

The theory of the Laplace transform tells us how to transform some basic
manipulations on distributions as an algebraic calculus. In our setting, this is
best seen by introducing the following two D-modules in Fourier duality:

The first is the D-module DX,µ := W (V )TX,µ generated, in the space of
tempered distributions on V, by TX,µ under the action of the algebra W (V )
(of differential operators on V with polynomial coefficients).

The second D-module is the algebra RX,µ := S[V ][
∏
a∈X(a + µa)−1], of

rational functions on U, obtained from the polynomials on U by inverting
the element dX,µ :=

∏
a∈X(a + µa). As we have seen, this is a module under

W (U), and it is the coordinate ring of the open set AX,µ, complement of the
union of the affine hyperplanes of U of equations a = −µa, a ∈ X.

Theorem 8.22. Under the Laplace transform, DX,µ is mapped isomorphically
onto RX,µ. In other words, we get a canonical isomorphism of D̂X,µ with the
algebra RX,µ as W (U)-modules.

Proof. The injectivity of the Laplace transform on DX,µ follows from the
isomorphism of the Fourier transform on the Schwartz space and Proposition
3.5.

To see the surjectivity, notice, by definition and formula (7.9), that the
image of DX,µ under the Laplace transform is the smallest D-module in the
field of rational functions on U containing d−1

X,µ. Since RX,µ contains d−1
X,µ, it

suffices to see that d−1
X,µ generates RX,µ as a D-module.

From formula (8.12), since all the AW are contained in W (V ), it suffices
to see that the elements

∏
a∈c(a + µa)−1 are in the W (V )-module generated

by d−1
X,µ. This is trivial, since

∏
a∈c(a+ µa)−1 =

∏
a/∈c(a+ µa)d−1

X,µ.
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From the basic properties of the Laplace transform and formula (8.12) it
is easy to understand the nature of the tempered distributions in the space
DX,µ = ⊕W,cL−1(AW

∏
a∈c(a+ µa)−1).

In fact, take a linearly independent (or unbroken) set c ⊂ X. We know by
formula (3.4) that

∏
a∈c(a+µa)−1 is the Laplace transform of the distribution

supported in the cone generated by the elements of c and that on this cone
is the function e
, where � is the unique linear function on the span of c such
that �(a) = −µa, ∀a ∈ c.

In particular, when c is a basis, the equations a+ µa = 0, a ∈ c, define a
point p ∈ P (X,µ) of the arrangement, and �(v) = 〈 v| p〉, ∀v ∈ V. So we think
of p as a function on V and write equivalently ep.

When we apply the operators of AW , we either multiply by polynomials
or take suitable derivatives.

In particular, for µ = 0 we get tempered distributions that are linear
combinations of polynomial functions on the cones C(A), A ⊂ X a linearly
independent subset and their distributional derivatives.

From the proof of Theorem 8.22 one deduces that the corresponding (under
the inverse Laplace transform) filtration on DX can be described geometrically
as follows.

We cover C(X) by the positive cones C(A) spanned by linearly indepen-
dent subsets of A ⊂ X. We define C(X)k to be the k-dimensional skeleton of
the induced stratification, a union of k-dimensional cones. We then get the
following

Proposition 8.23. DX,k consists of the tempered distributions in DX whose
support is contained in C(X)k.
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The Function TX

As the title says, this chapter is devoted to the study of the functions TX ,
for which we propose formulas and algorithms that compute its values. The
material is mostly a reinterpretation of results by Brion–Vergne (see [28]).

9.1 The Case of Numbers

9.1.1 Volume

Before we plunge into the combinatorial difficulties of the higher dimensional
theory let us discuss the simple case in which s = 1. In other words, X is
a row vector h := (h1, . . . , hm) of positive numbers. We want to compute
Th(x) or the volume function whose Laplace transform is |h|

∏
h−1
i y−m with

|h| =
√∑m

i h2
i . The computation of the function whose Laplace transform

is y−m is rather easy. If χ denotes the characteristic function of the half-line
x ≥ 0, we have

L(χ) = y−1.

So we deduce

L((−x)kχ) =
dky−1

dyk
= (−1)kk!y−k−1.

Thus

Th(x) =

{
0 if x < 0

xm−1

(m−1)!
∏
hi

if x ≥ 0.
(9.1)

• The polyhedron Πh(x) is a simplex, given by:{
(t1, . . . , tm) | ti ≥ 0,

∑
i

tihi = x
}
.

• Πh(x) is the convex envelope of the vertices Pi = (0, 0, . . . , 0, x/hi, 0, . . . , 0).
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We could compute the volume of Πh(x) directly but we can use the pre-
vious formula getting

Theorem 9.1. The volume of Πh(x) is given by√∑m
i h2

ix
m−1

(m− 1)!
∏
hi

.

For the box spline one uses formula (7.10).
The special case h = {1, . . . , 1}, where 1 appears m+1-times has been dis-

cussed in Example 6.2, where we denoted by tm(x), bm(x) the corresponding
splines.

9.2 An Expansion

9.2.1 Local Expansion

With the notation of the previous chapters we have the following proposition,
which allows us to reduce the computation of TX,µ to that of the various TXp ,
for p ∈ P (X,µ).

Proposition 9.2.

TX,µ(x) =
∑

p∈P (X,µ)

cpe
pTXp(x) (9.2)

with cp given by the formula

cp =
∏

a∈X\Xp

1
〈a | p〉+ µa

.

Proof. We apply formula (8.5):∏
a∈X

1
a+ µa

=
∑

p∈P (X,µ)

cp
∏
a∈Xp

1
a+ µa

=
∑

p∈P (X,µ)

cp
∏
a∈Xp

1
a− 〈a | p〉 .

Using (7.9), we then see that
∏
a∈Xp(a − 〈a | p〉)−1 is the Laplace transform

of epTXp . From this the claim follows.

This together with formula (7.10) gives for the box spline

BX,µ(x) =
∑

p∈P (X,µ)

cp
∑

S⊂X\Xp

(−1)|S|e−µS+pBXp(x− aS).

Of course, this is also a reformulation of the identity of the Laplace trans-
forms:∏

a∈X

1− e−a−µa

a+ µa
=

∑
p∈P (X,µ)

cp
∏

a∈X\Xp

(1− e−a−µa)
∏
a∈Xp

1− e−a−µa

a+ µa
.

As a consequence, of these formulas the essential problem is the determi-
nation of TX in the nonparametric case.
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9.2.2 The Generic Case

Before we start the general discussion, let us make explicit in the generic
case the formulas that we have introduced in Section 8.1.4. Let us recall the
formula (8.9), that

m∏
i=1

1
(ai + µi)

=
∑
σ

1∏m
i=1, i/∈σ(〈ai | pσ〉+ µi)

∏
k∈σ

1
ak + µk

.

Since we are in the generic case, the set P (X,µ) coincides with the set of
points pσ as σ ∈ BX runs over the subsets indexing bases. For such a pσ we
have that Xpσ coincides with the basis ai, i ∈ σ, and TXpσ = L−1(

∏
k∈σ a

−1
k )

is equal to v−1
σ χσ, where χσ is the characteristic function of the positive cone

Cσ generated by the vectors ai, i ∈ σ and vσ the volume of the parallelepiped
they generate. Finally, pσ is given by the coordinates ai = −µi, i ∈ σ. We
deduce the following explicit formula.

Proposition 9.3. On a point x the function TX,µ(x) equals the sum∑
σ | x∈Cσ

bσe
〈x | pσ〉, bσ :=

1
vσ
∏m
i=1, i/∈σ(〈ai | pσ〉+ µi)

.

We have thus the list of functions bσe〈x | pσ〉, the set of σ such that x ∈ Cσ is
constant on each big cell. So on each big cell, TX,µ(x) is a sum of a sublist of
the functions bσe〈x | pσ〉.

Observe that the points pσ depend on the parameters µi and can be ex-
plicited by Cramer’s rule. Formula (8.8) gives a determinantal expression for
the terms 〈ai | pσ〉+ µi.

Now let us vary the generic parameters as tµi with t a parameter. We
then have that the corresponding points pσ vary as tpσ.

The factors vσ
∏m
i=1, i/∈σ(〈ai | pσ〉+ µi) vary as

vσ

m∏
i=1, i/∈σ

(〈ai | tpσ〉+ tµi) = tm−svσ

m∏
i=1, i/∈σ

(〈ai | pσ〉+ µi)

while the numerator is given by

e〈x | tpσ〉 =
∞∑
k=0

tk〈x | pσ〉k/k!.

From formula (7.7) it follows that TX,tµ(x) is a holomorphic function in t
around 0 and that its value for t = 0 is the (normalized) volume TX(x) of the
polytope ΠX(x). We deduce that∑

σ, x∈Cσ

〈x | pσ〉k
vσ
∏m
i=1, i/∈σ(〈ai | pσ〉+ µi)

= 0, ∀k < m− s
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and a formula for the volumes,

TX(x) =
∑

σ, x∈Cσ

〈x | pσ〉m−s

(m− s)!vσ
∏m
i=1, i/∈σ(〈ai | pσ〉+ µi)

. (9.3)

This formula (from [27]) contains parameters µi and the corresponding
pσ (determined by a generic choice of the µi), although its value TX(x) is
independent of these parameters.

This formula, although explicit, is probably not the best, since it contains
many terms (indexed by all bases σ, with x ∈ Cσ) and the not so easy to
compute auxiliary pσ. We shall discuss in the next section a direct approach
to the volume.

Example 9.4. Take X = {1, . . . , 1}, m times. Then the formula gives, for
x ≥ 0,

m∑
j=1

(−xµj)m−1

(m− 1)!
∏m
i
=j,i=1(−µj + µi)

=
xm−1

(m− 1)!

and the identity:

m∑
j=1

µm−1
j∏m

i
=j,i=1(−µj + µi)
= (−1)m−1,

which one can prove directly by developing the determinant of the Vander-
monde matrix along the first row (µm−1

1 , . . . , µm−1
m ).

The other identities

m∑
j=1

µkj∏m
i
=j,i=1(−µj + µi)

= 0, ∀k < m− 1,

come by developing the determinant of the Vandermonde matrix once we
substitute the first row with one of the following rows.

9.2.3 The General Case

We can now pass to the general case. By Proposition 9.2 our essential problem
is the determination of TX in the nonparametric case. In view of this, we
assume that we indeed are in this case, and we are going to state and prove
the main formula that one can effectively use for computing the function TX .
To be concrete, we may assume that we have chosen coordinates x1, . . . , xs
for U .

Let us denote by NB, or if needed NBX , the set of all unbroken bases
extracted from X.
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Theorem 9.5. There exist uniquely defined polynomials pb,X(x), homoge-
neous of degree |X| − s and indexed by the unbroken bases in X, with

1
dX

=
∑
b∈NB

pb,X(∂x)
1
db
, db :=

∏
a∈b

a. (9.4)

Proof. The element d−1
X lies in ΨX and by Corollary 8.21, the elements 1

db
,

with b unbroken bases, form a basis of ΨX as an S[U ]-module. The claim
follows.

Example 9.6. We write the elements of X as linear functions.
Take first

X = [x+ y, x, y] = [x, y]
∣∣∣∣1 1 0
1 0 1

∣∣∣∣
1

(x+ y)x y
=

1
y (x+ y)2

+
1

x (x+ y)2

= − ∂

∂x

1
y (x+ y)

− ∂

∂y

1
x (x+ y)

.

Next take the more complicated list:

X = [x+ y, x,−x+ y, y] = [x, y]
∣∣∣∣1 1 −1 0
1 0 1 1

∣∣∣∣ ,
1

(x+ y)x y (−x+ y)
= − 1

y (x+ y)3
+

4
(x+ y)3(−x+ y)

+
1

x (x+ y)3

=
1
2

[
− ∂2

∂2x

1
y (x+ y)

+
( ∂

∂x
+

∂

∂y

)2( 1
(x+ y)(−x+ y)

)
+

∂2

∂2y

1
x (x+ y)

]
.

9.3 A Formula for TX

9.3.1 Jeffrey–Kirwan Residue Formula

We can now interpret Theorem 9.5 as follows:

Theorem 9.7. Given a point x in the closure of a big cell Ω we have

TX(x) =
∑

b | Ω⊂C(b)

|det(b)|−1pb,X(−x), (9.5)

where for each unbroken basis b, pb,X(x) is the homogeneous polynomial of
degree |X| − s uniquely defined in Theorem 9.5.
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Proof. We apply the inversion of the Laplace transform (cf. (7.16), (7.9)) to
formula (9.4), obtaining

L−1(d−1
A ) =

∑
b∈NB

pb,A(−x1, . . . ,−xn)|det(b)|−1χC(b).

This function is clearly continuous only on the set of regular points and a priori
coincides with TX only outside a subset of measure zero. By the continuity
of TX in C(X) (part 3 of Proposition 7.17), it is sufficient to prove our claim
in the interior of each big cell. This last fact is clear.

Example 9.8. In example 9.6 we have thus that for the list X = [x+ y, x, y],

1
(x+ y)x y

=
1

y (x+ y)2
+

1
x (x+ y)2

= − ∂

∂x

1
y (x+ y)

− ∂

∂y

1
x (x+ y)

.

L−1(d−1
X ) = xχC((0,1),(1,1)) + yχC((1,0),(1,1)).

For the more complicated list X = [x+ y, x,−x+ y, y], we have

L−1(d−1
X ) =

1
2
[−x2χC((0,1),(1,1)) +

(x+ y)2

2
χC((1,1),(−1,1) + y2χC((1,0),(1,1))].

The corresponding geometric description is as follows
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Fig. 9.1. The multivariate spline, Courant element

For the first list and for the second we have for 2TX the picture (9.2)
The picture for the box splines is more complex. We can obtain it from

TX using formula (7.11). In the literature the box spline corresponding to
the first list is called the Courant element or hat function, while the second
is referred to as the Zwart–Powell or ZP element. Observe that the first list
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Fig. 9.2. The multivariate spline 2TX , ZP element

is (after a linear change of coordinates) the set of positive roots for type A2,
i.e., the vectors

(1, 0),
(1

2
,

√
3

2

)
,
(
− 1

2
,

√
3

2

)
,

while the second is the set of positive roots for type B2, and so we can apply
the symmetry remarks of Section 2.4.1.

For A2 the box becomes the regular hexagon, and after a shift that cen-
ters it at zero, the box spline becomes invariant under the full group S3 of
symmetries of the hexagon.

In fact, one could also consider the case of G2, that has a symmetry group
with 12 elements, and positive roots

(1, 0),
(1

2
,

√
3

2

)
,
(
− 1

2
,

√
3

2

)
,
(3

2
,
√

3
)
,
(
0,
√

3
)
,
(
− 3

2
,
√

3
)
.

In the first case we have the formula:

BX(p) = TX(p)− TX(p− (1, 0))− TX(p− (0, 1))− TX(p− (1, 1))

+TX(p− (1, 1)) + TX(p− (2, 1)) + TX(p− (1, 2))− TX(p− (2, 2))

= TX(p)− TX(p− (1, 0))− TX(p− (0, 1))

+TX(p− (2, 1)) + TX(p− (1, 2))− TX(p− (2, 2)).

Thus BX is represented by Figure 9.3, (the regions are the regions of poly-
nomiality on the box and inside each of them we write the corresponding
polynomial).

In the second case we have the formula (after simplifications):

BX(p) = TX(p)− TX(p− (1, 0))− TX(p− (−1, 1)) + TX(p− (−1, 2))
+ TX(p− (2, 1))− TX(p− (2, 2))− TX(p− (0, 3)) + TX(p− (1, 3)).
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∣
∣
∣
∣
1 0 1 −1
0 1 1 1

∣
∣
∣
∣

��
��

��
��

��
��

��
��

������������������

��
��

��
��

��
��

��
��

������������������

��
��

��
��

��
��

��
��

������������������

��
��

��
��

��
��

��
��

������������������

y

x y−x+1

−x+2

−y+2
x−y+1

Fig. 9.3. The box spline 2BX , Courant element

Thus 2BX is represented in figure 9.4 (the regions are the regions of poly-
nomiality on the box and inside each of them we write the corresponding
polynomial).

Remark 9.9. The symmetry in the picture (9.4) can best be understood by
recalling that according to Section 2.4.1, the shifted box spline is invariant
under the reflection group associated to the vectors in X that are the positive
roots of B2. This is the dihedral group with eight elements. The picture
shows clearly the content of Theorem 2.56, that is, the extremal points of the
shifted box are the (free) orbit under the dihedral group of the vertex ρX .

For G2 the computations have been done by Marco Caminati and are avail-
able on request. We get in Figure 9.5 a dodecahedron divided into 115 regions
of polynomiality. From now on, unless there is a possibility of confusion, we
shall write pb instead of pb,X .

Remark 9.10. (1) A residue formula for the polynomial pb,X will be given in
formula (10.10).

(2) The polynomials pb(x), with b an unbroken basis, will be characterized
by differential equations in Section 11.10.

(3) We will also show (Corollary 17.7) that the polynomials pb(x) are a
basis of the space spanned by the polynomials coinciding with TX on the big
cells.

(4) It is easily seen that the number of big cells is usually much larger
than the dimension of this last space. This reflects into the fact that the
polynomials coinciding with TX on the big cells satisfy complicated linear
dependency relations that can be determined by the incidence matrix between
big cells and cones generated by unbroken bases.



9.3 A Formula for TX 149

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

���������������������������������� ��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

����������������������������������

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

���������������������������������� ��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

����������������������������������

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

������������������������������������������������������������������

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

������������������������������������������������������������������

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

������������������������������������������������������������������

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

������������������������������������������������������������������

− 3
2+x−x2+3y−y2

5
2+x−x2−y

9−6y+y2

− 1
2+x−x2+y

y2

− x
2 +xy+ y2

2

− 1
2 +x

− (x−y)2
2 +y
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Fig. 9.4. The box spline 2BX , ZP element

Remark 9.11. The decomposition into big cells, which is essentially a geomet-
ric and combinatorial picture, corresponds to a decomposition of the cone
C(X) into regions in which the multivariate spline TX has a polynomial na-
ture (see 11.35). Moreover, the contributions to the polynomials on a given
cell Ω come only from the unbroken bases b such that Ω ⊂ C(b).

This is in accordance with Theorem 9.16, that we will prove presently. This
theorem states that one can use only the quadrants associated to unbroken
bases in order to decompose the cone into big cells.
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Fig. 9.5. The box spline for G2

9.4 Geometry of the Cone

9.4.1 Big Cells

Formula (9.5) depends on the choice of an ordering of X and so on the cor-
responding unbroken bases, while TX is clearly intrinsic. This suggests the
possibility that the stratification of C(X) induced by the big cells and their
faces may be constructed by using only the stratifications associated to the
cones C(b) when b is unbroken. In order to prove this we need a few simple
combinatorial lemmas on polytopes whose proof we recall for completeness.

First let us observe that the cone, the stratification, and the notion of
unbroken do not change if we rescale the vectors in X by positive numbers.
We may thus rescale, using our assumptions on X, each ai to a vector vi, such
that all these vectors lie in an affine hyperplane Π of equation 〈φ, x〉 = 1 for
some linear form φ.

The intersection of the cone C(X) with Π is the convex polytope Σ, the
envelope of the vectors vi. Each cone, generated by k+1 independent vectors
in X, intersects Π in a k-dimensional simplex. In particular, the strongly
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regular points of C(X) are obtained by projecting the points in Σ that are
not contained in any (s− 2)-dimensional simplex generated by vectors in X.

Consider the following stratifications of Σ. Let us choose a family I of
bases extracted from X. For each such basis b consider the family Fb of
relative interiors of faces of the simplex σb generated by b. In other words
we consider the relatively open simplices σ̊c, c ⊂ b, and set FI = ∪b∈IFb.
Given a point v ∈ Σ we set Z(v) = {f ∈ FI |v ∈ f} and define an equivalence
relation RI on Σ by setting v and w as equivalent (or belonging to the same
stratum) if Z(v) = Z(w).

We want to compare the equivalence relations RI for various choices of I.
We start with a special case, assuming that the set X consists of s+1 vectors
v0, . . . , vs. We set I equal to the family of all bases formed by elements in
X. Having chosen 0 ≤ j ≤ s, we set Ij to be equal to the family of all bases
formed by elements in X and that contain the vector vj . By Theorem 1.49
Σ = ∪b∈Iσb. This is refined as

Lemma 9.12. Σ = ∪b∈Ijσb,

Proof. By suitably reordering, we can assume that j = s. If v0, . . . vs−1 are
not linearly independent, the claim follows from Lemma 1.49.

Let us now suppose that b = {v0, . . . vs−1} is a basis of V . Take any
v ∈ σb \{vs}. Consider the line � joining v with vs. This line intersects σb in a
segment [a, b], and (by Lemma 1.3) it intersectsΣ in the convex envelope of the
three points a, b, vs. Then v is either in the segment [a, vs] or in [b, vs]. Since
a, b are in (s− 2)-dimensional faces of σb, we deduce that v lies in the convex
envelope of an (s− 2)-dimensional face τ of σb and vs. If vs is independent of
τ, we have thus an (s− 1)-dimensional simplex having vs as a vertex in which
v lies. Otherwise, by induction, v lies in any case in some simplex having vs
as a vertex, which is then contained in a larger (s− 1)-dimensional simplex.

Lemma 9.13. Let σ be a simplex, q a point in the interior of a face τ of
σ, and p a point different from q. Assume that the segment [p, q] intersects
σ only in q. Then the convex hull of τ and p is a simplex having τ as a
codimension-one face and meeting σ in τ .

Proof. If p does not lie in the affine space spanned by σ, the statement is
obvious.

Otherwise, we can assume that σ is the convex hull of the basis vectors
e1, . . . , em, τ is the face of vectors with nonzero (positive) coordinates for
i ≤ k, and p lies in the affine space generated by e1, . . . , em.

The condition that {tq + (1 − t)p | 0 ≤ t ≤ 1} ∩ σ = {q} is equivalent to
the fact that there is an i larger than k such that the i-th coordinate of p is
negative. This condition does not depend on the point q ∈ τ and shows that
p is affinely independent of τ . Since when 0 ≤ t < 1 this coordinate remains
negative, our claim follows.
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Lemma 9.14. With the same notation as above, the equivalence relations RI
and RIj coincide.

Proof. As before, assume that j = s. Observe that a simplex σ̊c ∈ FI \FIs if
and only if c ⊂ b and vs is in the affine envelope of c. Thus, if b = (v0, . . . , vs−1)
is not a basis, then I = Is, and there is nothing to prove.

Otherwise, assume that b = (v0, . . . , vs−1) is a basis and take a such a
simplex σ̊c ∈ FI \ FIs ; thus c ⊂ b and vs is in the affine hull of c.

If two vectors v, w ∈ Σ are congruent under RIs and v ∈ σ̊c, we need to
show that also w ∈ σ̊c. Notice that by the equivalence RIj , w is in the affine
envelope of σc, so if c � b, we can work by induction on the dimension.

We may thus assume that c = b.
If vs lies in the simplex σb, the set Σ coincides with σb. Then one easily

sees that each face of σb is stratified by elements in FIs and there is nothing
to prove.

Assume now vs /∈ σb. If vs = w, the fact that v ∼= vs for the equivalence
RIs means that v = vs = w and we are done. So now assume vs 
= w and
by contradiction w /∈ σ̊b. The half-line starting from vs and passing through
w meets for the first time the simplex σb in a point u that is in the interior
of some proper face τ of σb and w is in the half-open segment (vs, u]. By
the previous lemma, the convex hull of vs and τ is a simplex ρ and meets σb
exactly in τ . Both ρ̊ and τ̊ belong to FIs by construction, and w ∈ ρ̊ ∪ τ̊ . So
the same is true for v and v /∈ σ̊b, a contradiction.

Let us now return to our set of vectors X with a fixed ordering. Set I
equal to the family of all bases that can be extracted from X, and as before,
NB equal to the family of unbroken bases with respect to the chosen ordering.

Choose an element a ∈ X and assume that the element b is the successor
of a in our ordering. Define a new ordering by exchanging a and b. The
following lemma tells us how the set NB changes.

Lemma 9.15. An unbroken basis σ := (a1, . . . , as) for the first order remains
unbroken for the second unless all of the following conditions are satisfied:

(i) a = ai appears in σ.
(ii) b does not appear in σ.
(iii) b is dependent on the elements aj , j ≥ i in σ following a.

If all these conditions hold, then σ′ := (a1, . . . , ai−1, b, ai+1, . . . , as) is an un-
broken basis for the second order. All unbroken bases for the second order that
are not unbroken for the first order are obtained in this way.
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Proof. The proof is immediate and left to the reader.

Theorem 9.16. The equivalence relations RI and RNB coincide.

Proof. As before, choose an element a ∈ X with a successor b in our order-
ing. Define a new ordering by exchanging a and b and denote by NB′ the
family of unbroken bases with respect to the new ordering. We claim that the
equivalence relations RNB and RNB′ coincide.

Since every basis extracted from X is an unbroken basis for a suitable
ordering and we can pass from one ordering to another by a sequence of
elementary moves consisting of exchanging an element with its successor, this
will prove our theorem.

Set NB = NB ∪ NB′. Take a basis b ∈ NB − NB. By Lemma 9.15
we have that b = {c1, . . . , ck−1, b, ck+1, . . . , cr} with a, b, ck+1, . . . , cr linearly
dependent. Consider the set of vectors b ∪ {a}. To this set we can apply
Lemma 9.14 and deduce that the equivalence relation induced by the family
of all bases extracted from b ∪ {a} coincides with the equivalence relation
induced by the subfamily of all bases containing a. These are all easily seen
to lie in NB. We deduce that RNB and RNB coincide. By symmetry, RNB′

and RNB coincide too, whence our claim.

Remark 9.17. We have thus proved that two strongly regular points x, y belong
to the same big cell if and only if the set of unbroken bases b for which
x ∈ C(b)0 coincides with that for which y ∈ C(b)0.

Example 9.18. A3 ordered as α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3.
We have six unbroken bases, all of which necessarily contain α1:

{α1, α2, α3}; {α1, α2, α2 + α3}; {α1, α2, α1 + α2 + α3};

{α1, α3, α1 + α2}; {α1, α3, α1 + α2 + α3}; {α1, α1 + α2, α2 + α3}.

The decomposition into big cells
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is obtained superposing the cones associated to unbroken bases:
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10

Cohomology

This chapter is independent of the remaining treatment and can be skipped
without compromising the understanding of what follows.

10.1 De Rham Complex

10.1.1 Cohomology

The cohomology of the complement of a hyperplane arrangement has been
computed by Orlik–Solomon [83] in general and over Z. Here we want only to
discuss how one computes it over C by using the algebraic de Rham complex.
This is due to the fact that by a theorem of Grothendieck [57], we can compute
the complex de Rham cohomology of a smooth affine variety by computing
the cohomology of its algebraic de Rham complex.

So let us analyze the algebraic de Rham complex of the complement AX,µ
of the hyperplane arrangement associated to a datum X,µ.

This complex is described by the graded algebra of algebraic differential
forms RX,µ ⊗

∧
dV , where dV is the space of differentials of linear functions.

In coordinates xi we have that
∧
dV is the exterior algebra generated by the

elements dxi.

We have already seen the (noncanonical) decomposition

RX,µ =
⊕
W,c

AW
∏
a∈c

(a+ µa)−1, (10.1)

where W runs among the subspaces of the arrangement determined by the
datum X,µ and c runs through the bases unbroken on W (see Definition 2.29).

The main point is the following:

Lemma 10.1. AW
∏
a∈c(a+ µa)−1 ⊗

∧
dV is a subcomplex.

C. De Concini and C. Procesi, Topics in Hyperplane Arrangements, Polytopes  

© Springer Science + Business Media, LLC 2010 

155
and Box-Splines, Universitext, DOI 10.1007/978-0-387-78963-7_10,  



156 10 Cohomology

Proof. Choose coordinates such that C[ ∂
∂x1

, . . . , ∂
∂xk

, xk+1, . . . , xs] := AW ,

and c = {x1, . . . , xk}. In degree 0 we have clearly that

d(
∂h1

∂x1
· · · ∂

hk

∂xk
x
hk+1
k+1 x

hk+2
k+2 · · ·xhss

k∏
i=1

(xi + µi)−1)

=
k∑
i=1

∂h1

∂x1
· · · ∂

hi+1

∂xi
· · · ∂

hk

∂xk
x
hk+1
k+1 x

hk+2
k+2 · · ·xhss

k∏
i=1

(xi + µi)−1dxi

+
s∑

i=k+1

hi
∂h1

∂x1
· · · ∂

hk

∂xk
x
hk+1
k+1 x

hk+2
k+2 · · ·xhi−1

i · · ·xhss
k∏
i=1

(xi + µi)−1dxi.

This formula extends to all degrees.

The previous decomposition of the de Rham complex into complexes thus
gives a decomposition of the cohomology. We now have to understand the
cohomology of a single summand AW

∏
a∈c(a+ µa)−1 ⊗

∧
dV . This is easily

seen to be the tensor product of s basic complexes of the following two types:
1. The de Rham complex in one variable

· · · 0 · · · d−→ 0 → C[x] d−→ C[x]dx→ 0 d−→ · · · 0 · · · .

Here df = f ′dx (where f ′ denotes the derivative with respect to x). Thus it
is clear that the cohomology of this complex is 0 in all degrees except degree
0, where it is 1-dimensional, generated by the class of the cocycle 1.

2. The complex in one variable

· · · 0 → C[
d

dx
]x−1 d−→ C[

d

dx
]x−1dx→ 0 · · · 0 · · · .

Here d(f( ddx )x−1) = d
dxf( ddx )x−1dx. Thus it is clear that the cohomology of

this complex is 0 in all degrees except degree 1, where it is 1-dimensional,
generated by the class of the cocycle d log(x) = x−1dx.

In the first case we apply it to x = xi and in the second to x = xi + µi.
The following is immediate

Theorem 10.2. Let c = {c1, . . . , ck} and set µi := µci .
The cohomology of the complex AW

∏
a∈c(a + µa)−1 ⊗

∧
dV is 0 except

in dimension k where it is 1-dimensional generated by the class of the cocycle
d log(c1 + µ1) ∧ d log(c2 + µ2) ∧ · · · ∧ d log(ck + µk).

Proof. This is immediate from the previous remarks and the Künneth formula.

For a subspace W of the arrangement and an unbroken basis c = {c1, . . . , ck}
on W, we set ωW,c equal to the cohomology class of the differential form
d log(c1 + µ1) ∧ d log(c2 + µ2) ∧ . . . ∧ d log(ck + µk). As a Corollary we get

Theorem 10.3. The classes ωW,c form a basis of H∗(AX,µ,C).
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For any point p ∈ P (X,µ) we can consider the arrangement, centered at p,
consisting of the hyperplanes of equation a + µa = 0, a ∈ Xp. Let µ

p
be the

restriction of µ to Xp. Clearly, AX,µ ⊂ AXp,µ
p

and these inclusions induce a
map

f : ⊕p∈P (X,µ)H
∗(AXp,µ

p
,C) → H∗(AX,µ,C).

Corollary 10.4. The map f is an isomorphism in top cohomology.

10.1.2 Poincaré and Characteristic Polynomial

We are now ready to prove the theorem of Orlik–Solomon, stated in Section
2.2.4. We now assume µ = 0. Let us consider the Poincaré polynomial

pX(t) =
∑
i

dimHi(AX ,C)ti.

Let χX(q) be the characteristic polynomial defined in Section 2.2.4. We have

Theorem 10.5 (Orlik–Solomon). pX(t) = (−t)sχX(−t−1).

Proof. Notice that there is an obvious bijection between the set of subspaces
of the arrangement HX and the set of subspaces in V spanned by elements
in X mapping a subspace W of H to its annihilator W⊥. Using this and the
definition (2.8) of χX(q), we can write

χX(q) =
∑

W subspace of HX

µ(0̂,W⊥)qdimW .

On the other hand, by Theorem 10.3, we have that

pX(t) =
∑

W subspace of HX

ν(W )ts−dimW ,

where ν(W ) is the number of unbroken bases on W . Thus everything will
follow once we show that for any subspace W of HX ,

ν(W ) = (−1)s−dimWµ(0̂,W⊥) = (−1)dimW⊥
µ(0̂,W⊥).

If X is the empty list in a space of dimension zero, then ν(0) = µ(0̂, 0̂) = 1.
We can thus assume that X is nonempty and proceed by induction on the
dimension of W⊥. In particular, our result is true for any list XW⊥ = X∩W⊥

with W 
= {0}. From this we immediately deduce that for each such W,
ν(W ) = (−1)s−dimWµ(0̂,W⊥).

Now notice that the fact that X is nonempty clearly implies that we have
a free action of C∗ on AX by homotheties that induces a homeomorphism of
AX with C∗×AX , where AX is the quotient of AX by C∗. In particular, the
Euler characteristic pX(−1) of AX is equal to zero. We thus deduce that
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W subspace of HX

ν(W )(−1)s−dimW = 0.

Using the inductive hypothesis yields

(−1)sν({0}) = −
∑
W

ν(W )(−1)s−dimW

= −
∑
W

µ(0̂,W ) = (−1)sµ(0̂, V ),

where the sum is over all nonzero subspaces W of the arrangement HX .

We should add that in the case of root systems, the theory is much more
precise, but it would take us too far afield to explain it. In this case, by a
result of Brieskorn [21], one has the remarkable factorization of the Poincaré
polynomial as

∏s
i=1(1 + biq), where the positive integers bi are the exponents

of the root system (see [20]). This has been extended by the work of Terao
[111], [112] on free arrangements. Moreover, in this case the Weyl group acts
on the cohomology, and its character has also been object of study; see, for
instance, Lehrer and Solomon [73].

10.1.3 Formality

We want to go one step forward and understand a basic fact, called formality,
and the structure of cohomology as an algebra.

The formality of AX,µ means that there is a subalgebra of cocycles of the
differential graded algebra of differential forms isomorphic to the cohomology
algebra H∗(AX,µ,C).

Let then HX be the subalgebra of the de Rham complex generated by
all the elements d log(a + µa), a ∈ X. Clearly, HX consists of cocycles such
that we have a algebra homomorphism from HX to the cohomology algebra
H∗(AX,µ,C).

We will transform the equations (8.7) into algebraic relations on the forms
d log(a+ µa). Let us define ωa := d log(a+ µa).

Take a dependency relation
∑k
i=0 sibi = 0, with all the si’s different from

zero. In particular,
∑k
i=0 sid(bi) = 0. Set ωi := d log(bi + µbi). We have then

ω0 ∧ · · · ∧ · · · ∧ ωk = 0. (10.2)

If, moreover,
∑k
i=0 si(bi + µbi) = 0, we have a stronger relation of lower

degree. Take two indices h, j ≤ k and multiply the identity
∑k
i=0 sid(bi) = 0

by d(b0) ∧ · · · ∧ ˇd(bh) ∧ · · · ∧ ˇd(bj) ∧ · · · ∧ d(bk) we get1

1By x̌ we mean that we remove x.
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0 =shd(bh) ∧ d(b0) ∧ · · · ∧ ˇd(bh) ∧ · · · ∧ ˇd(bj) ∧ · · · ∧ d(bk)
+ sjd(bj) ∧ d(b0) ∧ · · · ∧ ˇd(bh) ∧ · · · ∧ ˇd(bj) ∧ · · · ∧ d(bk).

Thus we have the unique form γ = (−1)kd(b0)∧ · · · · · · ∧ ˇd(bk)∧ · · · ∧ d(bs)s−1
k

that does not depend on k. From this and the relation (8.7), we have that
whenever we have the relation

∑k
i=0 si(bi + µi) = 0 we deduce

k∑
i=0

(−1)iω0 ∧ · · · ∧ ω̌i ∧ · · · ∧ ωk = 0. (10.3)

In fact
k∑
i=0

(−1)iω0 ∧ · · · ∧ ω̌i ∧ · · · ∧ ωk = (
∑
i

si∏
j 
=i(bj + µj)

)γ = 0.

Theorem 10.6. (1) The homomorphism from HX to the cohomology algebra
H∗(AX,µ,C) is an isomorphism.

(2) The products d log(ai1 +µi1)∧ · · · ∧ d log(aik +µik) where ai1 , . . . , aik run
through the unbroken bases for the corresponding spaces of the arrange-
ment, are a linear basis of HX .

(3) The algebra HX is presented as the exterior algebra in the generators
ωa, a ∈ X, modulo the relations (10.2), (10.3) deduced by the dependency
relations.

Proof. Let us define the algebra H̃X presented by the exterior generators
ωi and the relations 10.2, 10.3. We have a sequence of homomorphisms
H̃X → HX → H∗(AX,µ,C). From Theorem 10.3 we deduce that the com-
posed homomorphism is surjective. Therefore, we need only show that the
products corresponding to unbroken sets span H̃X .

First observe that by the relations (10.2) the algebra H̃X is spanned by
products of the ωa involving only linearly independent elements of X. So let
us take k linearly independent elements bi ∈ X. Let W be the space of the
arrangement given by bi + µbi = 0. Take an a ∈ X such that a+ µa vanishes
on W and a breaks the list bi.

Using the relations (10.3) it is then clear that we can replace the product
of the elements ωbi with a linear combination of products in which one of the
ωbi has been replaced by ωa. These terms are lexicographically strictly lower
products, and the claim follows by recursion.

10.2 Residues

Inspired by the usual method in one complex variable for computing definite
integrals, we want to develop a residue method to compute the function TX,µ.

A similar approach will be later developed also for partition functions.
The results of this section are due to Brion–Vergne [27], [28], [25].
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10.2.1 Local Residue

Proposition 9.2 can be interpreted as expressing TX,µ as a sum of residues at
the various points of the arrangement and it allows us to restrict our analysis
to the case µ = 0.

The description of the cohomology in top degree can be reformulated as
follows. In Theorem 8.10 we have introduced the space ΘX spanned by the
elements db :=

∏
a∈b a

−1, as b varies among the bases extracted from the list
X, and we have proved that it has as basis the elements db, as b varies among
the unbroken bases. By the description of the top de Rham cohomology, we
have the following result:

Proposition 10.7. We have the direct sum decomposition

RX = ΘX ⊕ ∂(RX),

where ∂(RX) is the span of the partial derivatives of elements in RX .

For any top differential form ψ, denote by [ψ] its cohomology class. Recall
that in Definition 8.13 we have defined the residue resb(ψ) for any unbroken
basis b. From the relations proved in Lemma 8.14 we get (recalling formula
(8.11)) the following

Proposition 10.8.
[ψ] =

∑
b∈NBX

resb(ψ)[ωb]. (10.4)

Consider the algebra RX := L[d−1
X ], where L is the algebra of germs of

functions holomorphic around 0. The algebra RX is also a module over the
Weyl algebra W (V ) and has a filtration by polar order. We have, for every
k, a mapping (RX)k/(RX)k−1 → (RX)k/(RX)k−1.

Theorem 10.9. The map

RX/(RX)s−1 → RX/(RX)s−1

is an isomorphism.
The cohomology of the de Rham complex associated to RX equals the co-

homology of the complex associated to RX .

Proof. First let us prove that the map is surjective. Take an element of RX . It
can be written as linear combination of elements fb−h1

1 · · · b−hss , where f ∈ L
and the bi give a basis of coordinates and hi ≥ 0. If we write f as a power
series in the variables bi we see that all the products bk11 · · · bkss b−h1

1 · · · b−hss

for which at least one kj > hj lie in (RX)s−1 therefore modulo this space,
fb−h1

1 · · · b−hss is in the image of RX .
In order to prove that the map is an isomorphism, we can use the fact that

it is a morphism of W (V ) modules. Then using Corollary 4.2 it is enough to
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prove that the images of the elements d−1
b are still linearly independent in

RX/(RX)s−1. For this one can follow the same reasoning as in Proposition
8.11 (the residue computation).

As for the cohomology, we leave it to the reader.

We are now going to define the total residue of a function f ∈ RX . Choose
once and for all a basis x1, . . . , xs of V .

Definition 10.10. Given f ∈ RX , its total residue Tres(f) is the cohomology
class of the form fdx1 ∧ · · · ∧ dxs.

We can now reformulate formula (10.4) as:

Tres(f) =
∑

b∈NB(X)

resb(f)[ωb].

We can compute the polynomials pb,X that appear in the expression (9.5) of
the multivariate spline TX from the following general formula. Recall that
(Theorem 8.20) the space of polar parts is a free S[U ]-module with basis the
classes of the functions d−1

b =
∏
a∈b a

−1 as b ∈ NB(X):

Theorem 10.11 (Brion–Vergne). For every h ∈ RX , write the class of h,
in the space of polar parts, as

∑
b∈NB(X) qb,X [d−1

b ] with qb,X ∈ S[U ]. We have

qb,X(−y) = det(b)resb(e〈y|x〉h(x)). (10.5)

Proof. We begin by observing that formula (10.5) makes sense, since if we
expand e〈y|x〉h(x) with respect to the variables y = {y1, . . . , ys}, we get a
power series whose coefficients lie in RX .

In order to prove this theorem we need some properties of Tres. The first
property of Tres, that follows from the definition, is that given a function f
and an index 1 ≤ i ≤ s, we have Tres( ∂f∂xi ) = 0; hence for two functions f, g

Tres(
∂f

∂xi
g) = −Tres(f

∂g

∂xi
).

In other words, for a polynomial P ,

Tres(P (∂x)(f)g) = Tres(fP (−∂x)(g)). (10.6)

We shall use the relation (10.6) for the function f = e〈y|x〉 for which we have

P (∂x)e〈y|x〉 = P (y)e〈y|x〉. (10.7)

The second simple property is that given a basis b extracted from X, that
we think of as a system of linear coordinates on U, and a function f regular
at 0, we have (by expanding in Taylor series in the variables a ∈ b)
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Tres
( f∏

a∈b a

)
= f(0)Tres

( 1∏
a∈b a

)
. (10.8)

We get

Tres(e〈y|x〉h(x)) = Tres
( ∑
b∈NB(X)

e〈y|x〉qb,X(∂x)
1∏
a∈b a

)
=

∑
b∈NB(X)

Tres
(qb,X(−∂x)(e〈y|x〉)∏

a∈b a

)
=

∑
b∈NB(X)

qb,X(−y)Tres
( 1∏

a∈b a

)
=

∑
b∈NB(X)

1
det(b)

qb,X(−y)[ωb]. (10.9)

From this the theorem follows.

Thus applying this to h(x) = d−1
X , we have

pb,X(−y) = det(b)resb
(e〈y|x〉

dX

)
. (10.10)
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Differential Equations

Most of this chapter is devoted to the discussion of the theory of Dahmen and
Micchelli characterizing the space D(X) of polynomials that satisfy the same
differential equations satisfied by the polynomials that describe the box spline
locally.

11.1 The First Theorem

11.1.1 The Space D(X).

We shall use all the notation of Section 8.1 and assume that all the numbers
µa are equal to zero.

By Corollary 8.20, R/Rs−1 is a free S[U ]-module with basis the elements
ub, classes in R/Rs−1 of the products

∏
a∈b a

−1, as b runs over the unbroken
bases of X.

Recall that dX =
∏
a∈X a. We shall denote by uX the class of d−1

X in the
space of polar parts R/Rs−1.

Lemma 11.1. If Y is a cocircuit, we have
∏
a∈Y a uX = 0.

Proof. If Y ⊂ X is a cocircuit, by definition X \ Y does not span V so that
(
∏
a∈Y a)d

−1
X =

∏
a∈X\Y a

−1 ∈ Rs−1.

If Y ⊂ X, let us define
DY :=

∏
a∈Y

Da.

This element lies in the algebra A = S[V ] of polynomial differential operators
with constant coefficients on V . Inspired by the previous lemma, let us give
the following definition, of central importance in the work of Dahmen and
Micchelli and in this book. Let us denote, as in Section 2.2.1, the set of
cocircuits by E(X).
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Definition 11.2. The space D(X) is given by

D(X) := {f ∈ S[U ] |DY f = 0, ∀ Y ∈ E(X)}. (11.1)

The space D(X) plays a fundamental role in the theory of BX . In fact, in the
course of this chapter we shall show that this space coincides with the space
D̃(X) introduced in Definition 7.21.

We shall often use a reduction to the irreducible case by the following
proposition

Proposition 11.3. Assume that X decomposes as X1 ∪ · · · ∪Xk, so that the
space Rs decomposes as Rs = 〈X1〉 ⊕ · · · ⊕ 〈Xk〉.

We identify the polynomials on a direct sum as the tensor product of the
polynomials on the summands, and we have

D(X) = D(X1)⊗D(X2)⊗ · · · ⊗D(Xk). (11.2)

Proof. It is enough to observe that a subset Y = ∪ki=1Yi, Yi ⊂ Xi is a cocircuit
if and only if at least one of the Yi is a cocircuit, so the differential equations
can be applied separately to the variables of each space 〈Xi〉.

Remark 11.4. When the irreducible Xi is reduced to just one vector, in the
corresponding factor R the polynomials D(Xi) reduce to the constants.

Recall that, in Definition 2.23, we have denoted by m(X) the minimum
length of elements in E(X). We have the following

Proposition 11.5. The number m(X) is the maximum among the numbers
r such that all polynomials of degree < r lie in D(X).

Proof. Every polynomial f of degree p < m(X) satisfies the differential equa-
tions DY f = 0,∀ Y ∈ E(X), since DY is a product of more than p derivatives.

Conversely, if Z ∈ E(X) is a cocircuit of length m(X), we can find a
homogeneous polynomial f of degree m(X) with DZf = 1 and f /∈ D(X).

Let us return to the basic formula (9.4):

1
dX

=
∑
b∈NB

pb,X(∂x)
1
db
, db :=

∏
a∈b

a.

We shall apply this formula as follows. We work in the module PX of polar
parts and with the classes uX , ub of d−1

X , d−1
b . We think of these classes as

elements of the Fourier dual P̂X of PX , and for an element m ∈ PX we
denote by m̂ the same element thought of as an element of P̂X . By Theorem
8.20, each ûb generates a submodule isomorphic to the module of polynomial
functions on U , and

ûX =
∑
b∈NB

pb,X(−x)ûb. (11.3)

We can state the first theorem on differential equations satisfied by TX :
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Theorem 11.6. The polynomials pb,X(−x) and hence the polynomials

pΩ(x) :=
∑

b | Ω⊂C(b)

|det(b)|−1pb,X(−x)

in formula (9.5) lie in D(X).

Proof. The result follows from Lemma 11.1 on applying the algebraic Fourier
duality to the module of polar parts and formula (11.3).

Using Proposition 8.23, the fact that the polynomials pΩ that coincide with
TX in each big cell Ω lie in D(X) has the following meaning in terms of
distributions:

Corollary 11.7. When Y is a cocircuit, the distribution DY TX is supported
in the singular set of C(X).

11.2 The Dimension of D(X)

Since the elements DY are homogeneous, the space D(X) is also graded, and
it is interesting for each k ≥ 0 to compute the dimension of its degree-k com-
ponent Dk(X). As usual, one can arrange these dimensions in a generating
function,

HX(q) :=
∑
k

dim(Dk(X))qk.

We will show a theorem proved in [41]:

Theorem 11.8. The space D(X) is finite-dimensional, of dimension the
number d(X) of linear bases of V that one can extract from X:

HX(q) :=
∑
b∈BX

qm−s−e(b) = qm−sT (X, 1, q−1). (11.4)

Here e(b) is the external activity of a basis b ∈ BX introduced in Section
2.2.2 (deduced from the Tutte polynomial). In particular, the top degree
polynomials in D(X) are of degree m− s.

We shall prove this theorem by exhibiting an explicit basis.
Moreover, from general facts we shall see that D(X) is generated, under

taking derivatives, by the homogeneous elements of top degree.

For the proof of these results we shall follow a direct approach. In fact,
one can view these theorems as special cases of a general theory, the theory
of Stanley–Reisner or face algebras.

The interested reader should read our paper Hyperplane arrangements and
box splines [43] with an appendix by Anders Björner.
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11.2.1 A Remarkable Family

In order to obtain a proof of Theorem 11.8, we start with the study of a purely
algebraic geometric object.

For notational simplicity let us define A := S[V ].
We want to describe the scheme defined by the ideal IX of A generated

by the elements dY :=
∏
a∈Y a as Y runs over all the cocircuits.

Thus we are interested in the algebra

AX := A/IX . (11.5)

We shall soon see that AX is finite-dimensional. Formally AX is the coordinate
ring of the corresponding scheme.

The use of the word scheme may seem a bit fancy. What we really want
to stress by this word is that we have a finite dimensional algebra (quotient
of polynomials) whose elements as functions vanish exactly on some point p,
but at least infinitesimally they are not constant. This can be interpreted
analytically in the language of distributions and appears clearly in the dual
picture that produces solutions of differential equations.

To warm us up for the proof let us verify that this scheme is supported at
0 (that implies that AX is finite-dimensional).

For this, observe that the variety of zeros of a set of equations each one of
which is itself a product of equations is the union of the subvarieties defined by
selecting an equation out of each product. Thus what we need is the following:

Lemma 11.9. Take one element bY from each cocircuit Y. Then the resulting
elements bY span V, and hence the equations bY = 0, Y ∈ E(X) define the
subvariety consisting of the point 0.

Proof. If, by contradiction, these elements do not span V , their complement
is a cocircuit. Since we selected an element from each cocircuit, this is not
possible.

Let us extend the definition of our notions as follows. If X = (a1, . . . , am)
and µ := (µ1, . . . , µm) are parameters, we define IX(µ) to be the ideal given
by the equations

∏
aj∈Y (aj +µj), Y ∈ E(X). This can be viewed either as an

ideal in S[V ] depending on the parameters µ or as an ideal in the polynomial
ring

A(µ) := S[V ][µ1, . . . , µm].

In this second setting it is clearly a homogeneous ideal, and we can apply
to it the results of Section 5.1.2. This we shall do in the next section.
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11.2.2 The First Main Theorem

Let us define, for a sublist Y of X, dY (µ) :=
∏
a∈Y (a+ µa).

We shall prove a stronger version of Theorem 11.8. Set

AX(µ) := A(µ)/IX(µ).

We need some lemmas.

Lemma 11.10. For generic µ, the ideal IX(µ) defines d(X) distinct points.

Proof. Set theoretically, the variety defined by the ideal IX(µ) is the union of
the varieties described by selecting, for every cocircuit Y ∈ E(X), an element
bY ∈ Y and setting the equation bY + µbY = 0.

By Lemma 11.9, the vectors bY span V. Thus the equations bY + µbY = 0
are either incompatible or define a point of coordinates −µij , j = 1, . . . , s, in
some basis aij extracted from X.

Conversely, given such a basis, every cocircuit must contain at least one
of the elements aij ; hence the point given by the equations aij +µij = 0 must
lie in the variety defined by IX(µ).

As we have seen in Section 8.1.4, if the µi are generic, these d(X) points
are all distinct.

This lemma implies that for generic µ, dim(AX(µ)) ≥ d(X) and equality
means that all the points are reduced, that is, AX(µ) coincides with the space
of functions on these points and has no nilpotent elements.

We will proceed by induction. Let X = {Z, y} and µ = (ν, µy). Choose a
complement W to Cy in V and write each element a ∈ V as

a = a+ λay, a ∈W, λa ∈ C,

according to the decomposition.
Finally, define A(µ) := A(µ)/A(µ)(y + µy). We can clearly identify A(µ)

with S[W ][µ].
Denote by π : A(µ) → A(µ) = S[W ][µ] the quotient homomorphism. If

a ∈ V, we have that
π(a) = a− λaµy.

For a ∈ Z set νa := µa − λaµy. Clearly,

S[W ][µ] = S[W ][ν][µy].

Also, for any sublist B ⊂ X, set B equal to the list of nonzero vectors in
W that are components of vectors in B.

Our first claim is the following

Lemma 11.11. The image of IX(µ) in A(µ) is the ideal IZ(ν)[µy].
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Proof. Indeed, the elements dY (µ) =
∏
a∈Y (a+µa), where Y runs over the set

of cocircuits, generate the ideal IX(µ). A cocircuit is of the form X \H, where
H is a hyperplane spanned by a subset of X. If y /∈ H, we have that y + µy
divides dY (µ), and so π(dY (µ)) = 0. On the other hand, the hyperplanes of
previous type containing y are in one-to-one correspondence, by the projection
map H �→W, with the hyperplanes H of W generated by elements of X = Z.
For such a hyperplane H we have clearly π(dY (µ)) = dY (ν) where Y := Z\H.
Hence π(IX) = IZ(ν)[µy], as required.

Denote now by pX the projection map pX : A(µ) → AX(µ).

Lemma 11.12. There exists a surjective map

j : AZ(ν)[µy] → (y + µy)AX(µ)

of A(µ)-modules that makes the following diagram commute:

A(µ)
y+µy−−−−→ (y + µy)A(µ)

pZ

⏐⏐# pX

⏐⏐#
AZ(ν)[µy]

j−−−−→ (y + µy)AX(µ)

Proof. To see this it suffices to show that if Y ∈ E(Z) then

(y + µy) ·
∏
a∈Y

(a+ µa) ∈ IX(µ).

We have two cases. If y ∈ 〈Z \ Y 〉, then Y = X \ 〈Z \ Y 〉 ∈ E(X) and thus∏
a∈Y (a+ µa) ∈ IX .
If y /∈ 〈Z\Y 〉, then X∩〈Z\Y 〉 = Z\Y and X \〈Z\Y 〉 = X \(Z\Y ) equals

(Y, y) ∈ E(X), so that (y + µy)
∏
a∈Y (a+ µa) =

∏
a∈(Y, y)(a+ µa) ∈ IX(µ).

Our strategy is to construct an explicit basis of AX(µ). Recall the definition
of externally active elements E(b) associated to a basis b (Definition 2.2). Let
us consider then the elements

uXb (µ) := dX\(E(b)∪b)(µ).

Theorem 11.13. ( i) The ring AX(µ) is a free module over the polynomial
algebra C[µ] with basis the classes, modulo IX(µ), of the elements uXb (µ),
as b runs over the bases extracted from X.

( ii) For all µ the ring AX(µ) := A/IX(µ) has dimension equal to the number
d(X) of bases that can be extracted from X.

Proof. Clearly, (ii) is a consequence of (i), so we need only to prove (i). We
proceed by induction on the cardinality of X and on dim(V ).
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First look at the classes, modulo y + µy, of the elements uXb (µ), as b runs
over the bases extracted from X with y ∈ b. Then c := b is a basis (for W )
extracted from Z. Observe that since y is the last element of X, we have

X \ (E(b) ∪ b) = Z \ (E(c) ∪ c),

so that
π(uXb (µ)) = uZc (ν).

By induction, applying Lemma 11.11, we get that the elements uZc (ν), with
c ∈ BZ , give a basis of AZ(ν)[µy] over the polynomial algebra C[ν][µy] = C[µ].

It follows that given F ∈ AX(µ), we can find polynomials πF,b ∈ C[µ],
b ∈ BX , y ∈ X with F −

∑
b πF,bub(µ) lying in the ideal (y + µy)AX(µ).

Next let b ⊂ Z be a basis. Then

uXb (µ) = (y + µy)uZb (µ).

Thus again by induction, and by Lemma 11.12, the elements uXb (µ) as b varies
among the bases in Z span (y + µy)AX(µ) as a C[µ]-module, as desired.

It remains to show the linear independence of the uXb (µ). Assume that
there is a linear combination ∑

b∈BX

πbub(µ) = 0,

with πb ∈ C[µ] not all equal to zero. By Lemma 11.10, we can find a value µ
0

of our parameters µ with the property that not all the polynomials πb vanish
at µ

0
and the ring AX(µ

0
) has dimension at least d(X). On the other hand,

the images of uXb (µ) in AX(µ
0
) span AX(µ

0
) and are linearly dependent. Thus

dim(AX(µ
0
)) < d(X), a contradiction.

Observe that as a consequence of the proof, we also have that j : AZ → yAX
is bijective. We are going to use this fact later.

11.2.3 A Polygraph

As announced, we want to discuss the meaning of this theorem for the variety
VX given by IX(µ) thought of as an ideal in S[V ][µ1, . . . , µm].

This variety is easily seen to be what is called a polygraph. It lies in
U × Cm and can be described as follows. Given a basis b := (ai1 , . . . , ais) of
V, extracted from X, let (b1, . . . , bs) be the associated dual basis in U . Define
a linear map ib : Cm → U by

ib(µ1, . . . , µm) := −
s∑
j=1

µij b
j .

Let Γb be its graph.
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Theorem 11.14. VX = ∪bΓb.

Proof. An element (p, µ0
1, . . . , µ

0
m) ∈ VX if and only if p is a point of the

scheme defined by the ideal IX(µ0), µ0 = (µ0
1, . . . , µ

0
m). That is, p is de-

fined by the equations aij + µij = 0 for some basis b := (ai1 , . . . , ais) of V .
This is equivalent to saying that p = −

∑s
j=1 µij b

j . Since all these steps are
equivalences, the claim is proved.

The variety VX comes equipped with a projection map ρ to Cm whose fibers
are the schemes defined by the ideals IX(µ).

Remark 11.15. Theorem 11.13 implies that ρ is flat of degree d(X) and IX(µ)
is the full ideal of equations of VX . Furthermore, VX is Cohen Macaulay.

This fact is remarkable since it is very difficult for a polygraph to satisfy these
conditions. When it does, this usually has deep combinatorial implications
(see for instance [60]).

One should make some remarks about the algebras AX(µ) in general.

First let us recall some elementary commutative algebra. Take an ideal I of
the polynomial ring C[x1, . . . , xm]. Then C[x1, . . . , xm]/I is finite-dimensional
if and only if the variety of zeros of I is a finite set of points p1, . . . , pk. In
this case moreover we have a canonical decomposition

C[x1, . . . , xm]/I = ⊕ki=1C[x1, . . . , xm]/Ipi ,

where for each p ∈ {p1, . . . , pk}, the ring C[x1, . . . , xm]/Ip is the local ring
associated to the point p.

Let p have coordinates xi = µi. The local ring C[x1, . . . , xm]/Ip is charac-
terized, in terms of linear algebra, as the subspace of C[x1, . . . , xm]/I where
the elements xi have generalized eigenvalue µi. Thus the previous decom-
position is just the Fitting decomposition of C[x1, . . . , xm]/I into generalized
eigenspaces for the commuting operators xi.

In the case of the algebra AX(µ), the quotient of S[V ] by the ideal IX(µ)
generated by the elements

∏
y∈Y (y+ µy), Y ∈ E(X) we see that if for a point

p ∈ P (X,µ) we have that 〈y | p〉 + µy 
= 0, in the local ring of p the element
y + µy is invertible, and so it can be dropped from the equations. We easily
deduce the following result

Proposition 11.16. For every point p ∈ P (X,µ), we have that the local com-
ponent AX(µ)(p) is identified to the algebra AXp(µp) defined by the sublist
Xp := (x ∈ X | 〈x | p〉+ µx = 0).

Furthermore, by a change of variables IXp(µp) = τp(IXp) where τp is the
automorphism of A sending x to x−〈x | p〉,∀x ∈ V . Thus, the automorphism
τp, induces an isomorphism between AXp and AXp(µp).
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11.2.4 Theorem 11.8

By Theorem 11.13, the ring AX = A/IX has dimension d(X). On the
other hand, the space D(X) is by the definition of the pairing (5.1) between
A = S[V ] and S[U ] the space orthogonal to the ideal IX . We deduce that
the dimension of D(X) equals the codimension of IX , that is, d(X), proving
Theorem 11.8.

Let us now make some further considerations in the parametric case. Let
us observe that for generic µ, that is, in the case in which P (X,µ) consists
of d(X) distinct points, the space of solutions of the system of differential
equations defined by IX(µ) has as a basis the functions ep, p ∈ P (X,µ).

In the general case, Proposition 11.16 immediately implies the following

Theorem 11.17. For each p ∈ P (X,µ) consider the sublist

Xp := (x ∈ X | 〈x | p〉+ µx = 0).

Then the space D(X,µ) of solutions of the system of differential equations
defined by IX(µ) has the direct sum decomposition

D(X,µ) =
⊕

p∈P (X,µ)

epD(Xp).

Remark 11.18. In Definition 11.2 of D(X), we can start by assuming that f is
a tempered distribution. In fact, due to the property that the ideal generated
by the elements DY contains all large enough products of derivatives (see
Lemma 11.9), and applying Lemma 5.7, we deduce that any solution f is
necessarily a polynomial.

11.3 A Realization of AX

11.3.1 Polar Representation

Recall that we have introduced the notation dY :=
∏
a∈Y a for any list Y of

vectors, in particular for a sublist Y ⊂ X. We shall use the notation uY for
the class of d−1

Y in the module of polar parts PX = RX/(RX)s−1. Notice that
for any sublist Y ⊂ X we have

dX\Y uX = uY .

Definition 11.19. We define QX to be the S[V ] submodule of the space of
polar parts PX generated by the class uX .
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The spaces RX and PX are naturally graded (as functions). It is convenient
to shift this degree by m so that uX has degree 0 and the generators ub have
degree m − s. If b is an unbroken basis, these will be just the elements ub
introduced in Section 8.1.6 considered here when µ = 0.

With these gradations the natural map π : A→ QX defined by the formula
π(f) := fuX preserves degrees.

We shall use the notation E(b) of Definition 2.26 to denote the set of
elements of X externally active with respect to a basis b extracted from X.

Theorem 11.20. (1) The annihilator of uX is the ideal IX generated by the
elements dY =

∏
a∈Y a, as Y runs over the cocircuits. Thus QX � AX as

graded A-modules.
(2) The elements uE(b)∪b, as b runs over the bases extracted from X, are a

basis of QX .

Proof. Since the classes, modulo IX , of the elements dX\(E(b)∪b), as b runs
over the bases extracted from X, are a basis of AX , we have that (1) and (2)
are equivalent.

By Lemma 11.1, the annihilator of uX contains the ideal IX .
Thus, from Theorem 11.13, it is enough to see that dimQX ≥ d(X).
We want to proceed by induction on s and on the cardinality of X.
If X consists of a basis of V, clearly both AX and QX are 1-dimensional

and the claim is clear. Assume that X := (Z, y) and let us first discuss the
special case in which Z spans a subspace V ′ of codimension-one in V, so y is
a vector outside this subspace and d(X) equals the number d(Z) of bases of
V ′ = 〈Z〉 extracted from Z.

We clearly have the inclusions

RZ ⊂ RX , y−1RZ,k−1 ⊂ RX,k ∀k.

Furthermore, the element uX ∈ PX is killed by y. By induction on s, the
theorem follows in this special case from the following lemma

Lemma 11.21. (1) Multiplication by y−1 induces an isomorphism between
PZ and the kernel of multiplication by y in PX .

(2) Multiplication by y−1 induces an isomorphism between QZ and QX .

Proof. (1) Since y−1RZ,k−1 ⊂ RX,k, it is clear that multiplication by y−1

induces a map from PZ = RZ,s−1/RZ,s−2 to PX = RX,s/RX,s−1. It is also
clear that the image of this map lies in the kernel of the multiplication by y.

To see that this mapping gives an isomorphism to this kernel, order the
elements of X so that y is the first element. An unbroken basis for X is of
the form (y, c) where (c) is an unbroken basis for Z.

Now fix a set of coordinates x1, . . . , xs such that x1 = y and x2, . . . , xs is
a basis of the span of Z. Denote by ∂i the corresponding partial derivatives:

PX = ⊕cC[∂1, . . . , ∂s]uy,c, PZ = ⊕cC[∂2, . . . , ∂s]uc.
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We have that in each summand C[∂1, . . . , ∂s]uy,c the kernel of multiplication
by x1 coincides with C[∂2, . . . , ∂s]u(y,c).

The claim then follows easily, since C[∂2, . . . , ∂s]u(y,c) is the image, under
multiplication by y−1 of C[∂2, . . . , ∂s]uc.

(2) follows from part (1) and the formula y−1uZ = uX .

Let us now assume that Z still spans V . We need thus to compare several
of the objects under analysis in the case in which we pass from Z to X.

Let us consider the ring A/Ay, polynomial functions on the subspace of U
where y vanishes, and denote by Z the set of nonzero vectors in the image of
Z (or X) in A/Ay.

As in Theorem 11.13, the set BX of bases extracted from X can be de-
composed into two disjoint sets, BZ and the bases containing y. This second
set is in one-to-one correspondence with the bases of V/Cy contained in Z.

By Proposition 8.18, we have that under the inclusion RZ ⊂ RX we obtain
RZ,k = RZ ∩RX,k, ∀k. Hence we get an inclusion of PZ into PX .

Let us consider in PX the map of multiplication by y. We have clearly
yuX = uZ , thus we obtain an exact sequence of A-modules:

0 → K → QX
y→ QZ → 0,

where K = QX ∩ ker(y).
We need to analyze K and prove that dim(K) is greater than or equal

to the number dy(X) of bases extracted from X and containing y. Since
d(X) = d(Z) + dy(X), this will prove the claim.

In order to achieve the inequality dim(K) ≥ dy(X), we will find inside K
a direct sum of subspaces whose dimensions add up to dy(X).

Consider the set Sy(X) of all sublists Y of X that span a hyperplane 〈Y 〉
not containing y and with Y = X ∩ 〈Y 〉 (we shall use the word complete for
this last property).

For each Y ∈ Sy(X) we have, by Lemma 11.21 and Proposition 8.18, that
multiplication by y−1 induces an inclusion iY : PY → P(y,Y ) → PX with
image in the kernel ker(y) ⊂ PX . Thus we get a map

g :=
⊕

Y ∈Sy(X)

iY :
⊕

Y ∈Sy(X)

PY → ker(y).

Lemma 11.22. g is an isomorphism of ⊕Y ∈Sy(X)PY onto ker(y).

Proof. As before, order the elements of X so that y is the first element. An
unbroken basis for X is of the form (y, c), where (c) is an unbroken basis for
Y := X ∩ 〈c〉.

By construction, Y ∈ Sy(X); and by Theorem 8.20, PX is a free S[U ]-
module with basis the elements u(y,c) as (y, c) run over the unbroken bases.
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Similarly, P(y,Y ) is a free S[U ]-module over the elements u(y,c), such that
Y = 〈c〉 ∩X. Thus we obtain the direct sum decomposition

PX =
⊕

Y ∈Sy(X)

P(y,Y ).

Therefore
ker(y) =

⊕
Y ∈S(X)

P(y,Y ) ∩ ker(y).

By Lemma 11.21, for each Y ∈ Sy(X), the map iY gives an isomorphism of
PY with P(y,Y ) ∩ ker(y). This proves the lemma.

We can now finish the proof of Theorem 11.20.
(1) Notice that by part (2) of Lemma 11.21 and Lemma 11.22, we have an

inclusion of ⊕Y ∈Sy(X)QY into the space K = QX ∩ ker(y). So we deduce that
dimK ≥

∑
Y ∈Sy(X) dimQY = dy(X). This gives the required inequality and

implies also that we have a canonical exact sequence of modules:

0 →
⊕

Y ∈Sy(X)

QY → QX
y→ QZ → 0. (11.6)

We can easily prove as corollary a theorem by several authors, see [2], [51],
[69].

Corollary 11.23. Consider in S[V ] the subspace P(X) spanned by all the
products dY :=

∏
x∈Y x, Y ⊂ X, such that X \ Y spans V .

Then S[V ] = IX ⊕ P(X), so that P(X) is in duality with D(X). The
elements dX\E(b)∪b give a basis of P(X).

Proof. Multiplying by d−1
X , we see that P(X)d−1

X is spanned by the polar parts∏
x∈Z x

−1, Z ⊂ X, such that Z spans V . We have seen in Corollary 8.21 that
this space of polar parts maps isomorphically to its image into PX , and its
image is clearly QX . This proves our claims.

Remark 11.24. The last theorem we have proved is equivalent to saying that
in the algebra RX the intersection d−1

X A ∩RX,s−1 is equal to d−1
X IX .

11.3.2 A Dual Approach

In this section we follow closely the paper [41] and characterize the space
P(X), defined in the previous section, by differential equations. Notice that
although an explicit basis for P(X) has been given using an ordering of X, the
space P(X) is defined independently of this ordering. Moreover, if Y ⊂ X is
such that X\Y spans V, the same is true for any sublist of Y . It follows that by
applying any directional derivative to dY , we still have a linear combination of
monomials of the same type, hence an element in P(X). The fact that P(X)



11.3 A Realization of AX 175

is stable under derivatives tells us, by Proposition 5.5, that it is defined by an
ideal of differential equations with constant coefficients of codimension d(X).
Of course, now the elements of P(X) are thought of as polynomials on U, so
that the differential operators are in S[U ]. We want to determine this ideal.
For this, given any hyperplane H spanned by a subset of X, let us choose a
linear equation φH ∈ U for H and let us denote by m(H,X) := |X \H| the
number of elements in X and not in H.

Theorem 11.25. The ideal of differential equations satisfied by P(X) is gen-
erated by the elements φm(H,X)

H as H runs over the hyperplanes generated by
subsets of X.

Proof. Let KX be the ideal generated by the elements φ
m(H,X)
H as H runs

over the hyperplanes generated by subsets of X. Let G(X) be the subspace of
S[V ] of elements satisfying the differential equations in KX . Let us begin by
showing that the elements φm(H,X)

H vanish on P(X), so that P(X) ⊂ G(X)
and KX is contained in the ideal of differential equations satisfied by P(X).

To see this, let us compute a differential operator φm(H,X)
H on a monomial

dY , where X \ Y spans V . We split the elements of Y into two parts Y1 :=
Y ∩ H and Y2 := Y \ Y1 and thus write dY = dY1dY2 . By definition, the
derivative associated to φH vanishes on the elements of Y1. Therefore we
compute φm(H,X)

H (dY ) = dY1φ
m(H,X)
H (dY2). We claim that φm(H,X)

H (dY2) = 0.
For this, it is enough to see that the cardinality of Y2 is strictly less than
m(H,X). Since Y2 ⊂ X \ H and the complement of Y spans V, Y2 is not
equal to X \H, and the claim follows.

At this point, since dim(P(X)) = d(X), we are going to finish the proof
by showing that dim(G(X)) ≤ d(X).

We work by induction on the cardinality of X. If X is a basis, we have
that KX is the ideal generated by the basis dual to X and G(X) is the 1-
dimensional space of constant polynomials. Otherwise, we may assume that
X = (Z, y) and Z still spans V . Given a hyperplane H spanned by a subset
of Z, we have that m(H,X) = m(H,Z) if y ∈ H and m(H,X) = m(H,Z)+1
if y /∈ H.

Notice that by the previous analysis and induction, we may assume that
P(Z) is the subspace of G(X) where all the operators φm(H,X)−1

H vanish, as
H varies in the set Hy of all the hyperplanes spanned by subsets of Z that do
not contain y. Each operator φm(H,X)−1

H applied to G(X) has image in the
space G(X) ∩ ker(φH). We thus have an exact sequence (that will turn out
to be exact also on the right)

0 → P(Z) → G(X) → ⊕H∈Hyφ
m(H,X)−1
H G(X).

For H ∈ Hy we want to estimate the dimension of φm(H,X)−1
H G(X). As usual,

ker(φH) = S[H].
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As before, let us write BX as the disjoint union of BZ and the set B(y)
X . By

definition, if b ∈ B(y)
X , we have that b \ {y} is a basis of a hyperplane H ∈ Hy

extracted from Z ∩H.
By induction, d(H ∩ Z) = dim(G(H ∩ Z)). In order to complete our

claim, since d(X) = d(Z) +
∑
H∈Hy

d(H ∩ Z)), it is enough to see that

φ
m(H,X)−1
H G(X) ⊂ G(H ∩ Z)).

Let us consider a hyperplaneK ofH generated by elements Y ⊂ H∩Z. Let
K̃ be the hyperplane in V spanned by Y and y. An equation φK̃ for K̃ restricts
onH to an equation forK. Thus our claim follows if we show that the elements
of φm(H,X)−1

H G(X) lie in the kernel of the operator φm(K,H∩Z)
K̃

. In other words,

we need to show that for every such K, we have φm(H,X)−1
H φ

m(K,H∩Z)
K̃

∈ KX .
In order to see this, consider all the hyperplanes Li generated by subsets

of X and containing K. The corresponding forms φLi lie in the subalgebra
of polynomials constant on K, which is an algebra of polynomials in two
variables, so we may think of each φLi as a linear form φi := aix + biy. Let
us define hi := |(Li ∩ X) \ K|. Note that each element a ∈ X \ K lies in a
unique Li (equal to 〈K, a〉), so that |X \K| =

∑
i hi. Setting h :=

∑
i hi, we

have that m(Li, X) = h− hi.
We may assume that H = L1 and K̃ = L2. Also, since by construction

clearly (H ∩ Z) \ K = (H ∩ X) \ K, we have m(K,H ∩ Z) = h1. Thus
φ
m(H,X)−1
H φ

m(K,H∩Z)
K̃

= φh−h1−1
1 φh1

2 , and it is enough to show that this form
is in the ideal generated by the forms φh−hi

i ∈ KX .
Our claim now follows from the following analogue of Hermite’s interpo-

lation:

Lemma 11.26. Let {φi(x, y) = aix + biy} be r linear forms, pairwise non-
proportional, and let hi, i = 1, . . . , r, be positive integers. Set h :=

∑r
i=1 hi.

Then all forms of degree h− 1 are contained in the ideal generated by the
elements φh−hi

i .

Proof. Consider the space T of r-tuples of forms f1, . . . , fr with fi of de-
gree hi − 1. Then T is an h-dimensional space and we have a linear map
(f1, . . . , fr) �→

∑r
i=1 fiφ

h−hi
i from T to the h-dimensional space of forms of

degree h− 1. Thus it is enough to show that this map is injective.
Take a relation

∑
i fiφ

h−hi
i = 0. We want to show that all fi = 0. By a

change of variables we may assume that φ1 = x. When we apply the derivative
∂
∂y to this identity, we get

0 =
∂f1

∂y
x(h−1)−(h1−1) +

r∑
i=2

[
∂fi
∂y

φi + fici]φ
(h−1)−hi
i , ci = (h− hi)bi.

Now we can apply induction (we have replaced h1 with h1 − 1) and deduce
that

∂f1

∂y
= 0,

∂fi
∂y

φi + fici = 0, i = 2, . . . ,m.
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In particular, f1 = cxh1−1. The same argument applied to all the φi shows
that fiφh−hi

i = ciφ
h−1
i , ci ∈ C, and thus we have the relation

∑r
i=1 ciφ

h−1
i = 0

and its derivative
∑r
i=2 cibi(h− 1)φh−2

i = 0.
We can finish the proof observing that, when r ≤ h and the φi are pairwise

nonproportional the elements φh−1
i are linearly independent. This can be

proved directly using the Vandermonde matrix (see page 187) but it also
follows by induction using the previous argument.

Remark 11.27. In a recent paper [62], Holtz and Ron study a variation of this
construction by also analyzing, in the case of X in a lattice, the quotient
algebras modulo the ideal generated by φm(H,X)+ε

H when ε = 1 or −1. It turns
out that these algebras, called zonotopal have combinatorial properties related
to zonotopes. For ε = −1 the dimension equals the number of integral interior
points in the zonotope, while for ε = 1, it is the total number of integral points
in the zonotope.

11.3.3 Parametric Case

In the parametric case, we have the decomposition d−1
X =

∑
p cpd

−1
Xp

(cf. (8.5)).
We set QX(µ) equal to the S[V ]-module generated by uX , and for each point
p ∈ P (X,µ), we set QX(p) equal to the S[V ]-module generated by uXp .

Proposition 11.28. 1.

QX(µ) = ⊕p∈P (Xp,µ
p
)QXp(µp).

2. QX(µ) is isomorphic to AX(µ), and the above decomposition coincides with
the decomposition of AX(µ) into its local components.

Proof. The first part follows immediately from Theorem 8.20.
As for the second, since the annihilator of uX contains IX,µ

p
, we have a

map AX(µ) → QX(µ), which by Fitting decomposition induces a map of the
local summands. On each such summand this map is an isomorphism by the
previous theorem, since we can translate p to 0. From this everything follows.

11.3.4 A Filtration

Set L := d−1
X A = d−1

X S[V ], and Lk := L ∩ RX,k. It is of some interest to
analyze these deeper intersections.

If X does not necessarily span V, we define IX as the ideal of A = S[V ]
generated by the products

∏
x∈Y x, where Y ⊂ X is any sublist such that the

span of X \ Y is strictly contained in the span of X. We set AX(V ) = A/IX .
Of course, if we fix a decomposition V := 〈X〉⊕T we have an identification

AX(V ) = AX ⊗ S[T ].
In particular, we can apply the previous definition to any subspace W of

the arrangement and XW := {a ∈ X | a = 0, on W}.
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Theorem 11.29. For each k we have that Lk/Lk−1 is isomorphic to the direct
sum ⊕AXW (V ) as W varies over all the subspaces of codimension k of the
arrangement.

Proof. Consider the map A → L given by f → d−1
X f . By its very definition,

and Theorem 11.20, the ideal IX maps isomorphically onto Ls−1. So

Ls−1 =
∑
H

d−1
X∩HA

as H runs over the hyperplanes spanned by subsets of X. Set LH = d−1
X∩HA.

By Proposition 8.18, the filtration by polar order in RX induces the same
filtration in RX∩H for each such hyperplane H. On the other hand, by defi-
nition, RX,s−1 =

∑
H RX∩H . We deduce that for each k ≤ s− 1,

Lk/Lk−1 =
∑

LH,k/LH,k.

We have X ∩H = XH⊥ , and by induction we have that LH,k/LH,k−1 is the
direct sum of all the pieces AXW as W varies over the spaces of codimension
k in V of the arrangement defined by equations in X ∩ H, in other words
containing the line H⊥. It follows that for each k ≤ s,

Lk/Lk−1 =
∑

W cod W=k

AXW .

The fact that this sum is direct then follows from Theorem 8.10.

Remark 11.30. Using the Laplace transform, the previous discussion can be
translated into an analysis of the distributional derivatives of the multivariate
spline, i.e., into an analysis of the various discontinuities achieved by the
successive derivatives on all the strata of the singular set.

11.3.5 Hilbert Series

When we compute the Hilbert series of d−1
X S[V ] directly or as the sum of the

contributions given by the previous filtration we get the identity:

q−|X|

(1− q)s
=

s∑
k=0

∑
W∈Wk

q−|XW |

(1− q)s−k
HXW (q), (11.7)

or

1 =
s∑

k=0

∑
W∈Wk

q|X|−|XW |(1− q)kHXW (q). (11.8)

Here Wk denotes the collection of subspaces of codimension k of the arrange-
ment, and if W ∈ Wk, we denote by XW the set of elements in X vanishing
on W .
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In terms of external activity this formula is

q|X| =
s∑

k=0

(q − 1)k
∑

W∈Wk

EXW (q). (11.9)

Notice that this formula coincides with formula (2.10), which we proved com-
binatorially.

In the applications to the box spline it is interesting, given a set X of
vectors that we list is some way, to consider for each k ≥ 0 the list Xk in
which every element a ∈ X is repeated k times. Let us make explicit the
relationship between HX(q) and HXk(q).

First, the number of bases in the two cases is clearly related by the formula
d(Xk) = d(X)ks, since to each basis b := (b1, . . . , bs) extracted from X we
associate ks bases b(h1, . . . , hs), indexed by s numbers 1 ≤ hi ≤ k each
expressing the position of the corresponding bi in the list of the k repeated
terms in which it appears.

Now it is easy to see that

e(b(h1, . . . , hs)) = ke(b) + (h1 − 1) + · · ·+ (hs − 1).

Thus we deduce the explicit formula

HXk(q) =
∑
b∈BX

k∑
h1,...,hs=1

qkm−ke(b)−(h1−1)−···−(hs−1) = HX(qk)
(qk − 1
q − 1

)s
.

11.4 More Differential Equations

11.4.1 A Characterization of the Polynomials pb(−x)

Our next task is to fully characterize the polynomials pb(−x) appearing in
formula (9.5) by differential equations. In Theorem 11.6, we have seen that
these polynomials lie in D(X).

For a given unbroken basis b, consider the element DX\b :=
∏
a∈X, a/∈bDa.

Proposition 11.31. 1. The polynomials pb(−x) satisfy the system

DX\bpc(−x1, . . . ,−xs) =

{
1 if b = c,

0 if b 
= c.
(11.10)

2. The polynomials pb(−x) for b ∈ NB form a basis of D(X)m−s. They are
characterized, inside D(X), by the equations (11.10).
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Proof. 1 This follows from the identity dX\buX = ub and Formula (11.3).
In fact, this last formula is based on the fact that the Fourier dual of the
module of polar parts is a direct sum P̂X = ⊕b∈NBC[x1, . . . , xs]ûb of copies of
the polynomial ring in which ûX =

∑
b∈NB pb(−x1, . . . ,−xs)ûb. In the Fourier

dual the identity dX\buX = ub becomes DX\bûX = ûb.
2 The previous equations imply the linear independence. On the other

hand, by Theorem 11.13, the dimension of D(X)m−s equals the number of
unbroken bases, and the claim follows.

As a consequence, using formula (9.5), we can characterize by differential
equations the multivariate spline TX(x) on each big cell Ω as the function T
in D(X)m−s satisfying the equations

DX\bT =

{
|det(b)|−1 if Ω ⊂ C(b),
0 otherwise.

(11.11)

We have identified D(X) with the dual of AX and hence of QX . The basis
ub, that we found in QX , thus defines a dual basis ub in D(X). In particular,
for top degree we have the following:

Corollary 11.32. When b ∈ NB, we have ub = pb(−x).

Proof. In order to avoid confusion, taking a basis xi for V we write a typical
vector of V as

∑
i yixi and consider the polynomial functions on V as poly-

nomials in the variables yi. The polynomial associated to ub is by definition〈
ub | e

∑
i yixiuX

〉
=
〈
ub | e

∑
i yixi

∑
c∈NB

pc

( ∂

∂x

)
uc

〉
.

Let us compute e
∑
i yixi

∑
c∈NB pc(

∂
∂x )uc.

The commutation relation [ ∂
∂xj

, e
∑
i xiyi ] = yje

∑
i xiyi implies that for ev-

ery polynomial f, we have e
∑
i yixif( ∂

∂xi
) = f( ∂

∂xi
− yi)e

∑
i yixi . Further, we

have the fact that e
∑
i yixiuc = uc. So we get

e
∑
i yixipc

( ∂

∂x

)
uc = pc

( ∂

∂x1
− y1, . . . ,

∂

∂xs
− ys

)
uc.

Now, by degree considerations we have〈
ub | pc

( ∂

∂x
− y
)
uc

〉
= 〈ub | pc(−y)uc〉 = pc(−y)δbc,

whence
〈ub | e

∑
i yixiuX〉 = pb(−y1, . . . ,−ys).
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We shall use a rather general notion of the theory of modules. Recall that
the socle s(M) of a module M is the sum of all its irreducible submodules.
Clearly if N ⊂ M is a submodule, s(N) ⊂ s(M) while for a direct sum we
have s(M1 ⊕M2) = s(M1) ⊕ s(M2). If M is an S[V ] module that is finite-
dimensional as a vector space, then s(M) 
= 0 so that for a nonzero submodule
N we must have N ∩ s(M) = s(N) 
= 0.

Proposition 11.33. The socle of the S[V ]-module QX coincides with its top-
degree part, with basis the elements ub.

Proof. The socle of the algebra of polynomials, thought of as a module over
the ring of constant coefficient differential operators, reduces clearly to the
constants. By the Fourier transform, the socle of the algebra of constant
coefficients differential operators thought of as a module over the polynomial
ring, is also C. It follows that the socle of PX (as an S[V ]-module), is the
vector space with basis the elements ub. Since ub ∈ QX , we have s(QX) =
s(PX), and the claim follows.

Theorem 11.34. The space D(X) is spanned by the polynomials pb as b runs
over the set of unbroken bases, and all of their derivatives.

Proof. Consider in D(X) the submodule N generated, under the action of
S[V ], by the polynomials pb, as b runs over the set of unbroken bases.

Recall that D(X) is in duality with AX and so with QX . Consider the
submodule N⊥ of QX orthogonal to N . Since the polynomials pb, b ∈ NB,
are in duality with the elements ub ∈ QX and s(QX) is generated by the ub,
we have N⊥∩s(QX) = {0}. This implies that N⊥ = {0}, so that D(X) = N,
as desired.

We finish this section observing that when we dualize the sequence (11.6), we
get the exact sequence

0 → D(Z) −→ D(X) −→
⊕

Y ∈Sy(X)

D(Y ) → 0.

By definition, an element φ of Q∗
X is the polynomial that, takes the value

〈φ | exuX〉 on an element x ∈ V . Thus, since the surjective map QX → QZ
maps the generator uX to the generator uZ , the dual map corresponds to the
inclusion D(Z) ⊂ D(X). As for the other inclusion maps QY → QX , we have
that the generator uY maps to uy,Y =

∏
a∈X\(y,Y ) auX . Therefore, in the

dual map, a polynomial p ∈ D(X) maps, for each summand associated to Y,
to the polynomial DX\(y,Y )p.

Observe that D(Z) is also the image of D(X) under the operator Dy.

11.4.2 Regions of Polynomiality

We already know, by Theorem 9.7 that the function TX is a polynomial when
restricted to any big cell. Conversely, we have the following result:
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Theorem 11.35. On two different big cells the function TX coincides with
two different polynomials.

Proof. By Theorem 9.16 each big cell Ω inside C(X), coincides with the in-
tersection of the interior of the cones C(b), as b varies among the unbroken
bases such that Ω ⊂ C(b). Therefore, two different big cells correspond to
two different subsets of NB. On the other hand, by formula (9.5)

TX(x) =
∑

b | Ω⊂C(b)

|det(b)|−1pb(−x),

so our claim follows from the linear independence of the elements pb, proven
in Proposition 11.10.

11.4.3 A Functional Interpretation

Call T rX the restriction of TX to the open set Creg(X) of strongly regular
points. We note that T rX is a C∞ function on Creg(X). A differential oper-
ator P applied to TX as a distribution, gives a distribution supported in the
singular points if and only if we have PT rX = 0, on Creg(X). If P ∈ S[V ] is
polynomial with constant coefficients, this means that Pd−1

X ∈ Rs−1 or that
P is in the annihilator of uX . Applying Theorem 11.20, we have the following:

Proposition 11.36. The module QX can be identified with the space of func-
tions on Creg(X) obtained from T rX by applying derivatives.

We can now complete our discussion on the relationship between D(X) and
the polynomials pΩ coinciding with TX in the interior of the big cells Ω.

Theorem 11.37. The polynomials pΩ coinciding with TX in the interior of
the big cells Ω span the top degree part of D(X).

Proof. We already know that these polynomials are linear combinations of
the elements pb that form a basis of the top degree part of D(X). Thus, by
duality, it is enough to show that every differential operator with constant
coefficients that annihilates the elements pΩ also annihilates the elements pb,
in other words, that it is in IX .

Now we use the previous proposition.

We have identified QX with a space of functions on Creg(X). It is graded
by homogeneity. In particular, in degree zero we have the locally constant
functions.

Remark 11.38. It follows from Proposition 11.33 that the locally constant func-
tions in QX have as basis the restriction to Creg(X) of the characteristic
functions of the cones C(b), as b runs over the unbroken bases.

This theorem has an intriguing combinatorial corollary, whose proof we leave
to the reader. We consider the incidence matrix between big cells Ω and
unbroken base b, where we put 1 or 0 in the (Ω, b) position according to
wether Ω ⊂ C(b) or not. Then this matrix has maximum rank equal to the
number of unbroken bases.
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11.5 General Vectors

11.5.1 Polynomials

Let us first recall an elementary fact about polynomials. The space of homoge-
neous polynomials of degree k in s variables has as basis the set of monomials
xh1

1 · · ·xhss indexed by s-tuples h1, . . . , hs, hi ∈ N,
∑
i hi = k. Let us estab-

lish a one-to-one correspondence between these sets of indices and subsets of
{1, . . . , k + s − 1} consisting of s − 1 elements. We think of such a subset A
as an ordered sequence 1 ≤ i1 < i2 < · · · < is ≤ k + s − 1. The correspon-
dence associates to such an A the sequence h1, . . . , hs with the property that
h1 + h2 + · · ·+ hr counts the number of positive integers that do not belong
to A and are less than the r-th element ir of A (where r ∈ {1, . . . , s− 1}).

In particular, the dimension of this space is
(
k+s−1
s−1

)
. The space of all

polynomials in s variables of degree ≤ k is isomorphic to the space of homo-
geneous polynomials of degree k in s+1 variables, and hence it has dimension(
k+s
s

)
.

11.5.2 Expansion

The set of m-tuples of vectors (a1, . . . , am) with ai ∈ Rs clearly form a vector
space of dimension sm. The condition that a subset A of (a1, . . . , am) with s
elements form a basis is expressed by the nonvanishing of the corresponding
determinant. Thus the set of m-tuples of vectors with the property that every
subset of s of them is a basis form a dense open set. A sequence with this
property will be referred to as a generic sequence. For a generic sequence X
many of our combinatorial theorems take a very special form.

First let us understand the unbroken bases.

Proposition 11.39. A subsequence of s elements of a generic sequence X is
an unbroken basis if and only if it contains a1.

Proof. Any unbroken basis contains a1, so the condition is necessary. Con-
versely, a basis containing a1 is unbroken, since every k elements extracted
from X are linearly independent, provided that k ≤ s.

We thus have
(
m
s

)
bases extracted from X and

(
m−1
s−1

)
unbroken bases.

This implies readily the following theorem

Theorem 11.40. If X is generic, the space D(X) coincides with the space of
all polynomials of degree ≤ m− s.

Proof. By Theorem 11.13 we have dim(D(X)) = d(X), and if X is generic
this equals

(
m
s

)
. Moreover, D(X) is contained in the space of all polynomials

of degree ≤ m−s (in s variables), that has dimension
(
m
s

)
. The claim follows.
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Corollary 11.41. Consider the
(
m
s−1

)
subsets of X formed by m − s + 1 el-

ements. For each such subset A we have dA :=
∏
a∈A a ∈ Sm−s+1(V ). The

elements dA are linearly independent, and hence form a basis of Sm−s+1(V )
if and only if X is generic.

Proof. Assume first X generic. By Theorem 11.40, the ideal IX that is the
orthogonal of D(X) under the duality pairing, is just the ideal generated by
Sm−s+1(V ). On the other hand the subsets of X of cardinality m− s+ 1 are
exactly the minimal cocircuits in X. It follows that the elements dA as A runs
over such subsets generate IX . In particular, since they are homogeneous of
degree m−s+1, they span Sm−s+1(V ). Now we have dimSm−s+1(V ) =

(
m
s−1

)
thus these elements are necessarily linearly independent.

If on the other hand X is not generic there exist s linearly dependent
elements Y in X, then the elements d(a,X\Y ), a ∈ Y are linearly dependent.

Until the end of this chapter let us assume that X is generic. Let us now
consider the expression of 1/

∏
a∈X a = d−1

X .

Theorem 11.42. There exist computable constants cAX with

d−1
X =

∑
A⊂{a2,...,am},

|A|=s−1

cAX
am−s+1
1

∏
a∈A a

. (11.12)

Proof. By induction, on m ≥ s. The case m = s is trivial, so assume m > s
and set Y := {a1, . . . , am−1}. We have the following

d−1
X = d−1

Y a−1
m =

∑
A⊂{a2,...,am−1},

|A|=s−1

cAY
am−s
1

∏
a∈A aam

. (11.13)

Fix a subset A ⊂ {a2, . . . , am−1} with s− 1 elements. By assumption, the set
A := A ∪ {am} is a basis of V and we can write a1 =

∑
b∈A d

b
Ab. If we now

multiply numerator and denominator by a1 and use this expression, we get

cAY
am−s
1

∏
a∈A aam

=
a1c

A
Y

am−s+1
1

∏
a∈A a

=
∑
b∈A

dbA
cAY

am−s+1
1

∏
a∈A\{b} a

.

Substituting into (11.13) one gets (11.12) and also a recursive expression for
the constants cAX .

In order to compute the cAX we can alternatively use Corollary 11.41 in the
following way. For each A ⊂ {a2, . . . , am}, |A| = s − 1, construct the ele-
ment qA :=

∏
a∈{a2,...,am}\A a. If we multiply 11.12 by am−s

1 dX , we get the
expression

am−s
1 =

∑
A⊂{a2,...,am},

|A|=s−1

cAXqA.

On the other hand, Corollary 11.41 applied to {a2, . . . , am} tells us that the
elements qA form a basis of Sm−s(V ), so the constants cAX are the coefficients
of the expansion of am−s

1 in this basis.
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11.5.3 An Identity

We want to deduce a simple identity from the previous discussion. Let us con-
sider the vectors ai =

∑s
j=1 xi,jej with variable coordinates, i ∈ {1, . . . ,m}.

For a subset A ⊂ {1, . . . ,m} with s− 1 elements, set as before

qA =
∏
a/∈A

a =
∑

h1+h2+···+hs=m−s+1

ph1,...,hs
A (xi,j)

(
m− s+ 1
h1 h2 · · ·hs

)
eh1
1 · · · ehss .

The polynomials ph1,...,hs
A (xi,j) can be considered as entries of an

(
m
s−1

)
×
(
m
s−1

)
matrix ∆ whose determinant is a homogeneous polynomial in the variables
xi,j of degree (m − s + 1)

(
m
s−1

)
, which we denote by ∆(xi,j). By Corollary

11.41, this polynomial is nonzero at (a1, . . . , am) if, and only if, these vectors
are generic. In other words, ∆(xi,j) vanishes exactly on the variety where
one of the

(
m
s

)
determinants det(B) of the matrix B, consisting of s columns

extracted from X, vanish. These polynomials are all irreducible and each of
degree s. Thus ∆(xi,j) is divisible by their product

∏
B det(B) that in turn is

a polynomial of degree s
(
m
s

)
. Since s

(
m
s

)
= (m− s+ 1)

(
m
s−1

)
we deduce that

∆(xi,j) = c
∏
B det(B) for some nonzero constant c. In particular, ∆(xi,j) = 0

defines the variety of (a1, . . . , am) that are not generic.

11.5.4 The Splines

Formula (11.12) gives the explicit computation for the multivariate spline TX .
Given A ⊂ {a2, . . . , am−1}, with |A| = s− 1, let bA denote the element, dual
to a1, in the basis dual to the basis A ∪ {a1}, i.e.

〈bA | a1〉 = 1, 〈bA | a〉 = 0, ∀a ∈ A.

Here bA is a linear equation for the hyperplane generated by A (normalized
using a1). Thinking of bA as a derivation, denote it by ∂A. We have thus

d−1
X =

∑
A⊂{a2,...,am},

|A|=s−1

(−1)m−s∂m−s
A

cAX
(m− s)!a1

∏
a∈A a

. (11.14)

We deduce, from Proposition 11.31 the formula for the polynomials pb,
where b = {a1, A}:

p{a1,A} = bm−s
A

cAX
(m− s)!

.

As a corollary we get a variant of Corollary 11.41

Corollary 11.43. Consider the
(
m
s−1

)
subsets of X formed by s− 1 elements.

The elements bm−s+1
A form a basis of Sm−s+1(V ).

Proof. Apply Lemma 11.10.



186 11 Differential Equations

Denote by χA the characteristic function of the cone generated by the ba-
sis (a1, A) divided by the absolute value of the determinant δA of (a1, A).
Applying the inverse Laplace transform, we obtain

TX =
∑

A⊂{a2,...,am},
|A|=s−1

bm−s
A

cAX
(m− s)!

χA. (11.15)

Given a big cell Ω, let us define

SΩ := {A ⊂ {a2, . . . , am}, |A| = s− 1, Ω ⊂ C(a1, A)}.

We have thus by Theorem 9.7, when x ∈ Ω,

TX(x) =
∑
A∈SΩ

bA(x)m−s cAX
(m− s)!

δ−1
A . (11.16)

We now want to take advantage of the fact that TX is of class Cm−s+1,
that is the maximal possible for a multivariate spline constructed with m
vectors in Rs. This implies that crossing a wall of the decomposition into
big cells of C(X), the two polynomials describing TX in two consecutive cells
must agree with all their derivatives of order ≤ m−s+1. Thus the difference
of these two polynomials is a polynomial of degree m − s vanishing with all
these derivatives on the hyperplane generated by the wall.

By definition, each codimension-one face of a big cell Ω is part of an
(s− 1)-dimensional cone C(A) generated by a subset A with s− 1 elements.

Assume now that a1 /∈ A. We have two possibilities: either a1 lies in the
same half-space as Ω or it lies in the opposite space. Using the expression
(11.16) and the fact that the elements bm−s

A are linearly independent, we see
that in the first case the expression of TX changes by dropping the term in
bm−s
A ; in the second case, by adding it.

Of course, a1 is auxiliary and one can make a different choice obtaining
a different basis and rules for crossing walls. This observation appears to
generate a number of interesting relations among the linear equations of these
hyperplanes.

11.5.5 A Hyper-Vandermonde Identity

Consider again the vectors ai =
∑s
j=1 xi,jej with variable coordinates, where

i ∈ {1, . . . ,m}. For a subset A = {a1, . . . , as−1} ⊂ {1, . . . ,m} with s − 1
elements, consider

fA = a1 ∧ · · · ∧ as−1 =
s∑
j=1

�jA(xi,j)e1 ∧ · · · ∧ ěj ∧ · · · ∧ es.

Denote by uj ∈ V ∗ the basis dual to ei. We can identify, up to some deter-
minant,

∧s−1
V = V ∗, and since fA ∧ ai = 0, ∀i ∈ {1, . . . , s1}, we think of
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fA =
∑s
j=1(−1)s−j�jA(xi,j)uj as a multiple of the linear form bA. We now

pass to the elements

fm−s+1
A =

∑
∑s
i=1 hi=m−s+1

sh1,...,hs
A (xi,j)uh1

1 · · ·uhss ∈ Sm−s+1(
s−1∧

V ).

The polynomials sh1,...,hs
A (xi,j) can be considered again as entries of a square(

m
s−1

)
×
(
m
s−1

)
matrix Γ . We denote its determinant by Γ (xi,j), this is a

polynomial of degree (m− s + 1)
(
m
s−1

)
. We apply the results of the previous

paragraph (adding an auxiliary vector a0 to the list that makes it of m + 1
elements).

Lemma 11.44. The polynomial Γ (xi,j) is nonzero if and only if when we
evaluate the xi,j , the resulting vectors are generic.

Proof. In one direction this is a consequence of corollary 11.43. On the other
hand, if s elements in X are dependent, the s subsets of this sublist consisting
of s−1 elements give rise either always to 0 or to proportional linear functions.
In any case, the resulting elements bm−s+1

A are no longer independent and thus
cannot be a basis.

We have thus proved that the determinant Γ (xi,j) vanishes exactly on the
variety where one of the

(
m
s

)
determinants det(B) of the matrix B, consisting

of s columns extracted from X, vanish. These polynomials are all irreducible
and each of degree s thus Γ (xi,j) is divisible by their product

∏
B det(B),

which in turn is a polynomial of degree s
(
m
s

)
. Since s

(
m
s

)
= (m−s+1)

(
m
s−1

)
, we

deduce that Γ (xi,j) = c
∏
B det(B) for some nonzero constant c. In particular,

we have the following result:

Theorem 11.45. For some nonzero constant c′ we have Γ (xi,j) = c′∆(xi,j).

Let us discuss in detail the case m = 2.
It is convenient to dehomogenize the coefficients and set fi = aix + y, so

that

fi ∧ fj = ai − aj and fm−1
i =

m−1∑
j=0

am−1−j
i

(
m− 1
j

)
xm−1−jyj .

The matrix Γ (in the basis
(
m−1
j

)
xm−1−jyj) is the Vandermonde matrix, and

the resulting identity is the usual computation of its determinant.
For the matrix ∆ we compute

∏
j 
=i(ajx+ y) =

∑m−1
i=0 eijx

jym−1−j .
Thus the entry eij of ∆ is the j-th elementary symmetric function in the

elements a1, . . . , ǎi, . . . , am. By comparing leading terms, one finds that the
constant c′ in the previous identity equals 1.

We make explicit the discussion of the multivariate spline in dimension 2.
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Let X := {a1, . . . , am+1} be m + 1 pairwise nonproportional vectors, or-
dered in a clockwise form, in coordinates ai = (xi, yi). The cone generated
by them is the quadrant C(a1, am+1), and it is thus divided in m cells, the
cones Ci := C(ai, ai+1), i = 1, . . . ,m. The unbroken bases for this ordering
are the bases a1, ai, i = 2, . . . ,m+1 with determinant di = x1yi− y1xi. Each
generates a cone Ui := C(a1, ai).

A point in the closure of Ci lies exactly in the cells Uj , j ≥ i+ 1.
In order to apply formula (11.16) we first observe that the linear function

bi equals d−1
i (yix − xiy), and then we only need to compute the coefficients

of the expansion am−1
1 =

∑m+1
i=2 ci

∏
j 
=i,1 ai. We finally get, for x ∈ Ci

TX(x) =
m+1∑
j=i+1

bm−1
i

ci
(m− 1)!|di|

.

Notice that when i = 1, the sum
∑m+1
j=2 bm−1

i
ci

(m−1)!|di| is also a multiple of
the power am−1

1 .

Problem: Using the duality pairing

Sm−s+1(
s−1∧

V )× Sm−s+1(V ) → (
s∧
V )m+s−1,

we should compute the interesting matrix of pairings 〈fm−s+1
A | qB〉 indexed

by pairs of subsets of X with s− 1 elements.
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Integral Points in Polytopes

In this chapter we begin to study the problem of counting the number of
integer points in a convex polytope, or the equivalent problem of computing a
partition function. We start with the simplest case of numbers. We continue
with the theorems of Brion and Ehrhart and leave the general discussion to
the next chapters.

12.1 Decomposition of an Integer

12.1.1 Euler Recursion

Given positive integers h := (h1, . . . , hm), the problem of counting the number
of ways in which a positive integer n can be written as a linear combination∑n
i=1 kihi, with the ki again positive integers, is a basic question in arithmetic.

Its answer is quite complex. For instance, in the simple example in which we
want to write

b = 2x+ 3y, x, y ∈ N,

we see directly that the answer depends on the class of b modulo 6:

Residue modulo 6 Number of solutions
0 b/6 + 1
1 (b− 1)/6
2 (b+ 4)/6
3 (b+ 3)/6
4 (b+ 2)/6
5 (b+ 1)/6

The following approach goes back at least to Euler, who showed that this
function, that we denote by Th(n) or simply un, satisfies a simple recursive
relation that at least in principle allows us to compute it. The relation is
classically expressed as follows. First notice that u0 = 1. Consider the poly-
nomial

∏
i(1 − xhi), expand it, and then for any n > 0 substitute formally
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© Springer Science + Business Media, LLC 2010 
and Box-Splines, Universitext, DOI 10.1007/978-0-387-78963-7_12,  

191



192 12 Integral Points in Polytopes

for each xr the expression un−r (setting uh = 0 for h < 0). If we equate the
resulting expression to 0, we get the required recursion (cf. formula 12.1).

We shall presently explain the meaning of these types of recursions in the
general multidimensional case.

Let us start by remarking:

Lemma 12.1. The number Th(n) is the coefficient of xn in the power series
expansion of

Sh(x) :=
m∏
i=1

1
1− xhi

= 1 +
∞∑
n=1

Th(n)xn.

Proof.
m∏
i=1

1
1− xhi

=
m∏
i=1

∞∑
k=0

xkhi =
∞∑

k1=0,...,km=0

x
∑m
i=1 kihi = 1 +

∞∑
n=1

Th(n)xn.

If
∏m
i=1(1− xhi) = 1 +

∑N
j=1 wjx

j , we have

(1 +
∞∑
n=1

Th(n)xn)(1 +
N∑
j=1

wjx
j) = 1,

that is, the recursion

Th(n) +
n∑
j=1

wjTh(n− j) = 0, ∀n > 0, Th(0) = 1. (12.1)

In general, given a sequence v := {vn}, n ∈ Z, we shall consider its generating
function Gv(x) :=

∑∞
n=−∞ vnx

n.
Such expressions are not to be understood as functions or convergent series,

but only symbolic expressions. They form a vector space but cannot in general
be multiplied. Nevertheless, they form a module over the algebra of Laurent
polynomials.

Let us now introduce the shift operator on sequences v := {vn} defined by
(τv)n := vn−1. We clearly have

Gτv(x) = xGv(x).

Given a polynomial p(x) and a constant c (that we think of as a sequence
which is zero for n 
= 0), we say that v satisfies the recursion (p(τ), c) if
p(τ)(v) = c.

In terms of generating functions this translates into p(x)Gv(x) = c.
In our case, setting ph(x) =

∏m
i=1 (1− xhi), the function Sh(x) obviously

satisfies the recursion equation

ph(x)Sh(x) = 1, (12.2)

whence the recursion (ph(τ), 1). Notice that the series Sh(x) is clearly the
unique solution to (12.2) that is a power series.
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Remark 12.2. Observe (using (5.4)) that

ph(τ) =
m∏
i=1

∇hi , ph(τ)f(x) =
∑

S⊂{1,...,m}
(−1)|S|f(x−

∑
i∈S

hi).

Thus formula (12.2) gives the following recursive formula for f(x) = Sh(x):

f(x) =
∑

S⊂{1,...,m}, S 
=∅
(−1)|S|+1f(x−

∑
i∈S

hi), (12.3)

subject to the initial conditions f(0) = 1, f(j) = 0, ∀j | −
∑m
i=1 hi < j < 0.

We shall see a far-reaching generalization of these results in Section 13.2.2
and especially Theorem 13.52.

The number of ways in which n can be written as combination of numbers
hi was called by Sylvester a denumerant, and the first results on denumerants
are due to Cayley and Sylvester, who proved that such a denumerant is a
polynomial in n of degree m − 1 plus a periodic polynomial of lower degree
called an undulant; see Chapter 3 of the book of Dickson [50] or the original
papers of Cayley Sylvester, or in Kap. 3 of Bachmann [5]; and we present a
variant of this in the next two sections. A different approach is also developed
by Bell in 1943 [15]. A more precise description of the leading polynomial
part and of the periodic corrections is presented in Section 16.3. Finally, a
computational algorithm is presented in Section 16.4.

12.1.2 Two Strategies

Fix positive integers h := (h1, . . . , hm). In order to compute for a given n ≥ 0
the coefficient Th(n) of xn in the series expansion of the function

Sh(x) =
∏
i

1
1− xhi

=
∞∑
n=0

Th(n)xn,

or equivalently, of x−1 in the expansion of x−n−1Sh(x), we can use two essen-
tially equivalent strategies, that we are going to analyze separately from the
algorithmic point of view.

1. Develop Sh(x) in partial fractions.

2. Compute the residue

1
2πi

∮
x−n−1∏
i 1− xhi

dx

around 0.
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In both cases first we must expand in a suitable way the function Sh(x).
Given k, let us denote by ζk := e

2πi
k a primitive k-th root of 1; we have then

the identity

1− xk =
k−1∏
i=0

(1− ζikx) = (−1)k−1
k−1∏
i=0

(ζik − x).

Using this, we can write

Sh(x) := (−1)
∑
i hi−m

m∏
i=1

hi−1∏
j=0

1
ζjhi − x

=
m∏
i=1

hi−1∏
j=0

1
1− ζjhix

. (12.4)

Let µ be the least common multiple of the numbers hi, and write µ = hiki.
If ζ = e2πi/µ, we have ζhi = ζki ; therefore we have the following:

Lemma 12.3.

Sh(x) =
∏
i

1
1− xhi

=
m∏
i=1

hi−1∏
j=0

1
1− ζkijx

=
µ−1∏

=0

1
(1− ζ
x)b�

,

where the integer b
 is the number of ki that are divisors of �.

In particular, the function x−n−1Sh(x), n ≥ 0, has poles at 0 and at the µ-th
roots of 1 (but not at ∞).

12.1.3 First Method: Development in Partial Fractions.

The classical method starts from the fact that there exist numbers ci for which

µ−1∏
i=0

1
(1− ζix)bi

=
µ−1∑
i=0

bi∑
k=1

ci,k
(1− ζix)k

. (12.5)

In order to compute them, we can use recursively the simple identity, valid
if a 
= b

1
(1− ax)(1− bx)

=
1

a− b

[ a

(1− ax)
− b

(1− bx)

]
and then (cf. Section 11.5.1)

1
(1− t)k

=
∞∑
h=0

(
k − 1 + h

h

)
th (12.6)

to get

µ−1∏
i=0

1
(1− ζix)bi

=
µ−1∑
i=0

bi∑
k=1

ci,k

[ ∞∑
h=0

(
k − 1 + h

h

)
(ζix)h

]
. (12.7)
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We have thus obtained a formula for the coefficient

Th(n) =
µ−1∑
i=0

ζin
[ bi∑
k=1

ci,k

(
k − 1 + n

n

)]
.

Let us observe now that(
k − 1 + n

n

)
=

(n+ 1)(n+ 2) · · · (n+ k − 1)
(k − 1)!

is a polynomial of degree k − 1 in n, while the numbers ζin depend on the
coset of n modulo µ. Given an 0 ≤ a < µ and restricting us to the numbers
n = µk + a, we have the following:

Theorem 12.4. The function Th(mk + a) is a computable polynomial in the
variable k of degree ≤ max(bi).

The fact that Th(n) is a polynomial on every coset means that it is a quasipoly-
nomial, or periodic polynomial.

12.1.4 Second Method: Computation of Residues

Here the strategy is the following: shift the computation of the residue to the
remaining poles, taking advantage of the fact that the sum of residues at all
the poles of a rational function is 0.

From the theory of residues we have

1
2πi

∮ ∏
i

x−n−1

1− xhi
dx = −

µ−1∑
j=1

1
2πi

∮
Cj

µ∏
t=1

x−n−1

(1− ζtx)bt
dx,

where Cj is a small circle around ζ−j . In order to compute the term

1
2πi

∮
Cj

µ∏
t=1

x−n−1

(1− ζtx)bt
dx, (12.8)

we perform the change of coordinates x = w + ζ−j , obtaining

1
2πi

∮
Cj−ζ−j

µ∏
t=1

(w + ζ−j)−n−1

(1− ζt−j − ζtw)bt
dw.

Now
∏m
t=1, t
=j 1/(1− ζt−j − ζtw)bi is holomorphic around 0, and we can ex-

plicitly expand it in a power series
∑∞
h=0 aj,hw

h, while

(w + ζ−j)−n−1 = ζj(n+1)
∞∑
k=0

(−1)k
(
n+ k

k

)
(ζjw)k.
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Finally, we have that (12.8) equals

(−1)bj

2πi

∮
Cj−ζ−j

ζj(n+1−bj)
( ∞∑
k=0

(−1)k
(
n+ k

k

)
ζjkwk

)( ∞∑
h=0

aj,hw
h
)
w−bjdw

= (−1)bjζj(n+1−bj)
∑

k+h=bj−1

(−1)kζjk
(
n+ k

k

)
aj,h.

Summing over j, we obtain an explicit formula for Th(n), again as a quasipoly-
nomial.

Observe that in order to develop these formulas it suffices to compute a
finite number of coefficients aj,h.

In these formulas roots of unity appear, while the final partition functions
are clearly integer-valued. An algorithmic problem remains. When we write
out our expressions, we get, for each coset, a polynomial that takes integer
values but that a priori is expressed with coefficients that are expressions in
the root ζ. We need to know how to manipulate such an expression. This is
an elementary problem, but it has a certain level of complexity and requires
some manipulations on cyclotomic polynomials. We shall explain in Section
16.3 how to sum over roots of unity by computing so called Dedekind sums.

12.2 The General Discrete Case

12.2.1 Pick’s Theorem and the Ehrhart Polynomial

As we shall see presently, the problem of counting integer points in a polytope
is computationally difficult. One main point is how we describe the polytopes
P and how to study this number as a function of the given data describing P .
We have seen that there are basically two dual approaches to the description
of convex polytopes. One is as the convex envelope of finitely many points,
the other as the set of points satisfying finitely many linear inequalities. Most
of our work is concerned with the second point of view, but we want first to
recall some classical results on the first approach. We refer to [14] for details
and several instructive examples.

There is a beautiful simple formula known as Pick’s theorem in the 2-
dimensional case. If P is a convex polygon whose vertices have integral coor-
dinates, we call it an integral polygon. Let A be its area, and let I,B be the
numbers of integer points in P and in its boundary, respectively. We have
then

Pick’s theorem: A = I +
1
2
B − 1.

The proof is by a simple subdivision argument, and we refer to [14] for details.
An attempt to generalize this result was made in several papers of Ehrhart

[53], [54]. Starting from an integral polytope P he studied the number p(n)
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of points of the homothetic polytopes nP with n ∈ N and showed that p(n)
is in fact a polynomial in n, the Ehrhart polynomial. For a rational polytope
one instead obtains a quasipolynomial. Its leading term is clearly asymptotic
to the volume of nP, and it is an interesting question to describe its various
coefficients more geometrically. Not much is known about this, but we shall
point out some properties.

12.2.2 The Space C[Λ ] of Bi-infinite Series

In passing to the general case, we need to develop a small amount of general
formalism that will help us in the proof of Brion’s theorem.

Let Γ be a lattice of rank m, that by choosing a basis we can identify
with Zm. As in Section 5.3.1 we denote by C[Γ ] the space of complex-valued
functions on Γ . This is the algebraic dual to the group algebra C[Γ ]. Indeed,
given f ∈ C[Γ ] and c =

∑
γ∈Γ cγe

γ , the pairing 〈f | c〉 is given by

〈f | c〉 =
∑
γ∈Γ

f(γ)cγ

This makes sense, since only finitely many coefficients cγ are different from
zero.

If γ ∈ Γ, we denote by δγ the delta function on Γ identically equal to 0 on
Γ, except for δγ(γ) = 1. Thus an element f ∈ C[Γ ] can be expanded as

f =
∑
γ∈Γ

f(γ)δγ .

According to definition 5.20 this is also thought of as a distribution supported
in Γ .

The support of a function f ∈ C[Γ ] is the set of elements γ ∈ Γ with
f(γ) 
= 0.

Alternatively, if we consider the compact torus T = hom(Γ, S1) dual to Γ
(resp. the algebraic torus TC = hom(Γ,C∗)), the ring C[Γ ] may be considered
as a ring of C∞ functions on T (resp. as the ring of regular functions on TC).

With this in mind we may also consider the space C[[Γ ]] of formal un-
bounded power series ∑

γ∈Γ
g(γ)eγ

as a space of formal generalized functions on T and think of the values g(γ)
as Fourier coefficients.

We have an obvious isomorphism of vector spaces

L : C[Γ ] → C[[Γ ]]

defined by
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Lf =
∑
v∈Γ

f(γ)e−γ ,

that the reader should think of as a formal Laplace transform.

Remark 12.5. (i) Usually the functions f we are going to consider satisfy
suitable growth conditions that ensure that f(γ) can be considered as
the Fourier coefficients of a function or sometimes a generalized function
on T .

(ii) In general, C[Γ ] is not an algebra. However, given f1, f2 ∈ C[Γ ] with
respective support S1, S2, if we assume that for any element γ ∈ Γ we
have only finitely many pairs (γ1, γ2) ∈ S1 × S2 with γ = γ1 + γ2, then
the convolution f1 ∗ f2 is defined by

(f1 ∗ f2)(γ) =
∑

γ1+γ2=γ

f1(γ1)f2(γ2).

A related point of view is the following. Let W := Γ ⊗R. If the function f(v)
is supported in a pointed cone C ⊂W and has a suitable polynomial growth,
then D :=

∑
v∈Γ f(v)δv is a tempered distribution and we have a discussion

similar to that of Section 3.1.5. The Laplace transform, defined by extending
formula (3.2) to distributions, is

Lf(y) =
∑
v∈Γ

f(v)e−〈v | y〉 = 〈D | e−〈v | y〉〉.

It converges on regions of the dual cone of C, i.e., where 〈v | y〉 > 0,∀v ∈ C.
In fact, we have that as in Section 3.1.5, the Fourier transform of D is a
boundary value of a function in a variable z ∈ hom(Γ,C) holomorphic in the
region where the imaginary part of z = x + iy lies in Ĉ and that gives the
Laplace transform on the set iĈ. The given formula shows that in fact, such a
holomorphic function is periodic with respect to Γ ∗ = hom(Γ, 2πiZ) and thus
it really defines a holomorphic function on some open set of the algebraic torus
TC = hom(Γ,C)/Γ ∗ (see Proposition 5.13). In some of the main examples this
holomorphic function coincides with a rational function. In that case, we shall
identify the Laplace transform with this rational function.

The product of two elements Lf1 and Lf2 in C[[Γ ]] is defined if and only
if f1 ∗ f2 is defined and by definition

L(f1 ∗ f2) = Lf1Lf2.

Consider C[Γ ] as a subspace of C[[Γ ]] and notice that the product of an
element in C[Γ ] and an arbitrary element is always well-defined, so that C[[Γ ]]
is a C[Γ ] module.

As a preliminary to the analytic discussion of the Laplace transform of
partition functions we may develop an algebraic formalism to which one can
give an analytic content, as we shall see presently.
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Definition 12.6. We say that an element a ∈ C[[Γ ]] is rational if there is a
nonzero p ∈ C[Γ ] with pa ∈ C[Γ ].

An element a ∈ C[[Γ ]] is a torsion element if there is a nonzero p ∈ C[Γ ]
with pa = 0.

Let us denote by R the set of rational elements in C[[Γ ]] and by T the set
of torsion elements in C[[Γ ]].

Proposition 12.7. 1. R and T are C[Γ ] modules.
2. R/T is isomorphic, as a C[Γ ] module, to the quotient field C(Γ ) of C[Γ ].

Proof. 1 is easy. Let us prove 2. First of all observe that if a ∈ R and we
have two nonzero elements p, q ∈ C[Γ ] such that pa = r, qa = v ∈ C[Γ ], we
have pv = qr so that the rational function i(a) := r/p = v/q is well-defined.
Clearly, the map i is a C[Γ ] linear map of R into C(Γ ) with kernel T . In
order to finish the proof it is enough to see that i is surjective.

Take an injective homomorphism u ∈ hom(Γ,R). We are going to define
a right inverse su : C(Γ ) → R to i. Given any nonzero p ∈ C[Γ ], write
p =

∑
γ cγe

γ ∈ C[Λ ]. By assumption u takes its minimum for only one γ with
cγ 
= 0, call it γ0. Thus p can be written as

p = cγ0e
γ0
(
1−

∑
γ 
=γ0

−cγ
cγ0

eγ−γ0
)
,

with cγ0 
= 0 and 〈u | γ − γ0〉 > 0.
We can then set

su(p−1) = c−1
γ0 e

−γ0
( ∞∑
k=0

( ∑
γ 
=γ0

−cγ
cγ0

eγ−γ0
)k)

,

and for a fraction qp−1, p, q ∈ C[Γ ], we set su(qp−1) = qsu(p−1). It is now
easily verified that su is well defined and it has the required properties.

We shall denote by Lr the map from L−1(R) to C(Γ ) given by the com-
position i ◦ L (this notation Lr, a rational Laplace transform can be justified
by interpreting this map in the language of Laplace transforms, as we shall
do in Section 14.3.2).

Remark 12.8. The section su has the following property, which is immediate to
check. Given h, k ∈ C(Γ ), the product su(h)su(k) is well-defined and equals
su(hk).

We can now give an analytic content to this construction by looking only
at those bi-infinite series that converge on some region of space. If we have
fixed such a region and restricted to such series, we then have that if such a
series is rational in the algebraic sense, it clearly converges to the restriction
of its associated rational function. Conversely, given a region A of space and



200 12 Integral Points in Polytopes

considering a Laurent polynomial p with the property that |p(z)| < 1 when
z ∈ A, we clearly have that the series

∑
k=0 p(z)

k converges to the rational
function 1/(1− p(z)).

In this sense the formal Laplace transform and the analytic one coincide.

12.2.3 Euler Maclaurin Sums

In this section the lattice Γ will be the lattice Zm ⊂ Rm, so that we
identify C[Γ ] = C[x±1

1 , . . . , x±1
m ], C[[Γ ]] = C[[x±1

1 , . . . , x±1
m ]] and C(Γ ) =

C(x1, . . . , xm).
We want to understand partition functions via the study of an analytic

function associated to any polytope or even any region of space. We start by
considering, for any bounded region K of Rm, the finite set Zm ∩K and the
function

EK = EK(x) :=
∑

n∈Zm∩K
xn. (12.9)

This is a Laurent polynomial, also known as an Euler–Maclaurin sum. It can
be interpreted as the Laplace transform of the distribution

∑
v∈Zm∩K δ−v.

Knowledge of the function EK implies knowledge of the number of integral
points in K that equals EK(1). Although this is a tautological statement, we
shall see that a remarkable theorem of Brion [22] implies the existence of very
compact expressions for the function EK .

The meaning of this is best explained by the easiest example. When
K = [0, n], n ∈ N, we have EK =

∑n
i=0 x

i, a sum of n + 1 terms. On the
other hand

n∑
i=0

xi =
1− xn+1

1− x
,

an expression as a rational function in which both numerator and denominator
have a very short expression. Starting from this type of formula and adding
other geometrical considerations, Barvinok has developed effective computa-
tional approaches to counting integral points (see for instance [10]).

There are several approaches to Brion’s theorem, and we shall follow
closely [65]. The idea behind these formulas is the following: we first ex-
tend formally the definition of EK to any region in space; in general we have
an infinite sum EK =

∑
n∈Zm∩K xn, which in general has no analytic meaning

but lies in the space of formal bi-infinite series defined in the previous section.
We have the obvious Grassmann formula

EA∪B + EA∩B = EA + EB . (12.10)

If w ∈ Zm and A ⊂ Rm, we also have

Ew+A(x) = xwEA(x). (12.11)
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We want to apply this construction to polyhedral cones. The crucial result is
the following.

Let C = C(a1, . . . , at) be a polyhedral cone with a1, . . . , at ∈ Zm.
Lemma 12.9. For every vector w we have Ew+C(x) ∈ R.
Proof. If dimC = 0, then C = {0} and Ew+C = xw or 0, depending on
whether w ∈ Zm. We can thus assume dimC > 0. Lemma 1.40 ensures that a
cone can be decomposed into simplicial cones. So by formula (12.10) we reduce
to the case C = C(a1, . . . , at) with a1, . . . , at ∈ Zm linearly independent
vectors.

Take v ∈ C. Then v =
∑t
i=1 λiai with 0 ≤ λi. Write for each i = 1, . . . , t,

λi = [λi] + γi, with [λi] the integer part of λi and 0 ≤ γi < 1. Then

v −
t∑
i=1

[λi]ai =
t∑
i=1

γiai ∈ Zm. (12.12)

Consider the box B = B(a1, . . . , at) = {
∑t
i tiai, 0 ≤ ti < 1}. Formula (12.12)

implies that each element of (w+C)∩Zm can be uniquely written in the form
a+ b, where a ∈ {

∑t
i=1 miai, mi ∈ N} and b ∈ (w +B) ∩ Zm.

Then Ew+B is a Laurent polynomial and moreover, we have the factoriza-
tion Ew+C = Ew+B

∏t
i=1(

∑∞
h=0 x

hai), or
t∏
i=1

(1− xai)Ew+C = Ew+B ∈ C[x±1
1 , . . . , x±1

m ], (12.13)

and our claim follows.

Let us then define by Π the subspace of C[[x±1
1 , . . . , x±1

m ]] spanned by the
elements EK as K varies over the cones w+C(a1, . . . , at) with a1, . . . , at ∈ Zm.
From the previous discussion it follows that Π is a C[x±1

1 , . . . , x±1
m ] submodule

of R. We can thus associate, using the map i, to each such cone C and vector
w the rational function ψ(w + C) := i(Ew+C). We have the basic properties
of ψ.

Theorem 12.10. (1) If {a1, . . . , at} is part of a rational basis of Zm, then

ψ(w + C(a1, . . . , at)) =
Ew+B∏t

i=1(1− xai)
, (12.14)

with B the box generated by the ai’s.
(2) If {a1, . . . , at} is part of an integer basis of Zm and a ∈ Zm, we have

ψ(a+ C(a1, . . . , at)) = xa∏t
i=1(1−xai ) .

Proof. (1) follows immediately from the formula (12.13) proved in Lemma
12.9.

As for (2), if the ai are part of an integral basis and a ∈ Zm, we have
a+B ∩ Zm = {a}, and the claim follows from part (1).

Remark 12.11. i(Π) is contained in the space of rational functions with poles
on the hypersurfaces xa − xb = 0 for a, b ∈ Nm.
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12.2.4 Brion’s Theorem

We start with some convex geometry.

Definition 12.12. (i) If P is a convex polyhedron and a /∈ P, we say that
a sees a point p of P if [a, p] ∩ P = {p}.

(ii) We say that a sees a face F of P if a sees each point p ∈ F .
(iii) For any a /∈ P we set Σa to be the set of all points in P seen by a.

Lemma 12.13. Σa is a union of faces.

Proof. Given p ∈ Σa there is a unique face F of P such that p ∈ F̊ . Thus it
suffices to see that a sees F . If F = {p} there is nothing to prove. Otherwise,
take any other point b ∈ F. Then there is a segment [b, c] ⊂ F with p ∈ (b, c).
Consider the triangle T with vertices a, b, c. We have that T ∩ P is convex,
[b, c] ⊂ T ∩ P and [a, p] ∩ T ∩ P = {p}. It follows from elementary plane
geometry that T ∩ P = [b, c] and hence [a, b] ∩ P = {b}, as desired.

Notice that Σa is a (not necessarily convex) polyhedron. If P is a polytope
(i.e., compact), so also is Σa.

Given a polytope Q, its Euler characteristic χ(Q) is given by

χ(Q) =
∑

F face of Q

(−1)dimF .

The Euler characteristic is a basic topological invariant, and we shall use only
the fact that for a contractible space, the Euler characteristic equals 1. One
could give an elementary direct proof of this fact for a convex polytope.

Lemma 12.14. Given a convex polytope P and a point a /∈ P, Σa is homeo-
morphic to a convex polytope. Thus Σa is contractible and χ(Σa) = 1.

Proof. By Theorem 1.8 there is a unique point b ∈ P of minimal distance from
a. Take the segment [a, b] and consider the hyperplane H orthogonal to [a, b]
and passing through b. Again by Theorem 1.8, a and P lie on two different
sides of H. Let us now consider the convex cone Γ with vertex a consisting
of all half-lines originating from a and meeting P . If we now take any point
c ∈ Σa, the segment [a, c] lies in Γ and has to meet H, and thus meets Γ ∩H
in a unique point φ(c). Conversely, any half-line in Γ meets H for the first
time in a point b, and by Lemma 12.13, P in a point c ∈ Σa with b = φ(c).
This gives (by projection) a homeomorphism between Σa and Γ ∩H. The fact
that Γ ∩H is a convex polytope follows from the proof. In fact, Γ ∩H is the
convex envelope of the projections φ(v) of the vertices of P contained in Σa.

Let the convex polyhedron P be defined by {p | 〈φi | p〉 ≤ ai, 1 ≤ i ≤ n} and
take a face F . By Lemma 1.24, the subset SF ⊂ [1, n] of the indices 1, 2, . . . , n
for which 〈φi | p〉 = ai,∀p ∈ F, defines F := {p ∈ P | 〈φi | p〉 = ai,∀i ∈ SF }
and F̊ = {p ∈ P | 〈φi | p〉 = ai if and only if i ∈ SF }.
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Lemma 12.15. 1. The complement A of the set of points that see the face F
equals the set

CF := {p ∈ V | 〈φi | p〉 ≤ ai,∀i ∈ SF }.

2. The set CF is a cone with vertices the affine span of F .

Proof. A point p is in A if either p ∈ P ⊂ CF or there are an element b ∈ F
and a t with 0 < t < 1 such that tp + (1 − t)b ∈ P. If i ∈ SF , we have then
〈φi | tp + (1 − t)b〉 = t〈φi | p〉 + (1 − t)ai ≤ ai; hence 〈φi | p〉 ≤ ai, so p ∈ CF .
Conversely, if p ∈ CF , we have 〈φi | p〉 ≤ ai for i ∈ SF . Take b ∈ F. We have
that sp + (1 − s)b ∈ P if and only if 〈φj | sp + (1 − s)b〉 ≤ aj for all j. This
condition is satisfied by all 0 ≤ s ≤ 1 if j ∈ SF . If j /∈ SF for any b ∈ F̊ (the
relative interior), we have 〈φj | b〉 < aj hence there is sj with 0 < sj < 1 with
〈φj | sp+ (1− s)b〉 = s〈φj | p〉+ (1− s)〈φj | b〉 ≤ aj for 0 ≤ s ≤ sj . Taking the
minimum s among such sj , we see that tp+ (1− t)b ∈ P for 0 ≤ t ≤ s and p
does not see F .

The second part follows easily from the first upon noticing that Lemma
1.24 implies also that the affine span of F is the linear space defined by the
equations 〈φi | p〉 = ai,∀i ∈ SF .

Definition 12.16. A convex polytope P given by inequalities

P := {p ∈ V | 〈φi | p〉 ≤ ai}

will be called pseudorational if all the φi can be taken with integral coefficients.
It will be called rational if also all the ai can be taken integral.

Lemma 12.17. If P is pseudorational, the element ECF lies in R for every
face F of P and it is in T if dim(F ) > 0.

Proof. By definition, CF := {p ∈ V | 〈φi | p〉 ≤ ai,∀i ∈ SF }. The space
U := {a | 〈φi | a〉 = 0,∀i ∈ SF } is a space parallel to the affine span of F.
Thus we have that dim(U) = dim(F ). By our assumption, U is defined by a
system of linear equations with integer coefficients. If dim(F ) > 0, it follows
that there is a nonzero element a ∈ U ∩ Zm. Then CF = CF + a so that
ECF = xaECF or (1− xa)ECF = 0 hence ECF ∈ T .

When F = {v} is a vertex, setting C := {p ∈ V | 〈φi | p〉 ≤ 0,∀i ∈ SF }, we
have CF = v + C. By hypothesis C is a cone pointed at 0, and by Remark
1.30, we have that C = C(u1, . . . , ut) for some integral vectors ui spanning
V . We can then apply Theorem 12.10.

Proposition 12.18. The following identity holds:∑
F face of P

(−1)dimFECF = EP . (12.15)
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Proof. Given n ∈ Zm, we need to compute the coefficient of xn in∑
F face of P

(−1)dimFECF .

If n ∈ P, then n ∈ CF for every face F . Thus the coefficient of xn equals∑
F face of P

(−1)dimF = χ(P ) = 1,

since P is contractible.
If n /∈ P, then by definition n ∈ CF if and only if n does not see F . It

follows that the coefficient of xn equals∑
F face of P

(−1)dimF −
∑

F face of P,
n seesF

(−1)dimF = χ(P )− χ(Σn) = 1− 1 = 0

by Proposition 12.18.

We can now state and prove Brion’s theorem [22] and [23]. We use the notation
of Theorem 12.10, ψ(Cvj ) = i(ECvj ).

Theorem 12.19 (Brion). Let P be a pseudorational convex polytope, and
let v1, . . . , vh be its vertices. The following identity of rational functions holds

EP =
h∑
j=1

ψ(Cvj ). (12.16)

Proof. Notice that EP ∈ C[x±1
1 , . . . , x±1

m ]; hence EP = i(EP ).
Now let us apply i to the identity (12.15) and let us observe that by Lemma

12.17, if dimF > 0, then ψ(CF ) = 0. It follows that

EP =
∑

F face of P

(−1)dimFψ(CF ) =
h∑
j=1

ψ(Cvj ), (12.17)

as desired.

Remark 12.20. A particularly simple form of the previous formula occurs when
all the cones Cvj are simplicial (cf. definition 1.39), since in this case one can
further apply the explicit formula (12.14).

Recall that in Section 1.3.4 we have called a polytope for which all the cones
Cvj are simplicial a simplicial polytope and have seen how they naturally arise
as the variable polytopes associated to regular points.

One can extend the previous ideas to not necessarily convex polytopes. Let
us define a pseudorational polytope as a union of convex pseudorational poly-
topes. Since the intersection of two convex pseudorational polytopes is still a
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convex pseudorational polytope, one easily sees that EP ∈ R for all pseudo-
rational polytopes. One can thus associate a rational function ψ(P ) := i(EP )
to any pseudorational polytope, and this assignment satisfies the Grassmann
rule ψ(P1 ∪P2) +ψ(P1 ∩P2) = ψ(P1) +ψ(P2), and the translation invariance
ψ(a + P ) = xaψ(P ) whenever a ∈ Zm. Such assignments to polytopes (and
also to polyhedra) have been studied systematically by McMullen (cf. [81],
[80]).

12.2.5 Ehrhart’s Theorem

To finish, we are going to show how to deduce the classical result of Ehrhart
stated in Section 12.2.1 from Brion’s theorem. Let P be a polytope with
integral vertices v1, . . . , vh ∈ Zm. Consider for any positive integer t the
polytope tP, whose vertices are clearly tv1, . . . , tvh. Set FP (t) = EtP (1) (the
number of integral points in tP ).

Theorem 12.21 (Ehrhart). FP (t) is a polynomial in t.

Proof. We need a preliminary fact.

Lemma 12.22. Let Qj(x1, . . . , xm, t) ∈ C[x±1
1 , . . . , x±1

m , t], j = 1, . . . , h and
0 
= P (x1, . . . , xm) ∈ C[x±1

1 , . . . , x±1
m ]. Take w1, . . . , wh ∈ Zm. If

Lt[x1, . . . , xm] :=

∑h
j=1 Qj(x1, . . . , xm, t)xtwj

P (x1, . . . , xm)
∈ C[x±1

1 , . . . , x±1
m ], ∀t ∈ N,

(12.18)
then there is a polynomial p(t) ∈ C[t] with

p(t) = Lt[1, . . . , 1], ∀t ∈ N.

Proof. Take an auxiliary variable z and exponents n1, . . . , nm ∈ N with
P (zn1 , . . . , znm) 
= 0. We can substitute in formula (12.18) for xi the element
zni and reduce to the one-variable case. If P (1) 
= 0, we evaluate for z = 1 and
Lt(1) = P (1)−1∑h

j=1 Qj(1, t) ∈ C[t]. Otherwise, write P (z) = (1 − z)mR(z)
with R(1) 
= 0. We now proceed by induction on m > 0 by applying l’Hopital’s
rule:

Lt(1) = lim
z→1

∑h
j=1 Qj(z, t)z

twj

P (z)
= lim
z→1

∑h
j=1

d[Qj(z,t)z
twj ]

dz

dP (z)
dz

.

We have that the fraction of derivatives satisfies the same hypothesis of the
lemma, but now dP (z)/dz has a zero of order m− 1 at 1, thus allowing us to
proceed by induction.

We return to the proof of Ehrhart’s Theorem. For each j = 1, . . . , h, set
Cj = Cvj − vj = Ctvj − tvj . Then Cj is a cone with vertex the origin and
ψ(Ctvj ) = xtvjψ(Cj). It follows from (12.16) that
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EtP =
h∑
j=1

xtvjψ(Cj) =

∑h
j=1 Hj(x1, . . . , xm)xtvj

K(x1, . . . , xm)
, (12.19)

where K(x1, . . . , xm) and the Hj(x1, . . . , xm) are polynomials. Thus, since
EtP ∈ C[x±1

1 , . . . , x±1
m ], ∀t ∈ N, the theorem follows from Lemma 12.22.
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The Partition Functions

The main purpose of this chapter is to discuss the theory of Dahmen–Micchelli
describing the difference equations that are satisfied by the quasipolynomials
that describe the partition function TX on the big cells. These equations allow
also us to develop possible recursive algorithms.

Most of this chapter follows very closely the paper we wrote with M. Vergne
[44]; see also [45].

13.1 Combinatorial Theory

As usual, in this chapter Λ is a lattice in a real vector space V and X a list
of vectors in Λ.

13.1.1 Cut-Locus and Chambers

In this section we assume that X generates a pointed cone C(X) and recall
some definitions from Section 1.3.3. The set of singular points Csing(X) is
defined as the union of all the cones C(Y ) for all the subsets of X that do not
span the space V .

The set of strongly regular points Creg(X) is the complement of Csing(X).
The big cells are the connected components of Creg(X). The big cells are
the natural open regions over which the multivariate spline coincides with a
polynomial (Theorem 9.7).

Let us recall some properties of the cut locus (Definition 1.54). We have
seen in Proposition 1.55 that the translates Csing(X)+Λ give a periodic hyper-
plane arrangement. The union of the hyperplanes of this periodic arrangement
is the cut locus, and each connected component of its complement is a cham-
ber. Each chamber of this arrangement, by Theorem 2.7, is the interior of a
bounded polytope. The function BX is a polynomial on each chamber. The
set of chambers is invariant under translation by elements of Λ. If X is a basis
of the lattice Λ, we have that the chambers are open parallelepipeds.
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We introduce a very convenient notation.

Definition 13.1. Given two sets A,B in V, we set

δ(A |B) := {α ∈ Λ| (A− α) ∩B 
= ∅} = (A−B) ∩ Λ. (13.1)

Notice that given β, γ ∈ Λ, we have that

δ(A |B) + β − γ = δ(A+ β |B + γ).

We shall apply this definition mostly to zonotopes and so usually write
δ(A |X) instead of δ(A |B(X)). Also, if A = {p}, we write δ(p |B) instead of
δ({p} |B)

Remark 13.2. If r is a regular vector (i.e., a vector that does not lie in the
cut locus), the set δ(r |X) depends only on the chamber c in which r lies and
equals δ(c |X).

That is, γ ∈ δ(c |X) if and only if c ⊂ γ +B(X).

The following proposition is an immediate generalization of Proposition 2.50
(which depends on the decomposition of the zonotope into parallelepipeds).

Proposition 13.3. If r is a regular vector, then δ(r |X) has cardinality δ(X).
Furthermore, if we consider the sublattice ΛX of Λ generated by X, every coset
with respect to Λ meets δ(r |X).

Is is often useful to perform a reduction to the nondegenerate case (see Defi-
nition 2.23). If X spans Λ and X = X1∪X2 is a decomposition, we have that
Λ = Λ1 ⊕ Λ2, where Λ1, Λ2 are the two lattices spanned by X1, X2. We have
then C(X) = C(X1)×C(X2), B(X) = B(X1)×B(X2), and the big cells for
X are products Ω1 × Ω2 of big cells for the two subsets. The same is also
true for the chambers. If we normalize the volumes so that Λ,Λ1, Λ2 all have
covolume 1 we have

δ(X) = δ(X1)δ(X2) = vol(B(X1))vol(B(X2)) = vol(B(X)).

Finally, for a chamber c1 × c2 we have

δ(c1 × c2|X) = δ(c1|X1)× δ(c2|X2).

These formulas allow us to restrict most of our proofs to the case in which
X is nondegenerate.

13.1.2 Combinatorial Wall Crossing

Here we are going to assume that X generates V and use the notation of
Section 13.1.1. Let us recall a few facts from Section 2.1.2. Given a chamber,
its closure is a compact convex polytope and we have a decomposition of the
entire space into faces. We shall use fraktur letters as f for these faces.



13.1 Combinatorial Theory 209

Let c, g be two chambers whose closures intersect in an (s−1)-dimensional
face f. The face f generates a hyperplane K that is the translate of some
hyperplane H generated by a subset of elements in X. If this is the case, we
shall say that c and g are H-separated.

Choose an equation u ∈ U for H. We can then decompose X into the
disjoint union of three sets:

A where u takes positive values, B where u takes negative values, and C
where it vanishes.

Recall then that B(X) has two faces parallel to H, namely aA+B(C) and
aB +B(C). For any D ⊂ A ∪B, D nonempty, set

aD,u :=
∑

a∈D∩A
a−

∑
b∈D∩B

b.

Theorem 13.4. Let c, g be two H separated chambers, α ∈ δ(g |X) \ δ(c |X).
Then either for all D 
= ∅, and D ⊂ A ∪ B we have that α + aD,u ∈ δ(c |X)
or for all D 
= ∅, D ⊂ A ∪B we have α− aD,u ∈ δ(c |X).

Proof. We can translate and assume that α = 0. This implies that g intersects
B(X), and hence it is contained in B(X), while c is disjoint from B(X). It
follows that either f lies in aA +B(C) or f lies in aB +B(C).

Assume that we are in the first case. Since D 
= ∅, u is strictly positive
on aD,u. On the other hand, aA +B(C) is the set of points in B(X) where u
attains its maximum. We deduce that for each ε > 0, x ∈ f, x + εaD,u does
not lie in B(X). Thus if ε is small enough, z := x+ εaD,u lies in c. Now

z − aD,u = x− (1− ε)aD,u ∈ B(C) + aA − (1− ε)(
∑

a∈D∩A
a−

∑
b∈D∩B

b)

= B(C) +
∑

a∈A\D
a+ ε(

∑
a∈D∩A

a) + (1− ε)(
∑

b∈D∩B
b) ⊂ B(X).

It follows that aD,u ∈ δ(c |X), as desired.
The second case follows in exactly the same way using −u instead of u

(notice that aD,u = −aD,−u).

13.1.3 Combinatorial Wall Crossing II

Since the cut locus is invariant under translation under elements of Λ, if c is
a chamber and λ ∈ Λ we have that c− λ is also a chamber.

If X = b is a basis, the chambers associated to b are the parallelepipeds
obtained by translation from the interior of B(b).

Lemma 13.5. Given a basis b in X, each chamber c can be translated into
B(b).
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We have seen that if r is regular, δ(r |X) is formed by δ(X) points and is
independent of r as long as r varies in a chamber c. We denote it by δ(c |X).
We observe that we have

δ(c− λ |X) = δ(c |X)− λ, ∀λ ∈ Λ. (13.2)

We now want to understand how δ(r |X) changes when we pass from one
chamber to another.

Let c, g be two chambers whose closures intersect in an (s−1)-dimensional
face f. The face f generates a hyperplane K that is the translate of some
hyperplane H generated by a subset C := H ∩ X of elements in X. With
the previous notation, we take the two opposite faces F0 = aA + B(C), and
F1 = aB + B(C) of B(X). The zonotope B(X) lies entirely in the region
bounded by the hyperplanes aA + H, aB + H and contains the prism, with
basis F0, F1 (join of the two). We start with a simple geometric lemma whose
proof is immediate.

Lemma 13.6. We have one and only one of the following three possibilities:

1. f is in the interior of B(X). In this case c, g are also in the interior of
B(X).

2. f is in the exterior of B(X). In this case c, g are also in the exterior of
B(X).

3. f is in one of the two faces F0, F1. In this case the one of c, g that lies on
the same side of K as B(X) is in the interior of B(X); the other is in
the exterior.

The set C also determines a cut locus in H (and hence in each of its translates)
that is usually properly contained in the intersection of the cut locus for X
with H. Thus any chamber f of the cut locus for X contained in H is also
contained in a unique chamber f′ for the cut locus of C.

We can thus first translate c so that its face f lies in the unique hyperplane
K tangent to B(X), parallel to H, and such that c lies to the opposite side
of B(X) (using one of the two possible opposite faces of B(X) parallel to
f). Let F0 := B(X) ∩K and uF0 the corresponding vector in U . The set X
decomposes as X = A ∪ B ∪ C according to the sign +,−, 0 taken by uF0 .
Thus F0 =

∑
a∈A a+B(C) = aA +B(C).

By translating in K and using Lemma 13.5 we may assume that f lies in
F0.

By our previous remarks, there is a unique chamber f′ for the arrangement
generated by C in H such that f is contained in f′ + aA. We then have that c
is disjoint from B(X), while g lies inside B(X). Their common face f lies in
the interior of F0. We then have, with all this notation, the following theorem

Theorem 13.7 (Combinatorial wall crossing formula). Assume that g
lies in the same half-space cut by K as B(X) then

δ(g |X) \ δ(c |X) = δ(f |F0) = δ(f′ |C)− aA,
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δ(c |X) \ δ(g |X) = δ(f |F1) = δ(f′ |C)− aB .

Proof. If α ∈ δ(g |X) ∪ δ(c |X), we must have that f− α lies in B(X). Thus
by the previous lemma, either f − α lies in the interior of B(X), and then
α ∈ δ(g |X) ∩ δ(c |X), or in one of two faces F0, F1. If f− α ⊂ F0, that is, if
α ∈ δ(f |F0), we have performed a translation that preserves K. Thus g−α still
lies in the same half-space cut byK asB(X) and we have α ∈ δ(g |X)\δ(c |X).

If, on the other hand, f− α ⊂ F1, then by the same reasoning, we deduce
that α ∈ δ(c |X) \ δ(g |X). So we have seen that

δ(g |X) \ δ(c |X) = δ(f |F0), δ(c |X) \ δ(g |X) = δ(f |F1).

Finally,
δ(f |F0) = δ(f′ |C)− aA, δ(f |F1) = δ(f′ |C)− aB .

Remark 13.8. Notice that we have, in particular,

F0 + aB = F1 + aA, δ(f |F1) + aB = δ(f |F0) + aA.

Notice that this theorem is clearly related to Theorem 13.4.

13.2 The Difference Theorem

The main purpose of this chapter is to prove that a partition function TX
is a quasipolynomial on the regions Ω − B(X), for each big cell Ω. The
fact that TX is a quasipolynomial not just on the big cells but in fact in the
larger regions Ω − B(X) may be considered as a discrete analogue of the
differentiability properties of the multivariate spline TX .

In fact, we have a more precise statement that identifies the quasipolyno-
mial f coinciding with TX on Ω−B(X) with an element of a canonical space,
that we denote by DM(X), uniquely determined by its initial values, that
is, the values it takes on δ(u |X), where u ∈ Ω is close to zero. In this case
δ(u |X)∩C(X) = {0}, so that, in order to coincide with TX on Ω−B(X) we
must have that f(0) = 1 while f(a) = 0 for all nonzero elements of δ(u |X).
These are the defining initial conditions.

The partition function is well-defined only when the vectors in X lie in a
pointed cone. However, the reader can understand that many of the results
in this section are independent of this assumption.

13.2.1 Topes and Big Cells

Definition 13.9. By the word tope we mean a connected component of the
complement in V of the union of the hyperplanes generated by subsets of X.
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Remark 13.10. Usually big cells are larger than topes. For example, let V be
of dimension 3 with basis the vectors a, b, c, X = (a, b, c, d) with d = a+ b+ c.
The cone C(X) is the cone generated by the three vectors a, b, c. It is the
union of the (closure of) 3 big cells the cones C(a, b, d), C(a, c, d), C(b, c, d),
each of which is the union of two topes.

For example, C(a, b, d) = C(a, a+ b, d) ∪ C(a+ b, b, d).

Lemma 13.11. Each tope τ contains a unique chamber c, with 0 ∈ c and
conversely, one such chamber is contained in a unique tope.

Proof. The union of the chambers contained in τ is dense in τ, so there is
at least one such chamber, but the walls of this chamber passing through 0
define the tope τ as the one containing c.

Definition 13.12. We call a chamber initial if 0 ∈ c.

Proposition 13.13. Given any initial chamber c, we have that δ(c |X) con-
tains the points of Λ in the interior of −B(X).

Proof. If γ ∈
◦

B(X) then γ + c ⊂ B(X), that is, c ⊂ −γ +B(X).

Next take a face F of B(X). We want to see whether the points of Λ in the

interior of F lie in δ(c |X). If γ ∈
◦
F then γ+c ⊂ B(X), that is, c ⊂ −γ+B(X)

if and only if c ⊂ −γ +B(X).

13.2.2 A Special System

In order to understand and develop our ideas, let us start with a simple heuris-
tic argument. If Y is a cocircuit, we have

∏
y∈Y (1− ey)TX = TX\Y , and this

last function, when expanded in a power series, is supported in the cone gen-
erated by X \ Y, which, by definition does not intersect any big-cell. Since at
the level of coefficients, multiplication by (1−ey) is equivalent to applying the
difference operator ∇y, we begin to suspect that a quasipolynomial function
coinciding with TX on Ω −B(X) if it exists must satisfy the difference equa-
tions ∇Y f = 0, where ∇Y :=

∏
v∈Y ∇v, as Y ∈ E(X) runs over the cocircuits

(for the definition see Section 2.2.1).
In this chapter we wish to work in an arithmetic way. Thus let us denote

by C[Λ ] the abelian group of Z-valued functions on Λ. When we consider
the space of C-valued functions on Λ, we shall denote it by CC[Λ ]. In fact,
the reader will easily understand that our results would be valid for functions
with values in any commutative ring A.

Definition 13.14. Given X a list in Λ we define

DM(X) := {f ∈ C[Λ ] | ∇Y f = 0} (13.3)

as Y runs over all cocircuits of X.
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Observe that Λ acts under translation on C[Λ ] and DM(X) is a Z[Λ ] sub-
module.

Example 13.15. (i) When s = 1 the only cocircuit is X itself. In the special
case in which X = {1, 1, . . . , 1}, m times 1, the equation is ∇m

1 f = 0. Its
space of solutions has as basis the binomial coefficients

(
n
i

)
, i = 0, . . . ,m− 1.

In this case TX(n) coincides with
(
n+m−1
m−1

)
on the integers n > −m.

(ii) Assume now that X = {a1, . . . , as} are linearly independent, so they
form a basis of a sublattice ΛX . Then each {ai} is a cocircuit and DM(X) is
the abelian group of functions on Λ that are constant on the cosets of ΛX .

Notice that the action of ∇Y on functions is given as follows. For every sublist
S ⊆ Y set aS :=

∑
a∈S a. Then

∇Y f(b) =
∑
S⊆Y

(−1)|S|f(b− aS). (13.4)

The equation ∇Y f(b) = 0 can be also written as

f(b) =
∑

S⊆Y, S 
=∅
(−1)|S|+1f(b− aS). (13.5)

Equation (13.5) shows that such a difference equation is in fact a recursion
relation. The entire system associated to cocircuits will be the basic system
of recursions.

Let us for the moment discuss the simple case of dimension-one, i.e., when
X is a list of positive numbers a1, . . . , am. In this case, B(X) is the interval
[0,
∑m
i=1 ai], and we take for Ω the set of strictly positive numbers so that

Ω − B(X) is the open half-line (−
∑m
i=1 ai,∞). Clearly, TX(n) equals 0 if

n < 0 and TX(0) = 1. Here we have a unique difference equation, that is,∏m
i=1∇aiF = 0, which we can use in the form of formula (13.5). If n > 0, we

have, for every nonempty S, that n−aS ∈ [n−
∑m
i=1 ai, n) ⊂ (−

∑m
i=1 ai,∞),

and that allows us to compute TX(n) subject to the initial conditions

TX(0) = 1, TX(n) = 0, ∀ n ∈ Z, such that −
m∑
i=1

ai < n < 0.

Using the fact that this is a quasipolynomial, only finitely many computations
are needed to develop a formula explicitly (cf. Section 16.4).

So we start by studying the set of difference equations given in (13.3).
The theory is quite rich and can be approached from several directions, as
we will see presently. Let JX ⊂ Z[Λ ] be the ideal generated by the elements∏
a∈Y (1 − ea) as Y runs over the cocircuits. For a ∈ Λ denote by [ea] the

class of ea modulo JX . We have, as in Theorem 5.22, the following result
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Proposition 13.16. Under the pairing between the abelian groups DM(X)
and Z[Λ ]/JX defined by

(f , [ea]) := f(a)

for f ∈ DM(X) and a ∈ Λ, we have that DM(X) is identified with its dual
(over Z) of Z[Λ ]/JX .

Our next task is thus to study the algebra Z[Λ ]/JX .

13.2.3 On DM(X)

As in Section 11.2.1, we can generalize our setting as follows. Take variables
t = (t1, . . . , tm). Consider the algebraic torus (C∗)m whose coordinate ring
is the ring of Laurent polynomials C[t±1

1 , . . . , t±1
m ] and the algebraic torus

G := UC/hom(Λ,Z) whose character group is Λ and whose coordinate ring is
C[Λ ] = C[x±1

1 , . . . , x±1
s ]. They both have integral forms with coordinate rings

R := Z[t±1
1 , . . . , t±1

m ] and Z[Λ ] = Z[x±1
1 , . . . , x±1

s ].
In the ring R[Λ ] we take the ideal JX(t) generated by the functions

NY (t) :=
∏
ai∈Y (1 − tie

−ai) as Y runs over the cocircuits. Sometimes given
a = ai in X, we are going to write, by abuse of notation, ta for ti. In coordi-
nates, if ai = (ai,1, . . . , ai,s) we have 1− tie

−ai = 1− ti
∏s
j=1 x

−ai,j
j .

Thus the ideal JX(t) defines a subscheme Z of the torus whose geometric
points are G× (C∗)m.

We set A = R[Λ ]/JX(t).
If we take the projection π : Z → (C∗)m, then clearly the subscheme

defined by JX is the fiber of π over the identity. In general, if we take any
list µ = (µ1, . . . , µm), the fiber of π over the point of coordinates eµa is
the subscheme in G defined by the ideal JX(µ) generated by the functions
NY (µ) :=

∏
a∈Y (1− e−a+µa) as Y runs over the cocircuits.

Given a basis b = {b1, . . . , bs} for V extracted from X, consider the lattice
Λb ⊂ Λ that b generates in Λ.

The group Λ/Λb is finite of order [Λ : Λb] = |det(b)|, and its character
group is the finite subgroup T (b) of G that is the intersection of the kernels of
the characters eb for b ∈ b, that is the kernel of the surjective homomorphism

πb : G→ (C∗)s, πb : g �→ (eb1(g), . . . , ebs(g)).

The set Tµ(b) := {g ∈ G |πb(g) = (eµ1 , . . . , eµs)} is a coset of T (b).
Recall that by Proposition 2.15, we have the following formula for the

volume δ(X) of the zonotope B(X):

δ(X) =
∑
b∈BX

|det(b)|. (13.6)

Define Pµ(X) := ∪b∈BXTµ(b). We call this set the set of points of the
arrangement associated to X and µ.

For p ∈ Pµ(X) set Xp := {a ∈ X | ea(p) = eµa}. Furthermore, set d(Xp)
to be the number of bases b ∈ BX extracted from Xp.
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Proposition 13.17. ∑
p∈Pµ(X)

d(Xp) = δ(X). (13.7)

Proof. Consider the set S of pairs (p, b) such that p ∈ Tµ(b), or equivalently
b ⊂ Xp. We count its cardinality in two ways. First we have seen that Tµ(b)
has |det(b)| elements, so |S| =

∑
b∈BX |det(b)|.

On the other hand, |S| =
∑
p∈Pµ(X) d(Xp). By the paving of the zonotope

we know that
∑
b∈BX |det(b)| = δ(X) is the volume of the zonotope, and the

claim follows.

Proposition 13.18. 1. The variety defined by the ideal JX(µ) is Pµ(X).
2. For generic values of the parameters νi = eµi , the set Pµ(X) consists of
δ(X) distinct points.

Proof. The proof of 1 is similar to that of Lemma 11.9 and the first part of
Theorem 11.13. The only difference is the fact that, when we extract a basis b
from X, the equations e−b+µb − 1 = 0 for b ∈ b define Tµ(b). By its definition
(14.3), Pµ(X) = ∪bTµ(b).

Part 2 is trivial if X consists of a basis of V . Otherwise, write for a basis
b in X an element a in X \ b, ka =

∑
b∈B nbb with k, nb ∈ Z. Consider the

subgroup in (C∗)m that is kernel of the character t−ka
∏
b∈b t

nb
b . It is then

immediate that if the point of coordinates νi = eµi lies outside the union
of these subgroups as b and a vary, the set Pµ(X) consists of δ(X) distinct
points.

Choose any chamber c. The main theorem we plan to prove is the following

Theorem 13.19. The classes modulo JX(t) of the elements ea, a ∈ δ(c|X)
give a basis over of A = R[Λ ]/JX(t) as an R-module.

We start with a lemma

Lemma 13.20. i) The classes modulo JX(t) of the elements ea, a ∈ δ(c|X)
span A as an R-module.

Proof. Denote by B the span of the classes modulo JX(t) of the elements
ea, a ∈ δ(c|X). Observe that Λ = ∪gδ(g|X) as g varies over all the chambers.
So it is enough to show that given a chamber g and a ∈ δ(g|X), we have that
ea is in B.

Given such a chamber g, we define d(g) to be the minimum d such that
there is a sequence c = g0, . . . , gd = g with gi, gi+1 intersecting in an (s− 1)-
dimensional face. Notice that d(g) = 0 if and only if g = c. So we can proceed
by induction on d(g) and assume that the class of ea is in B for each point
a ∈ δ(gd−1|X).

The closures of gd and gd−1 intersect in an (s− 1)-dimensional face f. Let
H be the hyperplane through the origin parallel to f and let C = H ∩X. If
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we choose an equation u ∈ U for H we can divide Y = X \C into the disjoint
union A∪B, where A (resp. B) consists of the vectors on which u is positive
(resp. negative).

Let α ∈ δ(g|X). We claim that we can express the class of eα modulo JX
as a linear combination with coefficients in R of the classes modulo JX of the
elements ea, a ∈ δ(gd−1|X). This will obviously imply our claim. If α ∈ gd−1,
there is nothing to prove. So let us assume α ∈ δ(g|X) \ δ(gd−1|X).

By Theorem 13.4 we have, up to changing the sign of u, that for all
nonempty D ⊂ Y, α+ aD,u ∈ gd−1. On the other hand,∏
a∈A

(1− t−1
a ea)

∏
b∈B

(1− tbe
−b) = (−1)|A|

∏
a∈A

t−1
a e−a

∏
x∈Y

(1− txe
−x) ∈ JX(t).

So eα
∏
a∈A(1− t−1

a ea)
∏
b∈B(1− tbe

−b) ∈ JX(t). Developing we get

eα =
∑

D⊂Y,D 
=∅
tDe

α+aD,u , modulo JX(t),

with tD = (−1)|D|∏
a∈A t

−1
a

∏
b∈B tb ∈ R which implies our claim.

We can now give a proof of Theorem13.19.

Proof. By Lemma 13.20, it suffices to see that the classes modulo JX(t) of
the elements ea, a ∈ δ(c|X), are linearly independent over R.

By contradiction assume that there is a nonzero linear combination∑
a∈δ(c|X)

pae
a ∈ JX(t)

with pa ∈ R. Choose, using Proposition 13.18, a point of coordinates νi = eµi

such that Pµ(X) consists of δ(X) distinct points and such that at least one
of the coefficients pa is not zero at this point.

It follows that on the one hand, C[Λ ]/JX(µ) has dimension at least δ(X),
on the other it has dimension strictly smaller that δ(X) giving a contradiction.

Notice that the proof of the lemma furnishes an explicit algorithm of re-
cursion to compute the value of a function in DM(X) at any point once we
know its values on a set δ(c|X).

We shall use mainly the following consequence of this theorem:

Theorem 13.21. DM(X) is a free abelian group of dimension δ(X) consist-
ing of quasipolynomials.

For any chamber c, evaluation of the functions in DM(X) on the set
δ(c |X) establishes a linear isomorphism of DM(X) with the abelian group
of all Z-valued functions on δ(c |X).

Proof. Recall that the abelian group DM(X) is the dual to the ring Z[Λ ]/JX .
Since the ideal defines the set P (X) that consists of torsion points, we deduce
from Theorem 5.32 that DM(X) consists of quasipolynomials.

All the other statements follow from Theorem 13.19.
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13.2.4 A Categorical Interpretation

It would be interesting to give a direct proof of Theorem 13.19 by showing that
the recursive equations can be solved starting from the initial values. This
approach requires us to prove that if we reach the same point by a different
path of recursions, we indeed obtain the same value. Although in the end this
is true we do not know a direct proof of this statement.

One may interpret the previous discussion as follows. We associate to X an
infinite connected oriented graph whose vertices are the chambers; an oriented
edge is associated to a common codimension-one face f of two chambers c, g.
We orient the edge from g to c if B(X) and g lie on the same side of the
hyperplane spanned by f.

The lattice Λ acts on this graph with finitely many orbits on vertices and
edges.

Given a chamber c, we associate to it the finite set δ(c |X) and denote by
D(c) the abelian group of Z-valued functions on δ(c |X).

An edge g
f−→ c identifies the rational hyperplane H, as well as the sets

A,B,C and the bijective correspondence

δ(f) : δ(c |X) → δ(g |X)

given by

δ(f)(y) :=

{
y if y ∈ δ(c |X) ∩ δ(g |X),
y − aA + aB if y ∈ δ(c |X) \ δ(g |X).

Finally, to the same oriented edge we can also associate the linear map

D(f) : D(c) → D(g)

given by the matrix defined implicitly in Lemma 13.20 or its inverse.
This finite oriented graph incorporates all of the combinatorics of the

abelian group DM(X), that can be reconstructed from these data. A di-
rect proof of the theorem should consist in verifying directly that when we
compose the matrices on two given paths with the same endpoints we obtain
the same result.

13.3 Special Functions

The purpose of this and the following section is to exhibit explicit elements
in DM(X). In order to achieve this, we develop first some formalism.
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13.3.1 Convolutions and the Partition Function

We now return to the formalism of Section 12.2.2, where we introduced bi-
infinite series C[[Λ ]] := {

∑
v∈Λ g(v)e

v}, that by abuse of notation we identify
with CC[Λ ] via the map L : CC[Λ ] → C[[Λ ]].

As in Section 12.2.2, we can then consider the subspace R ⊂ C[[Λ ]] of
rational elements consisting of those elements g ∈ C[[Λ ]] such that there
exists p ∈ C[Λ ], p 
= 0 with pg ∈ C[Λ ] together with its torsion subspace T of
those g ∈ C[[Λ ]] such that there exits p ∈ C[Λ ], p 
= 0 with pg = 0.

Notice that under the identification of the space of functions CC[Λ ] with
C[[Λ ]], we have DM(X) ⊂ T .

Recall that by Proposition 12.7, R/T is isomorphic, under a map Lr, to
the field of fractions C(Λ) of C[Λ ].

If γ ∈ Λ is nonzero, we set

Tγ :=
∞∑
k=0

δkγ , LTγ =
∞∑
k=0

e−kγ .

The function Tγ is supported on the “half-line” Z≥0γ and is the discrete
analogue of the Heaviside function. In fact, ∇γTγ = δ0 or (1− e−γ)LTγ = 1.

Thus LTγ ∈ R, or by abuse of notation Tγ ∈ R, and we simply write
LrTγ := LrLTγ , getting

LrTγ =
1

1− e−γ .

Moreover, if u ∈ hom(Λ,R) is an injective homomorphism with 〈u | a〉 > 0
and su : C(Λ) :→ R the corresponding section, we have

LTγ = su

( 1
1− e−γ

)
.

Notice that if instead 〈u | a〉 < 0, then we have

su

( 1
1− e−γ

)
= −eγsu

( 1
1− eγ

)
= −eγLT−γ ∼= −δ−γ ∗ T−γ . (13.8)

Now let X := (a1, . . . , am) be a finite list of vectors in Λ that spans a pointed
cone in V . This implies the existence of a generic linear form u with 〈u | ai〉 > 0
for all i. Recall that in 1.45, we have defined the partition function on Λ by

TX(λ) := #{(n1, . . . , nm) |
∑

niai = λ, ni ∈ N}.

Consider

C(X) := {
n∑
i=1

miai, mi ∈ Z≥0} ⊂ Λ.

Clearly, the partition function is supported in C(X).
Also the convolution Ta1 ∗ Ta2 ∗ · · · ∗ Tam is well-defined, in iuR and we

immediately verify the following
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Proposition 13.22.

TX := Ta1 ∗ Ta2 ∗ · · · ∗ Tam .

We shall thus think of TX as a discrete analogue of the multivariate spline TX
(see Theorem 7.18). 1 We also have an analogue of BX . Namely, setting

QX(v) := #
{

(n1, . . . , nm) |
∑

niai = v, ni ∈ {0, 1}
}
,

where
QX :=

∑
v∈Λ

QX(v)δv. (13.9)

Applying our previous considerations we obtain the following

Lemma 13.23. (i) TX ∈ R and

LrTX =
∏
a∈X

1
1− e−a . (13.10)

(ii) QX ∈ C[Λ ] and

LrQX =
∏
a∈X

(1 + e−a) =
∏
a∈X

1− e−2a

1− e−a . (13.11)

If X is any list of nonzero vectors and u is a generic linear form, we can still
construct iu(

∏
a∈X

1
1−e−a ) = ∗a∈X iu( 1

1−e−a ). Now, though, we have to apply
formula (13.8) and obtain that iu(

∏
a∈X

1
1−e−a ) is the convolution product of

the functions Tai for the ai with 〈u | ai〉 > 0 and of −δ−ai ∗ T−ai for the ai
with 〈u | ai〉 < 0.

The reader can verify that also in this setting, iu(
∏
a∈X

1
1−e−a ) can be

interpreted as a suitable partition function that now depends on u.

13.3.2 Constructing Elements in DM(X)

Definition 13.24. A subspace of V spanned by a subset of X will be called
a rational subspace (relative to X).

We shall denote by SX the set of all rational subspaces and by S
(i)
X the

rational subspaces of dimension i.

Given a rational subspace r, X \ r defines a hyperplane arrangement in the
space r⊥ ⊂ U orthogonal to r. Take an open face Fr in r⊥ with respect to
this hyperplane arrangement.

We get a decomposition of X \r into the two lists A,B of elements that are
positive (resp. negative) on Fr. We denote by C(Fr, X) the cone C(A,−B)
generated by the list [A,−B]. Then C(A,−B) is a pointed cone.

1Some authors use the term truncated multivariate spline.
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Notice that if r = {0}, then A ∪ B = X. In this we shall denote an open
face F{0} simply by F and call it a regular face for X.

Notice that given a ∈ Λ, we have ∇a = −τa∇−a.

Lemma 13.25. There exists a unique element T FrX ∈ C[Λ ] such that

(i) (
∏
a∈X\r∇a)T FrX = δ0.

(ii) T FrX is supported in −bB + C(A,−B).

Proof. We define T FrX by the convolution product of partition functions:

T FrX = (−1)|B|δ−bB ∗ TA ∗ T−B , (13.12)

where bB =
∑
b∈B b. Since∏
a∈X\r

∇a = (−1)|B|τbB

( ∏
a∈A

∇a

)( ∏
b∈B

∇−b

)
(13.13)

and C(A,−B) is a pointed cone, T FrX is well-defined, satisfies the two prop-
erties, and is unique.

We can generalize this as follows. Choose an orientation of each r ∈ SX .
Take a pair of rational subspaces r ∈ S

(i)
X and t ∈ S

(i+1)
X with r ⊂ t. We say

that a vector v in t \ r is positive, if the orientation on t induced by v and the
orientation on r, coincides with the chosen orientation of t. Set

A = {a ∈ X ∩ t | a is positive}, B = {b ∈ X ∩ t | b is negative}.

We define
T t+r := (−1)|B|δ−bB ∗ TA ∗ T−B , (13.14)

T t−r := (−1)|A|δ−aA ∗ TB ∗ T−A. (13.15)

The function T t+r is supported on the cone −
∑
b∈B b+ C(A,−B) while T t−r

is supported on the cone −
∑
a∈A a+ C(−A,B).

Definition 13.26. Take a pair of oriented rational subspaces r ∈ S
(i)
X and

t ∈ S
(i+1)
X with r ⊂ t. We define

Qtr(X) = T t+r − T t−r .

If X is fixed, we will write simply Qtr instead of Qtr(X).

We identify C[Λ ∩ r] to the subgroup in C[Λ ] consisting of the elements sup-
ported in Λ∩ r. If f is a function on Λ∩ r, the hypotheses of Remark 12.5 are
satisfied for the pairs f, T t±r , and we can perform the convolutions T t±r ∗ f .
So convolution by Qtr induces a map

Πt
r : C[Λ ∩ r] → C[Λ ∩ t], f �→ Qtr ∗ f.

Given a rational subspace r, let us consider the abelian group DM(X ∩ r)
inside C[Λ ∩ r] ⊂ C[Λ ].
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Proposition 13.27. Πt
r maps DM(X ∩ r) to DM(X ∩ t).

Proof. Let Y := X ∩ r, Y ′ := X ∩ t. If T ⊂ Y ′ is a cocircuit in Y ′, we need
to see that ∇T (Qtr ∗ f) = 0 for each f ∈ DM(X ∩ r).

By definition,
∇A∪BT t+r = ∇A∪BT t−r = δ0,

so that if T = A ∪B = Y ′ \ Y, then

∇T (Qtr ∗ f) = (∇TQtr) ∗ f = 0.

Otherwise, the set Y ∩ T is a cocircuit in Y and then ∇Y ∩T f = 0. So

∇T (Qtr ∗ f) = (∇T\YQtr) ∗ (∇Y ∩T f) = 0.

This proposition gives a way to construct explicit elements of DM(X).
Take a flag φ of oriented rational subspaces 0 = r0 ⊂ r1 ⊂ r2 ⊂ · · · ⊂ rs = V

with dim(ri) = i. Set Qi := T ri+ri−1
− T ri−ri−1

.

Proposition 13.28.

QXφ := Q1 ∗ Q2 ∗ · · · ∗ Qs (13.16)

lies in DM(X).

13.4 A Remarkable Space

In this section we follow very closely a paper with M. Vergne [44].

13.4.1 A Basic Formula

Choose two rational spaces r, t and a regular face Fr for X \ r in r⊥.
The image of Fr modulo t⊥ is contained in a unique regular face for the

set (X ∩ t) \ r. To simplify notation, we still denote this face by Fr.

Proposition 13.29. 1. ∇(X\t)\rT
Fr
X\r = T Fr(X\r)∩t.

2. For g ∈ C[Λ ∩ r],

∇X\t(T
Fr
X\r ∗ g) = T Fr(X\r)∩t ∗ (∇(X∩r)\tg). (13.17)

Proof. 1 From equation (13.12), we see that

∇(X\t)\rT
Fr
X = (−1)|B|δ−bB ∗ ∇(A\t)\r(TA) ∗ ∇(B\t)\r(T−B).

Using formula (13.13) we get
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∇(X\t)\rT
Fr
X = (−1)|B∩t|δ−bB∩t ∗ TA∩t ∗ T−B∩t = T Fr(X\r)∩t,

which is our claim.
2 Let g ∈ C[Λ∩r]. Take any rational subspace t. We have the factorization

∇X\t = ∇(X∩r)\t∇(X\t)\r; thus

∇X\t(T
Fr
X\r ∗ g) = (∇(X\t)\rT

Fr
X\r) ∗ (∇(X∩r)\tg).

Since ∇(X\t)\rT
Fr
X\r = T Fr(X\r)∩t from part 1, we obtain formula (13.17), that

is the origin of all other formulas of this section.

13.4.2 The Abelian Group F(X).

The following abelian group will play a key role in what follows.

Definition 13.30.

F(X) := {f ∈ C[Λ ] | ∇X\rf ∈ C[Λ ∩ r], for all r ∈ SX}. (13.18)

Notice that if f ∈ F(X), then f must in particular satisfy the relation corre-
sponding to the space r = {0}), that is,

∇Xf = cδ0,

or the equivalent relation ∏
a∈X

(1− ea)Lf = c.

with c ∈ Z. In particular, F(X) ⊂ R (the rational elements) and its image
Lr(F(X)) in the field C(Λ) is the one dimensional abelian group spanned by∏

a∈X

1
1− e−a .

Example 13.31. Let us give a simple example. Let Λ = Z and X = [2,−1].
Then it is easy to see that F(X) has as integral basis

θ1 =
∑
n∈Z

δn, θ2 =
∑
n∈Z

nδn,

θ3 =
∑
n∈Z

(
n

2
+

1− (−1)n

4
)δn, θ4 =

∑
n≥0

(
n

2
+

1− (−1)n

4
)δn.

Here θ1, θ2, θ3 is an integral basis of DM(X).

The first important fact on this abelian group is the following:
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Lemma 13.32. (i) If F is a regular face for X, then T FX lies in F(X).
(ii) The abelian group DM(X) is contained in F(X).

Proof. (i) Indeed, ∇X\rT FX = T FX∩r ∈ C[Λ ∩ r].
(ii) is clear from the definitions.

Each T FX is a partition function. In particular, if X generates a pointed
cone, then the partition function TX equals T FX for the face F that is positive
on X.

In fact, there is a much more precise statement of which Lemma 13.32 is
a very special case and that will be the object of Theorem 13.35.

13.4.3 Some Properties of F(X).

Let r be a rational subspace and Fr a regular face for X \ r.

Proposition 13.33. 1. The map g �→ T FrX\r ∗ g gives an injection from the
group F(X ∩ r) to F(X). Moreover,

∇X\r(T
Fr
X\r ∗ g) = g, ∀g ∈ F(X ∩ r). (13.19)

2. ∇X\r maps F(X) surjectively to F(X ∩ r).
3. If g ∈ DM(X ∩ r), then ∇X\t(T

Fr
X\r ∗ g) = 0 for any rational subspace t

such that t ∩ r 
= r.

Proof. 1 If g ∈ F(X ∩ r), then for every rational subspace t we have
∇(X∩r)\tg ∈ C[Λ ∩ t ∩ r]. By formula (13.17) we have that ∇X\t(T

Fr
X\r ∗ g) is

the convolution of two functions supported in t; hence it lies in C[Λ ∩ t], so
that T FrX\r ∗ g ∈ F(X), as desired.

Formula (13.19) follows from the fact that ∇X\rT
Fr
X\r = δ0.

2 If f ∈ F(X), we have ∇X\rf ∈ F(X ∩ r). In fact, taking a rational
subspace t of r, we have that ∇(X∩r)\t∇X\rf = ∇X\tf ∈ C[Λ ∩ t]. The fact
that ∇X\r is surjective is a consequence of formula (13.19).

3 Follow from formula (13.17).

Proposition 13.33 allows us to associate to a rational space r and a regular
face Fr for X \ r the operator

ΠFr : f �→ T FrX\r ∗ (∇X\rf)

on F(X). From formula (13.19), it follows that the operator ΠFr is a projector
with image T FrX\r ∗ F(X ∩ r).
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13.4.4 The Main Theorem

Recall that S(i)
X is the set of rational subspaces of dimension i. Define the

abelian groups
F(X)i := ∩

t∈S(i−1)
X

ker(∇X\t) ∩ F(X).

Notice that by definition, F(X){0} = F(X), that F(X)dimV is the abelian
group DM(X), and that F(X)i+1 ⊆ F(X)i.

Choose, for every rational space r, a regular face Fr for X \ r.

Lemma 13.34. Let r ∈ S
(i)
X .

(i) The image of ∇X\r restricted to F(X)i is contained in the abelian group
DM(X ∩ r).

(ii) If f is in DM(X ∩ r), then T FrX\r ∗ f ∈ F(X)i.

Proof. (i) First, we know by the definition of F(X), that ∇X\rF(X)i is con-
tained in the abelian group C[Λ∩r]. Let t be a rational hyperplane of r, so that
t is of dimension i− 1. By construction, we have that for every f ∈ F(X)i,

0 = ∇X\tf = ∇(X∩r)\t∇X\rf.

This means that ∇X\rf satisfies the difference equations given by the cocir-
cuits of X ∩ r, that is, it lies in DM(X ∩ r).

(ii) Follows from Proposition 13.33 3.

The following is the main theorem of this section.

Theorem 13.35. With the previous choices, we have

F(X) = ⊕r∈SXT
Fr
X\r ∗DM(X ∩ r). (13.20)

Proof. Consider the map µi : F(X)i → ⊕
r∈S(i)

X

DM(X ∩ r) given by

µif := ⊕
r∈S(i)

X

∇X\rf

and the map Pi : ⊕
r∈S(i)

X

DM(X ∩ r) → F(X)i given by

Pi(⊕gr) :=
∑

T FrX\r ∗ gr.

We claim that the sequence

0 −→ F(X)i+1 −→ F(X)i
µi−→ ⊕

r∈S(i)
X

DM(X ∩ r) −→ 0

is exact and the map Pi provides a splitting.
By definition, F(X)i+1 is the kernel of µi. Thus we only need to show

that µiPi = Id. Given r ∈ S
(i)
X and g ∈ DM(X ∩ r), by formula (13.19)
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we have ∇X\r(T
Fr
X\r ∗ g) = g. If instead we take t 
= r another subspace of

S
(i)
X , then r ∩ t is a proper subspace of t. Proposition 13.33 iii) says that for

g ∈ DM(X ∩ r), ∇X\t(T
Fr
X\r ∗ g) = 0. Thus, given a family gr ∈ DM(X ∩ r),

the function f =
∑
t∈S(i)

X

T FtX\t ∗ gt is such that ∇X\rf = gr for all r ∈ S
(i)
X .

This proves our claim that µiPi = Id.
At this point, putting together these facts, Theorem 13.35 follows.

Definition 13.36. A collection F = {Fr} of faces Fr ⊂ r⊥ regular for X \ r
indexed by the rational subspaces r ∈ SX will be called an X-regular collec-
tion.

Given an X-regular collection F, we can write, using Theorem 13.35, an
element f ∈ F(X) as

f =
∑
r∈SX

fr with fr ∈ T FrX\r ∗DM(X ∩ r).

This expression for f will be called the F decomposition of f . In this decom-
position, we always have FV = {0}, T FVX\V = δ0 and the component fV is in
DM(X).

The abelian group T FrX\r ∗ DM(X ∩ r) will be referred to as the Fr-
component of F(X).

From Theorem 13.35, it follows that the operator Id−Piµi projects F(X)i
to F(X)i+1 with kernel ⊕

r∈S(i)
X

T FrX\r ∗DM(X ∩ r) (this operator depends of
F). Thus the ordered product

ΠF
i := (Id−Pi−1µi−1)(Id−Pi−2µi−2) · · · (Id−P0µ0)

projects F(X) to F(X)i. Therefore, we have the following result

Proposition 13.37. Let F be an X-regular collection and r a rational sub-
space of dimension i. The operator PF

r = ΠFrΠF
i is the projector of F(X) to

the Fr-component T FrX\r ∗DM(X ∩ r) of F(X).
In particular, if dim(V ) = s, the operator

PV := (Id−Ps−1µs−1)(Id−Ps−2µs−2) · · · (Id−P0µ0)

is the projector F(X) → DM(X) associated to the direct sum decomposition

F(X) = DM(X)⊕
(
⊕r∈SX |r 
=V T

Fr
X\r ∗DM(X ∩ r)

)
.

Let F = {Fr} be an X-regular collection. If t is a rational subspace and
for each r ∈ SX∩t, we take the face containing the image of Fr modulo t⊥, we
get an X ∩ t-regular collection. We denote this collection of faces for X ∩ t by
Ft in the next proposition. The proof of this proposition is skipped, since it
is very similar to preceding proofs.
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Proposition 13.38. Let t be a rational subspace. Take f ∈ F(X) and let
f =

∑
r∈S(X) fr be the F decomposition of f and ∇X\tf =

∑
t∈SX∩t

gr be the
Ft decomposition of ∇X\tf. Then

• ∇X\sfr = 0 if r /∈ SX∩t,
• ∇X\sfr = gr if r ∈ SX∩t.

13.4.5 Localization Theorem

In this section we are going to show that every element f ∈ F(X) coincides
with a quasipolynomial on the sets (τ −B(X)) ∩ Λ as τ varies over all topes
(we simply say that f is a quasipolynomial on τ −B(X)).

Definition 13.39. Let τ be a tope and r a proper rational subspace. We say
that a regular face Fr for X \ r is nonpositive on τ if there exist ur ∈ Fr and
x0 ∈ τ such that 〈ur, x0〉 < 0.

Given x0 ∈ τ, it is always possible to choose a regular face Fr ⊂ r⊥ for
X \ r such that x0 is negative on some vector ur ∈ Fr, since the projection of
x0 on V/r is not zero.

Definition 13.40. Let F = {Fr} be an X-regular collection. We shall say
that F is nonpositive on τ if each Fr is nonpositive on τ .

Let f ∈ F(X) and let f =
∑

fr be the F decomposition of f .
The content of the following result is quite similar to Paradan’s localization

theorem [87].

Theorem 13.41 (Localization theorem). Let τ be a tope. Let F = {Fr}
be an X-regular collection nonpositive on τ .

The component fV of the F decomposition f =
∑
r∈SX fr is a quasipoly-

nomial function in DM(X) such that f = fV on (τ −B(X)) ∩ Λ.

Proof. Let r be a proper rational subspace and write fr = T FrX\r ∗ kr, where
kr ∈ DM(X ∩ r). In the notation of Lemma 13.25, the support of fr is
contained in the polyhedron r −

∑
b∈B b+ C(Fr, X \ r) ⊂ r + C(Fr, X \ r).

This last polyhedron is convex, and by construction, it has a boundary
limited by hyperplanes that are rational with respect to X. Thus, either we
have τ ⊂ r + C(Fr, X \ r) or τ ∩ (r + C(Fr, X \ r)) = ∅.

Take ur ∈ Fr and x0 ∈ τ such that 〈ur, x0〉 < 0. Since ur ≥ 0 on the set
r + C(Fr, X \ r) it follows that τ is not a subset of r + C(Fr, X \ r), so that
τ ∩ (r + C(Fr, X \ r)) = ∅.

In fact, we claim that the set τ − B(X) does not intersect the support
r−
∑
b∈B b+C(Fr, X \ r) of fr. Indeed, otherwise, we would have an equation

v −
∑
x∈X txx = s +

∑
a∈A kaa +

∑
b∈B hb(−b) in which v ∈ τ, 0 ≤ tx ≤ 1,

while ka ≥ 0, hb ≥ 1, s ∈ r. This would imply that v ∈ r + C(Fr, X \ r)),
a contradiction. Thus f coincides with the quasipolynomial fV on the set
(τ −B(X)) ∩ Λ.
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n1

n2

n2 + 1

n1 + 1

0
0

0

0

Fig. 13.1. The partition function of X := (a, b, c).

Example 13.42. Figure 13.1 describes the partition function TX for the list
X := (a, b, c) with a := ω1, b := ω2, c := ω1 +ω2 in the lattice Λ := Zω1⊕Zω2.
Figure 13.2 describes the F decomposition relative to the tope containing
x0. Notice how the choice of F has the effect of pushing the supports of the
elements fr (r 
= V ) away from τ .

A quasipolynomial is completely determined by the values that it takes on
(τ −B(X))∩Λ. Thus fV is independent of the construction, so we may make
the following definition

Definition 13.43. We shall denote by fτ the quasipolynomial coinciding
with f on (τ −B(X)) ∩ Λ.

The open subsets τ − B(X) cover V when τ runs over the topes of V (with
possible overlapping). Thus the element f ∈ F(X) is entirely determined by
the quasipolynomials fτ .

Let us choose a scalar product on V, and identify V and U with respect
to this scalar product. Given a point β in V and a rational subspace r in SX ,
we write

β = prβ + pr⊥β

with prβ ∈ r and pr⊥β in r⊥.

Definition 13.44. We say that β ∈ V is generic with respect to r if prβ is in
a tope τ(prβ) for the sequence X ∩ r, and pr⊥β ∈ r⊥ is regular for X \ r.

We clearly have the following
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n2
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00x

Fig. 13.2. F decomposition of the partition function of X := (a, b, c) for F nonpos-
itive on τ .
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Proposition 13.45. The set of β that are not generic with respect to r is a
union of finitely many hyperplanes.

By Theorem 13.41, if f ∈ F(X), then the element ∇X\rf is in F(X ∩ r) and
coincides with a quasipolynomial (∇X\rf)τ ∈ DM(X ∩ r) on each tope τ for
the system X ∩ r.

Theorem 13.46. Let β ∈ V be generic with respect to all the rational sub-
spaces r. Let F βr be the unique regular face for X \ r containing pr⊥β.

Then
f =

∑
r∈SX

T −Fβr
X\r ∗ (∇X\rf)τ(prβ).

Proof. By the hypotheses made on β, the collection F = {Fr} is an X-regular
collection. Set f =

∑
r∈SX T

Fr
X\r ∗ qr with qr ∈ DM(X ∩ r). We apply

Proposition 13.38. It follows that qr is the component in DM(X ∩ r) in
the decomposition of ∇X\rf ∈ F(X ∩ r) with respect to the X ∩ r-regular
collection induced by F. Set ut = −pt⊥β. Observe that for t ⊂ r, we have
〈ut, prβ〉 = −‖ut‖2, so that each ut is negative on prβ. Thus the formula
follows from Theorem 13.41.

13.4.6 Wall-Crossing Formula

We first develop a general formula describing how the functions fτ change
when crossing a wall. Then we apply this to the partition function TX and
deduce that it is a quasipolynomial on Ω −B(X), where Ω is a big cell.

Let H be a rational hyperplane and u ∈ H⊥ a nonzero element. Then the
two open faces in H⊥ are half-lines FH = R>0u and −FH . By Proposition
13.27, if q ∈ DM(X ∩ H), then w := (T FHX\H − T −FH

X\H ) ∗ q is an element of
DM(X).

Remark 13.47. In [28], a one-dimensional residue formula is given for w, al-
lowing us to compute it.

Assume that τ1, τ2 are two adjacent topes, namely τ1∩τ2 spans a hyperplane
H. The hyperplane H is a rational subspace. Let τ12 be the unique tope for
X ∩H such that τ1 ∩ τ2 ⊂ τ12.

Example 13.48. Let C be the cone generated by the vectors a := ω3 + ω1,
b := ω3 + ω2, c := ω3 − ω1, d := ω3 − ω2 in a three-dimensional space
V := Rω1 ⊕ Rω2 ⊕ Rω3. Figure 13.3 represents the section of C cut by the
affine hyperplane containing a, b, c, d. We consider X := (a, b, c, d).

On the left of the picture we show the intersection of C with the two topes
τ1, τ2 adjacent along the hyperplane H generated by b, d, and on the right,
that with the tope τ12. The list X ∩H is [b, d]. The closure of the tope τ12 is
twice as big as τ1 ∩ τ2.
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a

b

c

d

x0
τ1τ2

b

d

τ12

x0

Fig. 13.3. Two adjacent topes of X := (a, b, c, d).

Let f ∈ F(X). The function ∇X\Hf is an element of F(H ∩ X); thus by
Theorem 13.41, there exists a quasipolynomial (∇X\Hf)τ12 on H such that
∇X\Hf agrees with (∇X\Hf)τ12 on τ12.

Theorem 13.49. Let τ1, τ2, H, τ12 be as before and f ∈ F(X). Let FH be the
half-line in H⊥ positive on τ1. Then

fτ1 − fτ2 = (T FHX\H − T −FH
X\H ) ∗ (∇X\Hf)τ12 . (13.21)

Proof. Let x0 be a point in the relative interior of τ1 ∩ τ2 in H. Then x0
does not belong to any X-rational hyperplane different from H (see Figure
13.3). Therefore, we can choose a regular vector ur for X \r for every rational
subspace r different from H,V such that ur is negative on x0. By continuity,
there are points x1 ∈ τ1 and x2 ∈ τ2 sufficiently close to x0 and where these
elements ur are still negative. We choose u ∈ H⊥ positive on τ1. Consider the
sequences u1 = (u1

r), where u1
r = ur for r 
= H and u1

H = −u, and u2 = (u2
r),

where u2
r = ur for r 
= H and u2

H = u. Correspondingly, we get two X-regular
collections F1 and F2.

For i = 1, 2 let f = f iV + f iH +
∑
r 
=H,V f ir be the Fi decomposition of f .

We write f1
H = T −FH

X\H ∗ q(1) with q(1) ∈ DM(X ∩H). Now the sequence
u1 takes a negative value at the point x1 of τ1. Thus by Theorem 13.41, the
component f1

V is equal to fτ
1
.

By Proposition 13.38,

∇X\Hf = q(1) +
∑

r⊂H,r 
=H
∇X\Hf

1
r

is the F1 decomposition of ∇X\Hf, so that again by Theorem 13.41, we have
q(1) = (∇X\Hf)τ12 so that f1

H = T −FH
X\H ∗ (∇X\Hf)τ12 .
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Similarly, u2 takes a negative value at the point x2 of τ2, so f2
V = fτ2 and

f2
H = T FHX\H ∗ (∇X\Hf)τ12 .

Now from Proposition 13.37, when dim(r) = i,

f1
r = ΠF 1

r ΠF1

i f, f2
r = ΠF 2

r ΠF2

i f,

and for any i < dimV, the operators ΠF 1
r ΠF1

i and ΠF 2
r ΠF2

i are equal. Thus
f1
r = f2

r for r 
= V,H. So we obtain f1
V + f1

H = f2
V + f2

H , and our formula.

Consider now the case that X spans a pointed cone. Let us interpret
formula (13.21) in the case in which f = TX . By Theorem 13.41, for a given
tope τ, TX agrees with a quasipolynomial T τX on τ − B(X). Recall that
∇X\H(TX) = TX∩H , as we have seen in Lemma 13.32. It follows that given
two adjacent topes τ1, τ2 as above, (∇X\Hf)τ12 equals (TX∩H)τ12 (extended
by zero outside H). So we deduce the identity

T τ1X − T τ2X = (T FHX\H − T −FH
X\H ) ∗ T τ12X∩H . (13.22)

This is Paradan’s formula ([86], Theorem 5.2).

Example 13.50. Assume X = (a, b, c) as in Remark 13.42. We write v ∈ V as
v = v1ω1 + v2ω2. Let τ1 = {v1 > v2 > 0}, τ2 = {0 < v1 < v2}. Then one
easily sees (see Figure 13.1) that

T τ1X = (n2 + 1), T τ2X = (n1 + 1), T τ12X∩H = 1.

Equality (13.22) is equivalent to the following identity of series, which is easily
checked:∑
n1,n2

(n2−n1)xn1
1 xn2

2 =
(
−

∑
n1≥0,n2<0

xn1
1 xn2

2 +
∑

n1<0,n2≥0

xn1
1 xn2

1

)(∑
h

xh1x
h
2

)
.

13.4.7 The Partition Function

We assume that C(X) is a pointed cone. Let us now consider a big cell Ω.
We need a lemma

Lemma 13.51. Given a big cell Ω, let τ1, . . . , τk be all the topes contained in
Ω. Then

Ω −B(X) = ∪ki=1(τi −B(X)).

Proof. Notice that ∪ki=1τi is dense in Ω. Given v ∈ Ω −B(X), v +B(X) has
nonempty interior, and thus its nonempty intersection with the open set Ω
has non empty interior. It follows that v + B(X) meets ∪ki=1τi, proving our
claim.

Now in order to prove the statement for big cells, we need to see what
happens when we cross a wall between two adjacent topes.
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Theorem 13.52. On (Ω −B(X)) ∩Λ, the partition function TX agrees with
a quasipolynomial T ΩX ∈ DM(X).

Proof. By Lemma 13.51, it suffices to show that given two adjacent topes
τ1, τ2 in Ω, T τ1X = T τ2X .

But now notice that the positive cone spanned by X ∩H, the support of
TX∩H , is formed of singular vectors, and therefore it is disjoint from Ω by
definition of big cells. Therefore, TX∩H vanishes on τ12. Thus T τ12X∩H = 0, and
our claim follows from formula (13.22).

This theorem was proven [37] by Dahmen–Micchelli for topes, and by
Szenes–Vergne [110] for cells.

There is an important point of the theory of Dahmen–Micchelli that we
should point out. Take a chamber c inside C(X) such that 0 ∈ c.

Lemma 13.53. δ(c |X) ∩ C(X) = {0}.

Proof. Assume that a ∈ (c − B(X)) ∩ Λ ∩ C(X). We have a = p −
∑
i tiai,

0 ≤ ti ≤ 1, p ∈ c, and thus p ∈ a + C(X). The boundary of a + C(X) is in
the cut locus, and if a ∈ C(X), a 
= 0, we have that 0 /∈ a+ C(X). Therefore
the chamber c cannot be contained in a+C(X) and hence it is disjoint from
it, a contradiction.

From this we have, using Theorem 13.52 and Theorem 13.19, the following

Theorem 13.54. Let Ω be a big cell contained in C(X), c ⊂ Ω a chamber
such that 0 ∈ c.

Then T ΩX is the unique element f ∈ DM(X) such that f(0) = 1 and
f(a) = 0, ∀a ∈ δ(c |X), a 
= 0.

Proof. By Theorem 13.52, T ΩX coincides with TX on δ(c |X) ⊂ (Ω−B(X))∩Λ.
Now TX is 0 outside C(X), so its values on δ(c |X) are exactly the ones
prescribed, and these determine T ΩX uniquely by Theorem 13.19.

Remark 13.55. If Ω is a big cell contained in the cone C(X), the open set
Ω −B(X) contains Ω, so that the quasipolynomial T ΩX coincides with TX on
Ω.

This is usually not so for f ∈ F(X) and a tope τ : the function f does
not usually coincide with fτ on τ .

We finally give a formula for TX due to Paradan.
Let us choose a scalar product on V . We use the notation of Theorem

13.46. Since ∇X\rTX = TX∩r, we obtain as a corollary of Theorem 13.46 the
following

Theorem 13.56. (Paradan). Let β ∈ V be generic with respect to all the
rational subspaces r. Then we have

TX =
∑
r∈SX

T −Fβr
X\r ∗ (TX∩r)τ(prβ).
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Remark 13.57. The set of β ∈ V generic with respect to all the rational sub-
spaces r decomposes into finitely many open polyhedral cones.

The decomposition depends only on the cone in which β lies.
In this decomposition, the component in DM(X) is the quasipolynomial

that coincides with TX on the cell containing β.
Finally, if X spans a pointed cone and β has negative scalar product with

X, the decomposition reduces to TX = TX , the component for r = {0}.

13.4.8 The space F̃(X)

When X does not span a pointed cone we can still construct several partition
functions PFX := (−1)|B|δ−bB ∗HA ∗H−B for each decomposition X = A∪B
into positive and negative vectors associated to every open face F (13.12).

It is thus interesting to develop a Theory which treats all these functions.
This is best done introducing a new Z[Λ] module.

While DM(X) is a Z[Λ] module, in general F(X) is not stable under
Z[Λ], so we consider the Z[Λ] submodule F̃(X) in C[Γ ] generated by F(X)
and similarly for F̃i(X).

Remark 13.58. It is easy to see that, if X ′ is deduced from X by changing sign
to some of its vectors, then F̃(X) = F̃(X ′).

Definition 13.59. Define DM (G)(X ∩ r) to be the Z[Λ] submodule of C[Λ]
generated by the image of DM(X ∩ r) inside C[Λ].

The group Λr = Λ ∩ r is a direct summand in Λ so Z[Λ] is isomorphic (in
a non canonical way) to

Z[Λ] = Z[Λr]⊗ Z[Λ/Λr].

It is then immediate to verify that

DM (G)(X ∩ r) = Z[Λ]⊗Z[Λr] DM(X ∩ r) = Z[Λ/Λr]⊗DM(X ∩ r). (13.23)

Since both the maps µi and the convolutions ΘFrX\r obviously extend to
maps of Z[Λ] modules, we easily deduce

Corollary 13.60. The sequence

0 → F̃i+1(X) → F̃i(X)
µi→
⊕
r∈S(i)

X

DM (G)(X ∩ r) → 0

is split exact with splitting:

F̃i(X) = F̃i+1(X)⊕
⊕
r∈S(i)

X

PFrX\r ∗DM
(G)(X ∩ r).
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From this, we obtain a decomposition dependent upon the choices of the
faces Fr

F̃(X) = DM(X)⊕
(
⊕r∈SX |r 
=V P

Fr
X\r ∗DM

(G)(X ∩ r)
)
. (13.24)

One easily verifies that F̃(X) can also be intrinsically defined as:

Definition 13.61. The space F̃(X) is the space of functions f ∈ C[Λ] such
that ∇X\rf is supported on a finite number of Λ translates of r for every
proper rational subspace r.

Remark 13.62. By definition, the filtration F̃i(X) is defined by a condition
on torsion or in the language of modules by support. One can verify that in
particular DM(X) is the part supported in dimension 0, that is of maximal
possible torsion.

13.4.9 Generators of F̃(X)

In this subsection, we assume that a 
= 0 for any a ∈ X. Thus every open face
F produces a decomposition X = A ∪ B into positive and negative vectors
and can define as in (13.12):

PFX := (−1)|B|δ−bB ∗HA ∗H−B .

Theorem 13.63. The elements PFX , as F runs on all open faces, generate
F̃(X) as Z[Λ] module.

Proof. Denote by M the Z[Λ] module generated by the elements PFX , as F
runs on all open faces. In general, from the description of F̃(X) given in
Formula (13.24), it is enough to prove that elements of the type PFrX ∗ g with
g ∈ DM(X ∩ r) are in M . As DM(X ∩ r) ⊂ F(X ∩ r), it is sufficient to
prove by induction that each element PFrX ∗ PKX∩r is in M , where K is any
open face for the system X ∩ r. We choose a linear function u0 in the face Fr.
Thus u0 vanishes on r and is non zero on every element a ∈ X not in r. We
choose a linear function u1 such that the restriction of u1 to r lies in the face
K. In particular, u1 is non zero on every element a ∈ X ∩ r. We can choose
ε sufficiently small such that u0 + εu1 is non zero on every element a ∈ X.
Then u0 + εu1 defines an open face F in the arrangement HX . We see that
PFrX ∗ PKX∩r is equal to PFX .
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13.4.10 Continuity

The space D(X) being formed of polynomials can be viewed as restriction
of polynomial functions on V to the lattice. Similarly for DM(X) once we
choose a representative for the exponential factor associated to each point of
the arrangement.

There is a rather remarkable case in which the elements of the discrete
space F̃(X) appear as restrictions of continuous functions to the lattice Λ, in
fact piecewise polynomial or quasi–polynomial functions in the corresponding
complex space DMV (X) of functions on V . We first need a simple

Lemma 13.64. Let X be a list of m vectors in the lattice Zn. There exists an
integer R such that, for every f ∈ DM(X) and every v ∈ Zn, f is determined
by the values that it takes in Cv,R := v + [0, R]n ∩ Zn.

Proof. The elements of DM(X) are quasi–polynomials, thus there exists some
k ∈ N so that each f is a polynomial in the cosets of kZn in Zn of some degree
≤ h for some h. Now a polynomial of degree h is completely determined if we
know its value on a product of n sets S1 × S2 . . .× Sn with the property that
each Si has at least h+ 1 elements. Finally if R is large enough each coset on
kZn in Zn intersected with Cv,R contains such a product.

Theorem 13.65. If X is a list of vectors in Λ, such that 0 is in the interior of
the zonotope B(X), then each function f in the space F̃(X) is the restriction
to Λ of a continuous function f with the property that, on each affine tope,
the function f lies in DMV (X).

Proof. It is enough to do this for a function f ∈ F(X) since, after that, we
can translate and take linear combinations which preserve the property.

If 0 is in the interior of the zonotope, for every tope τ we have τ ⊂ τ−B(X).
Where τ denotes the closure.

Now let fτ be the quasi–polynomial agreeing by the localization theorem
13.41 with f on Λ ∩ (τ −B(X)).

We need to show that if τ1, τ2 are two topes the two functions fτ1 , fτ2

coincide on the intersection of the two closures.
This intersection is a rational polyhedral cone C spanning some linear sub-

space W defined over Q, and the two functions induce two quasi–polynomials
on this space.

The intersection Λ∩W is a lattice in W . We can now apply Lemma 13.64
since it is clear that the cone C has a non–empty interior and hence (from the
cone property) it contains sets of type Cv,R for any given R.

Next we know that the two quasi–polynomials fτ1 , fτ2 agree (with f) on
Λ ∩ τ1 ∩ τ2 and (having fixed uniformly the periodic parts) it is clear that
they agree on W .
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13.5 Reciprocity

13.5.1 The Reciprocity Law

Let us discuss now a simplified version of the proof of Dahmen–Micchelli of
the reciprocity law (generalizing the theorem for the Ehrhart polynomial).

Let us consider, for a given big cell Ω, the function T ΩX ∈ DM(X), which
coincides with the partition function on δ(Ω |X) = (Ω −B(X)) ∩ Λ.

Theorem 13.66.

T ΩX (α) = (−1)|X|−dim〈X〉T ΩX (−α− 2ρX), (13.25)

where as usual, ρX = 1
2

∑
x∈X x.

Proof. It is immediately seen that we can reduce to the case of X nondegen-
erate. Start with the simple case in which s = 1, X = {a}. Here Ω = R+ and
T ΩX is the function on Z that is 1 on the multiples of a and zero otherwise.
This function clearly satisfies (13.25).

Passing to the general case, we have that for any y ∈ X, X \ {y} spans V .
We proceed by induction on |X|.

Set Q(α) := T ΩX (α) − (−1)|X|−dim〈X〉T ΩX (−α − 2ρX). We need to show
that Q(α) = 0.

We start by showing that ∇y(Q) = 0 for every y ∈ X.
Recall that ∇yTX = TX\{y}. If Ω′ is the unique big cell for X \ {y} con-

taining Ω it follows that ∇y(T ΩX ) = T Ω′

X\{y}. Moreover,

∇y(T ΩX (−α− 2ρX)) = T ΩX (−α− 2ρX)− T ΩX (−α− 2ρX + y)

= −∇y(T ΩX )(−α− 2ρX + y) = −T Ω′

X\{y}(−α− 2ρX\{y}).

If y ∈ X is such that Ω ⊂ C(X \ {y}), we have that

∇y(Q)(α) = T Ω′

X\{y}(α)− (−1)|X|−dim〈X〉(−T Ω′

X\{y}(−α− 2ρX\{y}))

= T Ω′

X\{y}(α)− (−1)|X\{y}|−dim〈X\{y}〉(T Ω′

X\{y}(−α− 2ρX\{y})) = 0

by the inductive hypothesis.
If Ω ∩ C(X \ {y}) = ∅, we have that ∇y(T ΩX ) is identically zero. In

particular, ∇y(Q) = 0. We deduce that Q(α) is constant on the lattice Λ0

spanned by X. Since by definition T ΩX and hence Q is 0 outside Λ0, in order to
prove our claim we have to show that there is an α ∈ Λ0 such that Q(α) = 0.

We know by Theorem 13.54 that if we take a chamber c ⊂ Ω with 0 ∈ c,
then for every α ∈ δ(c |X), α 
= 0, we have T ΩX (α) = 0.

Thus it suffices to find a nonzero element α ∈ δ(c |X) ∩ Λ0 with the
property that also −α− 2ρX ∈ δ(c |X) \ {0}.
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Notice now that B(X) = 2ρX − B(X). It follows that for any vector u,
−α − 2ρX ∈ u − B(X) if and only if −α ∈ u + 2ρX − B(X) = u + B(X), if
and only if α ∈ −u−B(X).

Taking u ∈ c, we deduce that −α − 2ρX ∈ δ(c |X) if and only if we have
α ∈ δ(−c |X).

In order to complete the proof, we have shown that we only need to find
an element α ∈ Λ0 ∩ δ(c |X)∩ δ(−c |X) with α 
= 0, α+2ρX 
= 0. Since both
δ(c |X) and δ(−c |X) clearly contain the points in the lattice in the interior
of −B(X), everything will follow from the following lemma

Lemma 13.67. (1) If for every y ∈ X, we have 〈X \ {y}〉 = V, the interior
˚B(X) of B(X) contains a point in Λ0.

(2) For any such point α ∈ ˚B(X), α+ 2ρX 
= 0.

Proof. One can derive this lemma directly from the paving of the zonotope,
but we can give a direct proof.

Part (2) is trivial, since if α ∈ B(X), we have always α+ 2ρX 
= 0.
Let us prove part (1). X contains a basis e1, . . . , es of V , and by our

assumption, for each i = 1, . . . , s there is an element yi ∈ X \ {e1, . . . , es}
with the property that in the expansion yi =

∑s
j=1 ai,jej we have ai,i 
= 0.

Thus there are distinct elements x1, . . . , xt ∈ X \ {e1, . . . , es} and numbers
(λ1, . . . , λt) in the cube [0, 1]t such that the vector v =

∑t
i=1 λixi =

∑s
j=1 bjej

has the property that all the coordinates bj are nonzero for each j = 1, . . . , s.
By construction, v is in B(X) as is every element v +

∑
j tjej , 0 ≤ tj ≤ 1.

Up to reordering we can assume that there is a 1 ≤ k ≤ s such that bj > 0
exactly for 1 ≤ j ≤ k (notice that, since we have a linear function that is
positive on X, k ≥ 1).

Set w = e1 + · · ·+ek. We claim that w lies in the interior of B(X). This is
equivalent to the fact that 0 lies in the interior of B(X)−w. To see this, notice
that if 1 ≤ i ≤ k, then−ei = e1+· · ·+ei−1+ei+1+· · ·+ek−w ∈ B(X)−w. Also
if k < i ≤ s, ei = w+ei−w ∈ B(X)−w. Finally, v = w+v−w ∈ B(X)−w. It
follows that −e1, . . . ,−ek, ek+1, . . . , es, v are all in B(X)−w. Since B(X)−w
is convex, their convex hull ∆ is also contained in B(X)− w. It is now clear
that 0 = v−

∑
j bjej = v+

∑k
j=1 bj(−ej)+

∑s
j=k+1(−bj)ej lies in the interior

of ∆ so everything follows.

It is important also to understand the geometric meaning of the function
TX(b−2ρX). In fact the set of solutions of

∑
i niai = b−2ρX , ni ∈ N, is in one-

to-one correspondence with the set of solutions of
∑
i niai = b, ni ∈ N, ni > 0.

In terms of polytopes, these last points are the integral points in the interior
of the polytope ΠX(b). Thus the reciprocity law can also be interpreted as
follows

Theorem 13.68. The number of integral points contained in the interior of
a polytope ΠX(b) for b ∈ Ω equals (−1)|X|−dim〈X〉T ΩX (−b).
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Proof. A point with coordinates na, a ∈ N, and
∑
a∈X naa = b is in the

interior of ΠX(b) if and only if na > 0, ∀a (cf. Section 1.3.2). This means that
the point with coordinates na−1, a ∈ N, such that

∑
a∈X(na−1)a = b−2ρX

lies in ΠX(b − 2ρX). In other words, the number of integral points in the
interior of ΠX(b) equals the number of integral points in ΠX(b − 2ρX) that
equals T ΩX (b− 2ρX) by Theorem 13.52 (since 2ρX ∈ B(X).

By reciprocity, this is (−1)|X|−dim〈X〉T ΩX (−b).

13.6 Appendix: a Complement

13.6.1 A Basis for DM(X)

This section is not needed elsewhere in this book and can be skipped.

We are going to explain how we can get an integral basis of DM(X) from
our previous construction. For this purpose, in order to perform a correct
induction, we need to generalize it. We therefore consider, instead of a lattice
Λ, a finitely generated abelian group Γ and a list of elements X ⊂ Γ . To
these data we can associate again the space of integer-valued functions on Γ,
that we denote by C[Γ ] and its subspace DM(X) defined by the equations
∇Y f = 0 as Y runs over the cocircuits. Here a cocircuit in X is a sublist such
that X \ Y generates a subgroup of infinite index in Γ, i.e., of smaller rank
and that is minimal with this property.

Let Γt denote the torsion subgroup of Γ, Λ := Γ/Γt the associated lattice
and V := Γ⊗R = Λ⊗R. Let furthermore X denote the image of X in Λ ⊂ V .

We claim that DM(X) is a free Z[Γt] module of rank δ(X) and we are
going to construct an explicit basis.

We assume that X is totally ordered and spans a subgroup of finite index
in Γ .

Take a basis b extracted from X. By this we mean that b is an integral
basis for a subgroup of finite index in Γ, or equivalently that their images in
V give a basis of V as a vector space.

Given c ∈ X, set b≥c = {b ∈ b | c ≤ b} (in the given ordering). Define
Xb equal to the set of elements c ∈ X such that their image in V is nonzero
and linearly dependent on the images of b≥c. These elements, according to
Definition 2.26 consist of the elements in b plus all the elements in X, whose
image in V is nonzero and externally active with respect to the image of b.

We have that Xb is a sublist of X spanning also a subgroup of finite index
in Γ ; therefore we have that DM(Xb) is a subgroup of DM(X).

Now the reader should verify that the discussion leading to Proposition
13.28 holds in this more general case of the complete flag φb of rational sub-
spaces ri generated by the images {b1, . . . , bi}, i = 1, . . . , s. We obtain the
element QXbφb ∈ DM(Xb) ⊂ DM(X).
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Choose a complete set Cb ⊂ Λ of coset representatives modulo the sub-
lattice Λb spanned by b. To every pair (b, γ) with b ∈ BX and γ ∈ Cb, we
associate the element

QXbφb,γ = τγQ
Xb
φb

in DM(X). We can now state our next result.

Theorem 13.69. The elements QXbφb,γ , as b varies in BX and γ in Cb, form
a basis of DM(X).

Proof. We shall proceed by induction on the cardinality of X, the case in
which X is empty being trivial.

First observe that if X ′ is obtained from X by removing all elements of
finite order we have that DM(X) = DM(X ′). The proposed basis does not
involve the elements of finite order in X, therefore, we may assume that X
does not contain any element of finite order. Let a in X be the least element.
Write X = [a, Z] and set Z̃ to be the image of Z in Γ̃ := Γ/Za.

Observe first that the kernel of ∇a is the set of functions that are constant
on the cosets of Za inside Γ, and therefore we may identify ker∇a with C[Γ̃ ].
Moreover, we claim that under this identification, that we denote by ja, we
have ker∇a ∩ DM(X) = jaDM(Z̃). This is clear, since a cocircuit in Z̃ is
the image of a cocircuit in X not containing a.

It is also clear that ∇a maps DM(X) to DM(Z). In fact, let T ⊂ Z be
a cocircuit in Z. Then T ∪ {a} is a cocircuit in X. Thus ∇T (∇af) = 0 if
f ∈ DM(X).

We now claim that the sequence

0 → DM(Z̃)
ja→ DM(X) ∇a→ DM(Z) → 0 (13.26)

is exact.
By our previous consideration, in order to show the exacteness of (13.26),

it remains only to show that the map ∇a : DM(X) → DM(Z) is surjective.
This we prove by induction.

If {a} is a cocircuit, that is, if Z is degenerate, then DM(Z) = 0 and there
is nothing to prove.

Otherwise, take a basis b ∈ BX such that a does not lie in b. Then b ∈ BZ .
Observe that Zb = Xb \ {a} and that for every γ ∈ Cb,

QZbφb,γ = ∇a(Q
Xb
φb,γ

).

Thus, by induction, the elements ∇a(Q
Xb
φb,γ

), as b varies in BZ and γ in
Cb, form a basis of DM(Z), and the surjectivity of ∇a follows.

Let us now take a basis b containing a. Consider the corresponding basis
b̃ inside Z̃. Take the quotient map p : Γ → Γ̃ . It is clear that p maps Cb onto
a set Cb̃ of representatives of the cosets of Γ̃ /Γ̃b̃ in Γ̃ . Define an equivalence
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relation on Cb setting γ � γ′ if p(γ − γ′) ∈ Γ̃b̃. If we choose an element in
each equivalence class, we obtain a subset of Γ, which we can take as Cb̃.

By induction, the set of elements QZ̃b̃φb̃,p(γ), as b̃ varies in BZ̃ and γ in Cb,

is a basis of DM(Z̃) as a Z[Γt] module. Now observe that

ia

(
QZ̃b̃φb̃,p(γ)

)
= QXbφb,γ . (13.27)

In fact, whenever one multiplies a function f = ja(g) ∈ ker∇a by any element
δc (or by a series formed by these elements), one sees that

δc ∗ ja(g) = ja(δp(c) ∗ g), ∀c ∈ Γ, ∀g ∈ C[Γ̃ ]. (13.28)

Furthermore, the elements (Xb \ {a})∩ ri, i ≥ 2, map surjectively under p to
the elements of Z̃p(b)∩ri/r1, and thus the formulas defining the two functions
on both sides of equation (13.27) coincide, factor by factor, for all steps of the
flag from formula (13.28).

At this point everything follows from the exact sequence (13.26).

Example 13.70. Let us analyze this basis for s−1, that is, X = (a1, . . . , am) is a
list of numbers. Let us assume that they are positive for simplicity ai ∈ N. The
bases extracted from X are just the numbers ai and then the list X{ai} equals

(a1, . . . , ai). The flags φb are just the trivial flag, and the function QX{ai}
φb

is nothing but the quasipolynomial coinciding with the partition function
TX{ai}

on the positive integers. The sublattice spanned by ai is Zai and as
coset representatives we can take the numbers 0, 1, . . . , ai − 1. So the basis is
formed by the quasipolynomials expressing the partition functions TX{ai}

and
some of their translates.
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Toric Arrangements

This chapter is devoted to the study of the periodic analogue of a hyperplane
arrangement, that we call a toric arrangement. Thus the treatment follows the
same strategy as in Chapter 8, although with several technical complications.
We shall then link this theory with that of the partition functions in a way
similar to the treatment of TX in Chapter 9.

14.1 Some Basic Formulas

14.1.1 Laplace Transform and Partition Functions

In order to motivate the treatment of this chapter, we start by discussing the
analogue, for partition functions, of Theorem 7.6 for splines.

Let us return to the main data, a lattice Λ ⊂ V of rank s and a finite list
X = (a1, . . . , am) of elements in Λ. We set U = V ∗, the dual over R, and get
that UC = hom(Λ,C). We also fix a list µ = (µ1, . . . , µm) ∈ Cm of complex
numbers, that we shall think of as a map µ : X → C, so that sometimes if
ai = a we will write µa for µi (notice that if we take two distinct elements a, b
in the list X, although we could have that as elements they are equal, still it
can very well be that µa 
= µb). Given λ ∈ Λ, we set

P (λ) = ΠX(λ) ∩ Nm :=
{

(n1, . . . , nm) |
m∑
i=1

niai = λ, ni ∈ N
}
,

and define Euler–Maclaurin sums as in (12.9) (setting νi := e−µi) (cf. [25],
[24]) by

TX,µ(λ) :=
∑

(ni)∈P (λ)

e−
∑m
i=1 niµi =

∑
(ni)∈P (λ)

m∏
i=1

νnii .

We then set TX,µ =
∑
λ∈Λ TX,µ(λ)δλ. One can verify that TX,µ is a

tempered distribution, supported at the points of the lattice Λ lying in C(X).
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Reasoning as in Section 12.2.2, we see that the Laplace transform of TX,µ
extends to a rational function on the torus with coordinate ring C[Λ ], which,
by abuse of notation, we still indicate with LTX,µ

LTX,µ =
1∏

a∈X(1− e−a−µa)
, (14.1)

with the notable special case

LTX =
1∏

a∈X(1− e−a)
. (14.2)

14.1.2 The Coordinate Algebra

Formula (14.2) suggests that we work with the algebra

SX := C[Λ ]
[ ∏
a∈X

(1− e−a)−1
]
.

More generally, we shall work with the algebra

SX,µ := C[Λ ]
[ ∏
a∈X

(1− e−a−µa)−1
]
.

The algebra SX,µ has a precise geometric meaning. As we have seen in Section
5.2.1, C[Λ ] is the coordinate ring of the s-dimensional torus TC = UC/Λ

∗

with Λ∗ := hom(Λ, 2πiZ). The equation
∏
a∈X(1 − e−a−µa) = 0 defines a

hypersurfaceD in TC, the union of the subvarietiesHa defined by the equations
e−a−µa = 1, a ∈ X. The algebra SX is the coordinate ring of the complement
of D in TC, itself an affine variety, that we denote by AX,µ or simply A.

Remark 14.1. It is often convenient to think of C[Λ ] as equal to C[x±1
1 , . . . , x±1

s ]
and of ea as a monomial in the xi with integer exponents.

Definition 14.2. The finite set whose elements are all the connected compo-
nents of any nonempty subvariety in TC of the form HY := ∩a∈YHa for some
Y ⊂ X will be called the (complete) toric arrangement associated to (X,µ)
and denoted by HX,µ.

Remark 14.3. 1. Notice that a toric arrangement can be partially ordered by
reverse inclusion. With respect to this order the torus TC considered as the
empty intersection is a unique minimum element.

2. Any nonempty intersection HY = ∩a∈YHa is a coset for the closed
subgroup KY := ∩a∈Y ker ea ⊂ TC of TC. The connected component of KY

through 1 is a subtorus TY ; if HY is nonempty, the connected components of
HY are cosets of TY .
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In what follows, a special role will be played by the so called points of
the arrangement, i.e., the elements of the arrangement of dimension zero. We
have already encountered these points in Section 13.2.3 and denoted this set by
Pµ(X). Recall that, if we denote by BX the family of subsets σ ⊂ {1, . . . ,m}
such that bσ := {ai|i ∈ σ} is a basis, then

Pµ(X) := ∪σ∈BXTµ(bσ), (14.3)

where Tµ(bσ) = ∩b∈bσHb.

The points of the arrangement form the zero-dimensional pieces (or max-
imal elements under reverse inclusion) of the entire toric arrangement.

For any point in Pµ(X) we choose once and for all a representative φ ∈ UC

so that the given point equals eφ and eφ can be thought of as an exponential
function on V . We will denote by P̃µ(X) the corresponding set of represen-
tatives.

For toric arrangements we can generalize the notions introduced in Section
2.1.1 for hyperplane arrangements. Given a subspace pT of the arrangement
associated to X (where T is one of the tori TY , Y ⊂ X), with p = eφ, we
consider the sublist XpT of characters in a ∈ X that take the value ea+µa = 1
on pT .

A basis b relative to pT is a basis extracted from the sublist XpT of the
span of XpT . For such a basis we denote by 〈b〉 the linear span and by Λb the
lattice that they span. We introduce the set

Rb =
{
λ ∈ Λ |λ =

∑
b∈b

pbb, with 0 ≤ pb < 1
}
. (14.4)

Notice that this is a set of coset representatives of Λ ∩ 〈b〉/Λb.
The formulas we are aiming at are built starting from some basic functions.

These are analogues in the discrete case of the Laplace transforms of the
characteristic functions of the cones generated by bases extracted from X.
With b, φ, p = eφ, pT as before, set

ξb,φ = ξb,pT :=
∑

v∈Λ∩C(b)

e〈φ | v〉δv.

Then ξb,φ is a tempered distribution supported on the cone C(b) and satisfying
the hypotheses of Section 12.2.2, so that its Laplace transform has an analytic
meaning.

Proposition 14.4. The Laplace transform of ξb,φ equals

|Rb|
e(φ)∏

a∈b(1− e−a−µa)
,

where

e(φ) :=

∑
λ∈Rb e

〈φ |λ〉e−λ

|Rb|
. (14.5)
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Proof. Notice that if v =
∑
b∈b nbb, then e

∑
b µbnb = e〈φ | v〉. Also by our choice

of Rb, see (14.4), every element in Λ ∩ C(b) can be uniquely written as λ+ v
with λ ∈ Rb and v ∈ Λb ∩ C(b). Expanding, we get

|Rb|
e(φ)∏

a∈b(1− e−a−µa)
=

=
( ∑
λ∈Rb

e〈φ |λ〉e−λ
) ∑
v∈Λb∩C(b)

e〈φ | v〉−v =
∑

v∈Λ∩C(b)

e〈φ | v〉e−v,

that is the Laplace transform of ξb,φ, as desired.

Remark 14.5. 1. The normalization that we have chosen for the element e(φ)
will be justified in Section 14.2.3.

2. If we choose a basis for Λ ∩ 〈b〉 and write the elements bi as integral
vectors in this basis, we have that |Rb| = |det(b)|.

The heart of our work will consist in developing a suitable formalism that
will allow us to express in a way, similar to that of Section 9.3, the Laplace
transform of the partition function from these special elements applied to the
points of the arrangement. The result of this analysis will be presented in
formulas (14.28) and (16.4).

14.2 Basic Modules and Algebras of Operators

14.2.1 Two Algebras as Fourier Transforms

As we have already stated, our main goal in this chapter is the study of
the algebra C[Λ ][

∏
a∈X(1 − e−a)−1] as a periodic analogue of the algebras

RX . In other words, we shall describe it as a module under the action of a
suitable algebra of differential operators. This we shall do in Section 14.3. As
a preliminary step we develop the algebraic tools that we shall need for this
purpose.

We shall use two noncommutative algebras that we describe directly as
algebras of operators. In particular, we want to use the translation operators
τa, a ∈ Λ, acting on functions on Λ or on Λ⊗ R.

The definitions that we shall give are a formalization of the basic formulas
(3.3), (3.4) for the Laplace transform.

Under the Laplace transform a polynomial becomes a differential operator
with constant coefficients, while the translation τa becomes multiplication by
e−a.

Consider first the group algebra C[Λ ] with basis the elements ea, a ∈ Λ,
as an algebra of functions on UC (periodic with respect to Λ∗).

Definition 14.6. We set W̃ (Λ) to be the algebra of differential operators on
UC with coefficients the exponential functions eλ, λ ∈ Λ.
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In order to understand the structure of W̃ (Λ), let us first make explicit
some commutation relations among the generators:

Du(ea) = 〈u | a〉ea =⇒ [Du, e
a] = 〈u | a〉ea for u ∈ UC, a ∈ Λ. (14.6)

The algebra W̃ (Λ) can be also thought of as algebra of differential operators
on the corresponding torus TC. For this choose a basis θ1, . . . , θs of Λ with
dual basis e1, . . . , es of UC and set xi := eθi .

The operators Dei = ∂
∂ θi

, on the functions on TC, coincide with xi
∂
∂xi

.
Therefore, the algebra W̃ (Λ) also equals

C
[
x±1

1 , . . . , x±1
s ,

∂

∂x1
, . . . ,

∂

∂xs

]
.

In particular, W̃ (Λ) contains (in fact it is a localization) the standard Weyl
algebraW (s) = C[x1, . . . , xs,

∂
∂x1

, . . . , ∂
∂xs

]. Recall that S[UC] is identified with
the algebra of differential operators with constant coefficients.

Lemma 14.7. C[Λ ] = C[x±1
1 , . . . , x±1

s ] is an irreducible module over W̃ (Λ).
Additively, we have

W̃ (Λ) = S[UC]⊗ C[Λ ] = C[
∂

∂x1
, . . . ,

∂

∂xs
]⊗ C[x±1

1 , . . . , x±1
s ].

Proof. Take a nonzero submodule N ⊂ C[Λ ] = C[x±1
1 , . . . , x±1

s ] under the
action of W̃ (Λ) and a nonzero element f ∈ N . By multiplying f by
a suitable monomial in the xi’s, we can cancel denominators and assume
f ∈ C[x1, . . . , xs]. Since W̃ (Λ) ⊃ W (s) and C[x1, . . . , xs] is an irreducible
W (s)-module, we get that N ⊃ C[x1, . . . , xs]. But this immediately implies
that N = C[Λ ], proving our first claim.

The commutation relations imply that we have a surjective linear map
S[UC]⊗C[Λ ] → W̃ (Λ). The proof that this is a linear isomorphism is similar
to that of the structure of the usual Weyl algebra, and is left to the reader.

The previous lemma tells us in particular that W̃ (Λ) is the algebra generated
by the two commutative algebras S[UC], C[Λ ] modulo the ideal generated by
the commutation relations (14.6).

The second algebra we are going to consider is the algebra W#(Λ) of
difference operators with polynomial coefficients on Λ.

This algebra is generated by S[UC], that is now thought of as complex-
valued polynomial functions on V and by the translation operators τa, a ∈ Λ.
Again we have the commutation relations

[u, τa] = 〈u | a〉τa for u ∈ UC, a ∈ Λ. (14.7)

In a way similar to the previous case we have additively

W#(Λ) = S[UC]⊗ C[Λ ].
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The fact that these algebras are determined by the relations (14.6) and
(14.7) tell us also that W#(Λ) is isomorphic to W̃ (Λ) under the isomorphism
φ defined by

φ(τa) = e−a, φ(u) = −Du, (14.8)

for a ∈ Λ, u ∈ U . Thus, given a module M over W#(Λ), we shall denote by
M̂ the same space considered as a module over W̃ (Λ) and defined through
the isomorphism φ−1 and think of it as a formal Fourier transform (similarly
when we start from a module over W̃ (Λ)).

The main example we have in mind is the following.
Define SX := C[Λ ][

∏
a∈X(1 − e−a)−1] to be the localization of C[Λ ], ob-

tained by inverting δX :=
∏
a∈X(1− e−a), and consider SX as a module over

W̃ (Λ). From the previous remark we can and will thus consider SX as the
image under the Laplace transform of a W#(Λ) module, that will turn out to
be a module of distributions (cf. Section 14.3.2).

Remark 14.8. Using the coordinates xi = eθi we can write e−a =
∏s
i=1 x

−mi(a)
i ,

where a =
∑
imi(a)θi. The algebra SX is obtained from C[x1, . . . , xs] by

inverting the element
∏
i xi
∏
a∈X(1−

∏s
i=1 x

mi(a)
i ).

For the algebra SX we want to describe its structure as a W̃ (Λ)-module by
mimicking the theory of RX developed in Section 8.1.

This can be done, but there are some notable differences. The first is that
a list (a1, . . . , ak) of linearly independent elements in Λ in general is not part
of an integral basis for Λ. This is reflected in the fact that the subgroup that
is the common kernel of the characters eai is not necessarily connected. At the
level of modules, this implies that the isotypic components are not indexed by
the subgroups which are common kernels of lists of characters of X but rather
by all their connected components. This creates some technical difficulties
that make this theory more complex than the one developed for hyperplane
arrangements.

14.2.2 Some Basic Modules

We keep the notation of the previous section,

W̃ (Λ) = C
[
x±1

1 , . . . , x±1
s ,

∂

∂x1
, . . . ,

∂

∂xs

]
,

and extend the constructions of Section 8.1.2.
One can develop in exactly the same way as for W (s) (cf. Section 4.1.3)

a Bernstein filtration for the algebra W̃ (Λ) using the degree in the operators
∂
∂xi

. The associated graded algebra gr(W̃ (Λ)) is then the commutative algebra
C[x±1

1 , . . . , x±1
s , ξ1, . . . , ξs]. This should be thought of as the coordinate ring

of the cotangent bundle of the torus (C∗)s (or more intrinsically of the torus
TC).
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For a finitely generated W̃ (Λ)-module P we can then define a Bernstein fil-
tration whose associated graded module is a module over the algebra gr(W̃ (Λ))
whose support is independent of the chosen filtration and is, by definition, the
characteristic variety of P, a subvariety of (C∗)s×Cs (or more intrinsically of
the cotangent bundle of TC).

The algebra of Laurent polynomials is an irreducible module (by Lemma
14.7). Its characteristic variety is (C∗)s × 0.

For some k ≤ s fix constants µ = (µ1, . . . , µk) and consider the localized
algebra

Sµ = C[Λ ]
[ k∏
i=1

(1− e−θi−µi)−1
]

= C[x±1
1 , . . . , x±1

s ]
[ k∏
i=1

(1− λixi)−1
]
,

λi = eµi as a W̃ (Λ)-module.
Consider first the case k = s and in Sµ the submodule Sµ,s−1 generated by

all the elements that do not have all the factors 1− λixi in the denominator.
Let p ∈ TC be the element with coordinates λ−1

i .

Theorem 14.9. The module Sµ/Sµ,s−1 is free of rank 1 over the algebra
C[ ∂

∂x1
, . . . , ∂

∂xs
] generated by the class u (modulo Sµ,s−1) of the element

u :=
∏s
i=1(1− λixi)−1.

As a W̃ (Λ)-module Sµ/Sµ,s−1 is irreducible. It is canonically isomorphic
to the irreducible module Np generated by the Dirac distribution at p via an
isomorphism mapping u to δp.

Its characteristic variety is the cotangent space to TC at p.

Proof. Since we have that TC acts as a group of translations we can translate
by p−1 or equivalently make a change of coordinates yi = λixi and assume
that p = 1, λi = 1 for each i = 1, . . . s. We are in fact in a special case of what
was discussed in Section 8.1.3.

For each i = 1, . . . , s, we have (1 − xi)u ∈ Sµ,s−1, and hence xiu = u.
The fact that u 
= 0 follows as in Proposition 8.11. Thus, by Proposition 4.4,
u generates under the algebra W (s) = C[x1, . . . , xs,

∂
∂x1

, . . . , ∂
∂xs

] ⊂ W̃ (Λ)
an irreducible module N1 isomorphic to the module generated by the Dirac
distribution in 1. This proves the irreducibility of Sµ/Sµ,s−1 as a W̃ (Λ)-
module.

Furthermore, Proposition 4.4 also tells us that as a module over the algebra
C[ ∂

∂x1
, . . . , ∂

∂xs
], Sµ/Sµ,s−1 is free with generator u.

The conclusion on the characteristic variety is then clear.

Remark 14.10. In the module Sµ/Sµ,s−1 the element u satisfies the equations

eau = ea(p)u, ∀a ∈ Λ. (14.9)

An element in Sµ/Sµ,s−1 satisfying the previous equations is a multiple
of u.
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In any W̃ (Λ)-module P , a nonzero element satisfying (14.9) generates a
submodule isomorphic to Np.

From now on, Np will denote the irreducible W̃ (Λ) module generated by the
Dirac distribution at p.

14.2.3 Induction

As we have already explained, the theory for lattices is more complex than
that for hyperplane arrangements, essentially because a subgroup M of Λ
does not have in general a complement M ′ with Λ = M ⊕M ′. This creates
some new phenomena in module theory, and we begin by analyzing the main
technical point.

Let M ⊂ Λ be a subgroup. We define the induction functor from W̃ (M)-
modules to W̃ (Λ)-modules. Given a W̃ (M)-module P , set

IndΛMP := C[Λ ]⊗C[M ] P. (14.10)

IndΛMP has a natural structure of a C[Λ ] module.

Lemma 14.11. C[Λ ]⊗C[M ]P has a unique W̃ (Λ)-module structure extending
the natural C[Λ ] module structure and such that:

(1) On 1⊗ P the action of W̃ (M) coincides with the given one.
(2) If ∂ is a derivative that is zero on C[M ] then it is also zero on 1⊗ P .

Proof. The previous conditions define uniquely the action of C[Λ ] and of the
derivatives by ∂(a ⊗ p) = ∂a ⊗ p + a ⊗ ∂(p). It is easy to verify that these
actions satisfy the commutation relations defining W̃ (Λ).

We have a general fact about these modules.

Proposition 14.12. If N ⊂ M ⊂ Λ is an inclusion of lattices and P is a
W̃ (N)-module, then we have

IndΛMP = IndΛM IndMN P.

The functor P �→ IndΛMP is exact.1

Proof. The first part is clear from the definition; as for the second, it follows
from the fact that C[Λ ] is a free module over C[M ]. We may in fact choose
as basis the elements eλ, where λ runs over coset representatives of Λ/M .

1A functor is exact if it transforms exact sequences into exact sequences.
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We want to apply this in particular to the W̃ (M)-module Np. We are
going to split this discussion into two steps. Let us consider

M := {a ∈ Λ | ∃ m ∈ N+, ma ∈M}.

From the theorem of elementary divisors (Section 5.2.2), it follows that we
can split Λ as Λ = M ⊕M ′ and that M has finite index in M .

The inclusions M ⊂M ⊂ Λ induce surjective homomorphisms

TΛC
f→ TMC

k→ TMC , π = kf.

Let us set
K := ker(π), G := ker(k), T := ker(f).

the kernel T := ker(f) is a torus with character group Λ/M = M ′. We can
identify TMC with a subtorus of TC and write TC = TMC × T .

On the other hand, the kernel G ⊂ TMC of k is a finite group (the dual
of M/M, Section 5.2.1). Finally K = G × T , and thus we have a bijection
between the elements of G and the irreducible (or connected) components of
K = kerπ. Given g ∈ G, the corresponding connected component is the coset
gT .

If p ∈ TC and q := π(p), we shall define

NpK := IndΛM (Nq). (14.11)

By Proposition 14.12 we shall analyze separately the induction functors when
M splits and when it is a subgroup of finite index. We start from the case in
which M has finite index, so that M = Λ and K = G is finite. In this case,
we have the following theorem:

Theorem 14.13. IndΛM (Nq) � ⊕p∈π−1(q)Np.

Proof. Let us take the two ideals J ⊂ C[M ] and I = JC[Λ ] ⊂ C[Λ ] generated
by the same elements eb − eb(q), b ∈ M . Then J is the ideal of the point q
in the torus TMC , while I is the ideal of definition of π−1(q) in TΛC . We have
C[M ]/J = C and I = C[Λ ]⊗C[M ] J . It follows that a basis of C[Λ ] over C[M ]
can be chosen by lifting a linear basis of C[Λ ]/I.

Since C[Λ ]/I is the algebra of functions on π−1(q) we can decompose
C[Λ ]/I = ⊕p∈π−1(q)Cχp, where χp is the characteristic function of p. For
each p ∈ π−1(q) let us choose a representative c(p) in C[Λ ] of χp in such a
way that

1 =
∑

p∈π−1(q)

c(p).

By Proposition 14.12, we have IndΛM (P ) = ⊕p∈π−1(q)c(p)⊗P, for any module
P .

Let us apply this to Nq and its generating element u. Write
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1⊗ u =
∑

p∈π−1(q)

c(p)⊗ u.

We claim that if a ∈ Λ, then eac(p) ⊗ u = ea(p)c(p) ⊗ u, so that by remark
14.10, c(p)⊗ u generates a copy of Np. To see our claim, notice that we have
eac(p) = ea(p)c(p) + h, h ∈ J , and since hu = 0, the claim follows.

Since the different Np’s are nonisomorphic, having distinct characteris-
tic varieties, we deduce that IndΛM (Nq) contains a submodule isomorphic to
⊕p∈π−1(q)Np. By construction this module contains the element 1⊗ u, which
clearly generates IndΛM (Nq) as a W̃ (Λ)-module, so everything follows.

It is convenient to make the elements c(p) explicit as follows. Use exponential
notation and assume that p = eφ ∈ G, so that ea(p) = e〈φ | a〉. By Proposition
5.16, G = ker(π) is in duality with Λ/M . The finite-dimensional group algebra
C[Λ/M ] is identified with the ring of functions on G.

We choose a set R of representatives in Λ for the cosets Λ/M . We now
use the basic elements of formula (14.5) and set

c(p) = e(φ) := |Λ/M |−1
∑
λ∈R

e〈φ |λ〉e−λ. (14.12)

Character theory tells us that the element e(φ) has the property of taking the
value 1 at the point eφ and 0 on all the other points of G.

Moreover, it also tells us that
∑
eφ∈π−1(q) e

〈φ |λ〉 = 0, ∀λ 
= 0, in our set
of representatives.

Therefore, the elements e(φ) satisfy∑
eφ∈π−1(q)

e(φ) = 1. (14.13)

Let us now consider the case in which M splits Λ, i.e., there exists a
(noncanonical) M ′ with Λ = M ⊕M ′. We have then a decomposition

W̃ (Λ) � W̃ (M)⊗ W̃ (M ′), C[Λ ] � C[M ]⊗ C[M ′].

From this we deduce that if q ∈ TM , we have

IndΛM (Nq) � Nq ⊗ C[M ′] (14.14)

as W̃ (M)⊗ W̃ (M ′) modules. The preimage π−1(q) of q under the morphism
π : T → TM is a coset pT , the torus T being the kernel of π, so that using
the notation of formula (14.11), IndΛM (Nq) = NpT .

Let us choose coordinates in such a way that C[M ] = C[x±1
1 , . . . , x±1

k ] and
C[M ′] = C[x±1

k+1, . . . , x
±1
s ]. In these coordinates for T, the variety pT is given

by the equations xi = αi, i = 1, . . . , k, with the αi some roots of 1.
Set A := C[ ∂

∂x1
, . . . , ∂

∂xk
, x±1
k+1, . . . , x

±1
s ],
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Proposition 14.14. As a module over the algebra A, NpT is free of rank
1, generated by an element (unique up to a constant factor) u satisfying the
equations

xiu = αiu, i = 1, . . . , k,
∂

∂xj
u = 0, j = k + 1, . . . , s. (14.15)

Then module NpT is irreducible with characteristic variety the conormal bun-
dle to the coset pT .

Proof. The first part follows immediately from formula (14.14) and Theorem
14.9. For the second part, arguing as in Lemma 14.7, one easily reduces to
show the irreducibility of the W (s)-module generated by u, that was shown
in Proposition 4.4.

The part on the characteristic variety follows from part 1.

Remark 14.15. We shall use the previous proposition as follows. Whenever
we find in a module over W̃ (Λ) a nonzero element u satisfying the equations
(14.15), we can be sure that the submodule generated by u is irreducible and
isomorphic to NpT .

We pass now to the general case. Using the notation introduced above, we
easily get the following result

Proposition 14.16. Let p ∈ TC and q := π(p). Then

NpK := IndΛM (Nq) = IndΛ
M

IndMM (Nq) � ⊕g∈GNpgT . (14.16)

Each NpgT is an irreducible module with characteristic variety the conor-
mal bundle to pgT , and the summands are pairwise nonisomorphic.

14.2.4 A Realization

Take k linearly independent characters b := {a1, . . . , ak} in Λ. Denote by M
the sublattice of Λ that they generate, K the joint kernel of the characters
eai . In what follows we are going to use the notation of the previous section.

We want to analyze next the algebra Sµ := C[Λ ][
∏k
i=1(1−e−ai−µi)−1] as a

W̃ (Λ)-module and perform the usual filtration by submodules Sµ,h. For each
h, Sµ,h is the submodule of fractions whose denominator contains at most h
among the factors 1 − e−ai−µi . Together with Sµ, let us also consider the
algebra

Rµ := C[M ][
k∏
i=1

(1− e−ai−µi)−1]

as a W̃ (M) module.
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Proposition 14.17. For every h we have

Sµ,h = IndΛMRµ,h.

Proof. We apply Theorem 14.9 and the exactness of the induction functor.
It is clear that Sµ,h = C[Λ ] ⊗C[M ] Rµ,h, at least as C[Λ ]-modules, but the
uniqueness of the module structure ensured by Lemma 14.11 implies our claim.

We are now going to study Sµ/Sµ,k−1. Set q ∈ TMC equal to the element
such that e−ai(q) = eµi . Take p ∈ π−1(q). We deduce, using the notation of
the previous section, the following corollary

Corollary 14.18. π−1(q) = pK = ∪g∈G pgT , Sµ/Sµ,k−1 = ⊕g∈GNpgT .

We shall need to make more explicit certain canonical generators for the sum-
mands NpgT .

From the proof of Theorem 14.13 we have our next result

Proposition 14.19. Let p ∈ π−1(q) and ũ ∈ C[Λ ] be an element whose re-
striction to pK is the characteristic function of pT .

The class of ũ/
∏k
i=1(1− e−ai−µi) in Sµ/Sµ,k−1 does not depend on the

choice of ũ and is characterized, up to scalar multiples, as the unique generator
of NpT satisfying equations (14.15).

Given an element ũ as in the previous proposition, we shall denote by
ωb,pT the class of ũ/

∏k
i=1(1− e−ai−µi) in Sµ/Sµ,k−1.

If p = eφ, we can choose as ũ the element e(φ) defined in formula (14.5),
so that the elements db,φ ∈ Sµ defined as

db,φ :=
e(φ)∏k

i=1(1− e−ai−µi)
. (14.17)

give representatives of the classes ωb,pT .
As a result, we are recovering essentially the elements introduced in Section

14.1.2 as special Laplace transforms.

14.3 The Toric Arrangement

14.3.1 The Coordinate Ring as a W̃ (Λ) Module

As in Section 8.1.7, for every k ≤ s let us consider the W̃ (Λ) submodule
SX,µ,k ⊂ SX,µ spanned by the elements

f∏
i(1− e−ai−µi)hi

, f ∈ C[Λ ],

such that the vectors ai that appear in the denominator with positive exponent
span a subspace of dimension ≤ k.
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We are going to describe SX,µ as a W̃ (Λ) module and deduce an expansion
into partial fractions.

We start with a very elementary remark.

Lemma 14.20. For each n ≥ 0, the following identities hold:

xn

1− x
=

1
1− x

−
n−1∑
i=0

xi,
x−n

1− x
=

1
1− x

+
n∑
i=1

x−i.

Proof. We give the proof of the first identity, the proof of the second being
completely analogous. For n = 0 there is nothing to prove. Proceeding by
induction, we have

xn

1− x
= x

xn−1

1− x
= x
( 1

1− x
−
n−2∑
i=0

xi
)

=
x

1− x
−
n−1∑
i=1

xi =
1

1− x
−
n−1∑
i=0

xi.

As a consequence, we get the following

Lemma 14.21. Given linearly independent elements a1, . . . , ak ∈ Λ, integers
h1, . . . , hk, and constants µ1, . . . , µk, we have that

e
∑
i hiai∏k

i=1(1− e−ai−µi)
=

e−
∑
i hiµi∏k

i=1(1− e−ai−µi)
+K,

where K is a sum of fractions with numerator in C[Λ ] and denominator a
product of a proper subset of the set {1− e−ai−µi}, i = 1, . . . , k.

Proof. In order to see this, we can first apply the previous lemma to each of
the factors

ehiai

1− e−ai−µi = e−hiµi ehi(ai+µi)

1− e−ai−µi

with x = e−ai−µi and then substitute.

Take a sequence b := (b1, . . . , bk) of linearly independent elements in Λ and
fix a constant µb for each b ∈ b. Let M ⊂ Λ be the lattice they generate and
let M be defined as in Section 14.2.3. Choose as set of coset representatives
in M of M/M the set Rb defined by (14.4).

Choose a point p = eφ ∈ TC with the property that e〈φ | b〉 = e−µb for each
b ∈ b and define e(φ) as in (14.5).

Applying Lemma 14.21 to db,φ = e(φ)/
∏
b∈b(1− e−b−µb) (cf. (14.17)) we

get the following result

Proposition 14.22. For given c ∈M we have

ecdb,φ = e〈φ | c〉db,φ +K,

where K is a sum of fractions with numerator in C[Λ ] and denominator a
product of a proper subset of the set {1− e−b−µb}, b ∈ b.
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Proof. We have

ec(db,φ) = e〈φ | c〉
[∑

λ∈Rb e
−〈φ |λ+c〉eλ+c

|Rb|
∏
b∈b(1− e−b−µb)

]
.

Each λ+c can be rewritten as λ′+
∑
b∈b hbb, hb ∈ Z where λ′ is the unique

element in Rb congruent to λ+ c modulo M . We have

e−〈φ |λ+c〉 = e−〈φ |λ′〉e−〈φ |
∑
b∈b hbb〉 = e−〈φ |λ′〉e

∑
b∈b hbµb .

By Lemma 14.21,

e
∑
b∈b hbb∏

b∈b(1− e−b−µb)
=

e−
∑
b∈b hbµb∏

b∈b(1− e−b−µb)
+K ′.

Thus

e−〈φ |λ+c〉eλ+c

|Rb|
∏
b∈b(1− e−b−µb)

=
e−〈φ |λ′〉e

∑
b∈b hbµbeλ

′
e−

∑
b∈b hbµb

|Rb|
∏
b∈b(1− e−b−µb)

+K ′′.

=
e−〈φ |λ′〉eλ

′

|Rb|
∏
b∈b(1− e−b−µb)

+K ′′.

As λ runs over Rb also λ′ runs over Rb. We thus obtain

ec(db,φ) = e〈φ | c〉db,φ +K (14.18)

where K ′ and hence K ′′,K, are sums of terms in which not every b ∈ b appears
in the denominators, as desired.

Take b0 ∈M, µ0 ∈ C, and consider the element

e(φ)
(1− e−b0−µ0)

∏
b∈b(1− e−b−µb)

=
db,φ

(1− e−b0−µ0)
.

Lemma 14.23. Write formula (14.18) as

(1− e−b0−µ0)db,φ = (1− e−〈φ | b0〉−µ0)db,φ −K. (14.19)

(1) If e〈φ | b0〉+µ0 = 1, we have

e(φ)
(1− e−b0−µ0)

∏
b∈b(1− e−b−µb)

= − K

(1− e−b0−µ0)2
. (14.20)

(2) If e〈φ | b0〉+µ0 
= 1, we have

e(φ)
(1− e−b0−µ0)

∏
b∈b(1− e−b−µb)

(14.21)

= (1− e−〈φ | b0〉−µ0)−1
[ e(φ)∏

b∈b(1− e−b−µb)
+

K

(1− e−b0−µ0)

]
.
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We draw as an important conclusion a first expansion into partial fractions.

Proposition 14.24. Let (b0, . . . , br) be any list of elements in Λ, spanning a
sublattice M and (µ0, . . . , µr) a list of complex numbers. The fraction

A =
r∏
i=0

(1− e−bi−µi)−1

can be written as a linear combination of fractions with numerators in C[M ]
and denominators

∏r
i=0(1 − e−bi−µi)hi , hi ≥ 0, with the property that the

elements bi for which hi > 0 are linearly independent.

Proof. When we encounter in the denominator of a fraction a product of
type

∏k
i=0(1 − e−bi−µi) with the bi linearly dependent, we have to make a

replacement so as to arrive finally at linearly independent elements. This we
do as follows. First we may assume that the elements b1, . . . , bk are linearly
independent. Let M be the lattice that they span, so that b0 ∈ M , and
b := (b1, . . . , bk) is a basis for M . We may also assume that b0 is not dependent
on any proper subset of b1, . . . , bk. Consider the unique point q = eψ ∈ TM
with e〈ψ | b0〉+µ0 = 1. For each p = eφ ∈ π−1(q) ∈ TM take the corresponding
e(φ). We now apply the identity (14.13) so that

1∏k
i=0(1− e−bi−µi)

=
∑

eφ∈π−1(q)

e(φ)∏k
i=0(1− e−bi−µi)

.

To each summand we can apply the previous identities (14.20), (14.21), and
obtain a sum in which only linearly independent sets appear in the denomi-
nators. Iterating this algorithm we arrive at the desired expansion.

Corollary 14.25. SX,µ,k is the sum of the SY,µ, where Y runs over all the
linearly independent sublists of X consisting of k elements.

Let b := (b1, . . . , bk) be a linearly independent sublist of X generating some
sublattice M and use the notation of Section 14.2.3 for K,G, T . Let

Sb,µ := C[Λ ]
[∏
b∈b

(1− e−b−µb)−1
]
.

According to Corollary 14.18 and Proposition 14.19, Sb,µ/Sb,µ,k−1 is a semisim-
ple module, the direct sum of irreducibles NpT indexed by the elements of
p = eφ ∈ TM such that e−〈φ | bi〉−µi = 1. Each NpT is generated by the class
ωb,pT of the element db,φ.

Proposition 14.26. If b := (b1, . . . , bk) is a linearly independent sublist of X
then Sb,µ/Sb,µ,k−1 maps injectively into SX,µ,k/SX,µ,k−1.

SX,µ,k/SX,µ,k−1 is the sum of all the images of the spaces Sb,µ/Sb,µ,k−1 as
b := (b1, . . . , bk) runs over the linearly independent sublists of X.
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Proof. The second part follows from Corollary 14.25. As for the first, we know
from Corollary 14.18 that Sb,µ/Sb,µ,k−1 is a direct sum of nonisomorphic irre-
ducible modules of type NpT with characteristic variety the conormal bundle
to pT , a subvariety of codimension k. Since NpT is irreducible, it is enough
to prove that the image of NpT in SX,µ,k/SX,µ,k−1 is nonzero. The argument
now is identical to that we carried out in Proposition 8.11. We have that
by induction, a composition series of SX,µ,k−1 is formed by modules of type
Np′T ′ , where hT ′ has codimension ≤ k−1, hence with a characteristic variety
different from that of NpT , and so NpT cannot appear in a composition series
of SX,µ,k−1.

Corollary 14.27. If Y ⊂ X is a sublist, we have, for all k,

SY,µ ∩ SX,µ,k = SY,µ,k.

We want to apply the previous proposition to start obtaining an expansion
into partial fractions of the elements of SX,µ and describe a composition series
for SX,µ.

Definition 14.28. If pT is an element of the arrangement, we denote by XpT
the sublist of X consisting of those elements a ∈ X such that ea = e−µa on
pT .

Assume that pT has codimension k. A maximal linearly independent list
b := (b1, . . . , bk) in XpT will be called a basis relative to pT .

If the element of the arrangement is a point p = eφ, φ ∈ P̃µ(X), then Xp will
sometimes be denoted by Xφ.

Assume that pT has codimension k. Take a basis b := (b1, . . . , bk) relative
to pT . As we have seen, Sb,µ/Sb,µ,k−1 contains a component isomorphic to
NpT whose image inside SX,µ,k/SX,µ,k−1 we shall denote by Nb,pT . For a
given pT let us set

FpT =
∑
b

Nb,pT ⊂ SX,µ,k/SX,µ,k−1

as b runs over the bases relative to pT .
From the previous discussion we deduce the following

Lemma 14.29. As a W̃ (Λ)-module SX,µ,k/SX,µ,k−1 is semisimple, and

SX,µ,k/SX,µ,k−1 = ⊕pT FpT ,

as pT runs among the elements of the arrangement of codimension k, is the
decomposition into its isotypic components.

Proof. The fact that SX,µ,k/SX,µ,k−1 =
∑
pT FpT follows from Corollary

14.25 and Proposition 14.26. Since this is a sum of irreducible modules, the
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module SX,µ,k/SX,µ,k−1 is semisimple. Finally, each FpT is a sum of irre-
ducibles that are isomorphic, while for two different components p1T , p2T
the corresponding irreducibles are not isomorphic, having different character-
istic varieties. Thus the claim follows.

It remains to extract from the family of modules Nb,pT a subfamily whose sum
is direct and equal to FpT . In order to do this, define VpT to be the subspace
of SX,µ,k/SX,µ,k−1 of all solutions of equations (14.15). By Remark 14.15 we
know that each nonzero element of VpT generates a submodule isomorphic to
NpT . On the other hand, Nb,pT ∩ VpT is the one-dimensional space spanned
by ωb,pT . Thus we deduce that the elements ωb,pT span VpT , and reasoning
as in Corollary 4.2, in order to get a family of modules forming a direct sum
and adding to FpT , it is equivalent to extract from the elements ωb,pT a basis
of VpT . This is done through the theory of unbroken bases.

Take as above a basis b := (b1, . . . , bk) relative to pT , so that pT is a
component of the variety of equations eb+µb = 1 for each b ∈ b. Let p = eφ.

Assume that b is broken in XpT by an element b. Let 1 ≤ e ≤ k be
the largest element such that b, be, . . . , bk are linearly dependent. Since pT is
contained in the subvariety of equations ebi+µbi = eb+µb = 1, e ≤ i ≤ k, we
see that pT is contained in a unique connected component Z of this subva-
riety. We consider a point ψ ∈ UC with eψ ∈ Z and the associated element
e(ψ)/

∏k
i=e(1− e−bi−µbi ). We have from (14.20) that

e(ψ)∏k
i=e(1− e−bi−µbi )

=
K

(1− e−b−µb)
, (14.22)

where K is a sum of terms in which the denominator is a product of a proper
subset of the elements (1− e−bi−µbi ), i = e, . . . , k.

Lemma 14.30. e(φ)e(ψ) = e(φ) + t, where t ∈
∑k
i=1 C[Λ ](1− e−bi−µbi ).

Proof. Since pT ⊂ Z, the function e(ψ) equals 1 on pT , hence the function
e(φ)e(ψ) equals 1 on pT and 0 on the other components of the variety defined
by the equations ebi+µbi = 1, i = 1, · · · , k. Since the ideal of definition of this
variety is

∑k
i=1 C[Λ ](1− e−bi−µbi ), the claim follows.

Thus substituting

e(φ)∏k
i=1(1− e−bi−µbi )

=
e(φ)e(ψ)− t∏k

i=1(1− e−bi−µbi )
, (14.23)

the element −t/
∏k
i=1(1 − e−bi−µbi ) lies in SX,µ,k−1, while for the term

e(φ)e(ψ)/
∏k
i=1(1 − e−bi−µbi ), we may apply formula (14.22). As a result,

we obtain modulo SX,µ,k−1 a sum of terms whose denominator is a product
(1 − e−b−µb)

∏
i
=j(1 − e−bi−µbi ) with e ≤ j ≤ k. Once we note that the list

(b1, . . . , bj−1, b, bj+1, . . . bk) is lower than b in the lexicographic order, a simple
induction proves the following lemma
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Lemma 14.31. VpT is spanned by the elements ωb,pT as b runs over the bases
relative to pT that are unbroken in XpT .

To finish our analysis we are now going to see that these elements are
linearly independent and hence form a basis of VpT .

Let us recall Theorem 10.9. Denote by L the algebra of germs of holomor-
phic functions around 0 in Cs and by R the corresponding algebra of polyno-
mials. Let Z = {c1, . . . , cm} be a set of homogeneous linear forms (defining a
hyperplane arrangement) that span Cs. The algebra LZ := L[

∏
c∈Z c

−1] can
be filtered in the same way as RZ = R[

∏
c∈Z c

−1], and the map

i : RZ/RZ,s−1 → LZ/LZ,s−1

is an isomorphism of W (s)-modules.
The next theorem gives the final and precise structure theorem for the

composition factors of the W̃ (Λ)-module SX,µ,k/SX,µ,k−1.

Theorem 14.32. SX,µ,k/SX,µ,k−1, decomposes as a direct sum of the modules
Nb,pT as pT runs over all components of the arrangement of codimension k
and b over the unbroken bases on pT .

For each pT , FpT is the isotypic component of type NpT .

Proof. By our previous considerations, the only thing we need to show is that
the elements ωb,pT as b runs over the bases relative to pT that are unbroken
in XpT are linearly independent.

For this we are going to analyze the algebra SXpT ,µ locally in a neighbor-
hood of a point eφ ∈ pT . As a preliminary step, since from Corollary 14.27
we can assume that X = XpT , translating by p−1, we can also assume that
p = 1 and all µi’s are equal to 0.

We want to further reduce to the case in which X spans V, i.e., T = {1}.
Let M be the sublattice spanned by X and k = rankM .

Set S̃X = C[M ][
∏
a∈X(1 − e−a)−1]. We have an inclusion of S̃X/S̃X,k−1

into SX/SXk−1 . It follows that we can work in the space S̃X/S̃X,k−1 that
contains the elements ωb,T for each basis b extracted from X. This clearly
gives the desired reduction.

Consider the exponential map exp : UC → TC. Notice that if a ∈ Λ
and x ∈ UC, we have e−a(exp(x)) = e−〈x | a〉, so by composition, exp maps
the algebra SX of functions on the complement of the toric arrangement to
an algebra of holomorphic functions localized at the elements 1 − e−〈x | a〉 as
a varies in X, hence holomorphic on the complement of the corresponding
periodic hyperplane arrangement. Write 1− e−〈x | a〉 = 〈x | a〉f(x), where f is
a holomorphic function with f(0) = 1 hence SX maps to LX . Furthermore, we
have that ωb,1 ◦ exp equals

∏
a∈b a

−1g, with g holomorphic in a neighborhood
of 0 and g(0) = 1. Therefore, the linear independence of the elements ωb,1 as
b runs over the unbroken bases in X reduces to the linear independence of the
elements

∏
a∈b a

−1, that we have proved in Proposition 8.11.
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According to Proposition 14.16, we have that given pT , one can choose co-
ordinates (that depend only on the torus of which pT is a coset) so that
NpT ,b is a free module of rank 1 with generator ωb,pT over the algebra
ApT := C[ ∂

∂x1
, . . . , ∂

∂xk
, x±1
k+1, . . . , x

±1
s ]. One deduces the following partial

fraction expansion

Corollary 14.33.
SXµ =

⊕
pT ,b∈NBXpT

ApT db,pT . (14.24)

Remark 14.34. Notice that our coordinates are chosen in such a way that db,pT
depends only on x1, . . . , xk. In particular, ∂

∂xj
db,pT = 0,∀j > k.

As a special case we can discuss the top part of the filtration relative to
the points of the arrangement. We define the space of polar parts:

SPX,µ := SX,µ/SX,µ,s−1. (14.25)

Theorem 14.35. (1) The W̃ (Λ) module SPX,µ is semisimple of finite length.
(2) The isotypic components of SPX,µ are indexed by the points of the ar-

rangement.
(3) Given eφ ∈ Pµ(X), the corresponding isotypic component Feφ is the direct

sum of the irreducible modules Nb,eφ generated by the classes ωb,eφ and
indexed by the unbroken bases extracted from Xeφ .

(4) As a module over the ring S[UC] of differential operators on VC with con-
stant coefficients, Nb,eφ is free of rank 1 with generator the class ωb,eφ .

To simplify notation, when referring to a point eφ ∈ Pµ(X) in subscripts we
shall usually write φ instead of eφ. So Feφ will be written as Fφ, Xeφ as Xφ,
and so on.

In what follows we shall often consider the case in which µi = 0 for each
i. In this case the subscript µ will be omitted.

Thus we have the following canonical decomposition into isotypic compo-
nents:

SPX,µ = ⊕φ∈P̃µ(X)Fφ with Fφ = ⊕b∈NBXφNb,φ (14.26)

14.3.2 Two Isomorphic Modules

In this section we want to consider the W#(Λ)-module LX,µ generated, in the
space of tempered distributions on V, by the element TX,µ.

In analogy with Theorem 8.22, we have the following theorem:

Theorem 14.36. (1) Under the Laplace transform, LX,µ is mapped isomor-
phically onto SX,µ. In other words, we get a canonical isomorphism of
L̂X,µ with SX,µ as W̃ (Λ)-modules.
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(2) LX,µ is the space of tempered distributions that are linear combinations of
polynomials times ξA,µ, A ⊂ X a linearly independent subset, and their
translates under Λ.

Proof. In view of Proposition 14.4 and Corollary 14.25, everything follows
once we observe that as a W̃ (Λ)-module, SX,µ is generated by the element∏
a∈X(1− e−a−µa)−1.

Remark 14.37. Equivalently LX,µ can be thought of as a space of functions
on Λ.

Theorem 14.36 tells us that we can transport our filtration on SX,µ to one on
LX . By formula (14.24), in filtration degree ≤ k we have those distributions,
or functions, that are supported in a finite number of translates of the sets
Λ ∩ C(A), where A spans a lattice of rank ≤ k.

Notice that the fact that the Laplace transform of LX is an algebra means
that LX is closed under convolution. This can also be seen directly by ana-
lyzing the support of the elements in LX . Such a support is contained in a
finite union of translates of the cone C(X).

14.3.3 A Formula for the Partition Function TX

In this section we shall assume that µi = 0 for each i = 1, . . . ,m.
Take the space of polar parts (cf. 14.25)

SPX := SX/SX,s−1 = ⊕φ∈P̃ (X)Fφ, Fφ = ⊕b∈NBXφNb,φ.

Let us consider the element vX in SPX , which is the class of the function∏
a∈X(1 − e−a)−1. Decompose it uniquely as a sum of elements vXφ in Fφ.

By Theorem 14.35, each one of these elements is uniquely expressed as a sum

vXφ =
∑

b∈NBXφ

qb,φωb,φ

for suitable polynomials qb,φ ∈ S[UC]. Thus

vX =
∑

φ∈P̃ (X)

∑
b∈NBXφ

qb,φωb,φ. (14.27)

We are now ready to prove the main formula that one can effectively use
for computing the partition function TX :

Theorem 14.38. Let Ω be a big cell, B(X) the box associated to X. For
every x ∈ Ω −B(X),

TX(x) =
∑

φ∈P̃ (X)

e〈φ | x〉
∑

b∈NBXφ | Ω⊂C(b)

|det(b)|−1qb,φ(−x). (14.28)
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Proof. Formula (14.27), together with the fact that ωb,φ is the class of the
element db,φ, implies that the generating function

∏
a∈X(1 − e−a)−1 equals

the sum
∑
φ∈P̃ (X)

∑
b∈NBXφ

qb,φdb,φ +K where K ∈ SX,s−1. By Proposition

14.4, db,φ is the Laplace transform of |det(b)|−1ξb,φ. The function ξb,φ equals
e〈φ | x〉 on Λ ∩C(b) and is 0 elsewhere. Moreover, K is the Laplace transform
of a distribution supported on the union of a finite number of translates of
lower-dimensional cones. Under the inverse Laplace transform, applying a
polynomial differential operator qb,φ( ∂

∂x1
, . . . , ∂

∂xs
) corresponds to multiplying

by qb,φ(−x1, . . . ,−xs). We deduce that the right-hand side of ((14.28)), that
for fixed Ω is a quasipolynomial, coincides with the partition function on
Ω minus possibly a finite number of translates of lower-dimensional cones.
Clearly, a quasipolynomial is completely determined by the values that it
takes on such a set.

We now apply Theorem 13.52, saying that on Ω − B(X), the partition
function TX coincides with a quasipolynomial. Therefore, formula (14.28)
expresses the partition function on Ω −B(X).

For an Euler–Maclaurin sum TX,µ(v), defined in Section 14.3.2, one can
prove the analogue to Theorem 14.38:

Theorem 14.39. Let Ω be a big cell. For any x ∈ Ω −B(X) we have

TX,µ(x) =
∑

φ∈P̃µ(X)

e〈φ | x〉
∑

b∈NBXφ | Ω⊂C(b)

|det(b)|−1qb,φ,µ(−x). (14.29)

Remark 14.40. (i) As in Theorem 11.35, one can deduce from formula (14.28)
that on two different big cells, the function TX is given by two different
quasipolynomials.

(ii) In the case of the Euler–Maclaurin sums, the reader should observe that
the points eφ of the arrangement are not necessarily torsion points in TC,
so that TX,µ(x) is in general not a quasipolynomial.

14.3.4 The Generic Case

In this section we are going to analyze the situation in which the parameters
µ are generic in the following sense. Consider, as in Section 8.1.4, the set
BX of subsets of {1, . . . ,m} indexing bases extracted from X = {a1, . . . , am}.
For each σ ∈ BX , we let bσ denote the corresponding basis. Thus bσ spans
a sublattice Λσ := Λbσ and defines a subset Tµ(bσ) of the set Pµ(X) of the
points of the arrangement, so that by (14.3),

Pµ(X) := ∪σ∈BXTµ(bσ).

Definition 14.41. The parameters µ are called generic if the sets Tµ(bσ) are
mutually disjoint.
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Notice that the parameters are generic if and only if Pµ(X) consists of
δ(X) =

∑
σ∈BX |det(bσ)| points.

Recall that linearly independent elements c1, . . . , ch of Λ define a surjective
homomorphism TΛC → (C∗)h. Its fibers are cosets of an (s − h)-dimensional
subgroup, hence finite unions of cosets of an (s− h)-dimensional subtorus.

The following easy lemmas are the key facts that allow us to understand
the generic case (recall that Ha is defined by the equation e−a = eµa).

Lemma 14.42. Let a1, . . . , ar+1 ∈ Λ be linearly independent elements and µi
parameters. If L is a component of ∩ri=1Hai , then L ∩Har+1 
= ∅.

Proof. Such a component L is a coset of some subtorus Y of the ambient
torus TΛC := TC. On Y , the character ear+1 takes as its values all the nonzero
complex numbers, so the same is true on L, and the claim follows.

Lemma 14.43. The parameters µ are generic if and only if for any linearly
dependent sublist (c1, . . . , cr) ⊂ X, we have ∩rj=1Hci = ∅.

Proof. The sufficiency of the condition is clear. To see its necessity, we can
clearly assume that both {c2, . . . , cr} and {c1, . . . , cr−1} are linearly indepen-
dent. It follows that both Z := ∩rj=2Hci and Z ′ := ∩r−1

j=1Hci are subvarieties
of pure codimension r−1 in TC. Since cr is linearly dependent on c1, . . . , cr−1,
both Z and Z ′ are unions of cosets of the same subtorus S of codimension
r− 1, the connected component of the identity of the kernel of all the charac-
ters eci . Since two different cosets of S are disjoint, we immediately get that
if ∩rj=1Hci is nonempty, then Z and Z ′ have a coset, and hence a component
L, in common. This is an element of the toric arrangement of codimension
r − 1.

We can choose elements br, . . . , bs in X such that {c1, . . . , cr−1, br, . . . , bs}
is a basis.

By the previous lemma there is a point p in Tµ(c1, . . . , cr−1, br, . . . , bs)∩L.
Clearly, {c2, . . . , cr−1, cr, br, . . . , bs} is also a basis and

p ∈ Tµ(c1, . . . , cr, br, . . . , bs) ∩ Tµ(c2, . . . , cr−1, br, . . . , bs)

a contradiction.

Corollary 14.44. Assume µ generic. Let pT be an element of the arrange-
ment associated to X and µ. Then XpT is a basis relative to pT . In particular,
each irreducible module in ⊕sk=1SX,µ,k/SX,µ,k−1 appears with multiplicity one.

Proof. The first part is clear from Lemma 14.43. The second then follows
from Theorem 14.32.

Remark 14.45. One can verify that the length (of a composition series) of SX,µ
is independent of µ. Moreover, µ is generic if and only if all the irreducible
factors of a composition series are nonisomorphic.
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For each minimally dependent sublist (ai1 , . . . , air ) ⊂ X, there is up to sign a
unique primitive relation R :=

∑r
j=1 kjaij = 0, ki ∈ Z relatively prime. Take

the torus (C∗)m of coordinates (λ1, . . . , λm). Associated to the relation R we
get the character

∏r
j=1 λ

kj
ij

whose kernel is an (m − 1)-dimensional subtorus
HR. The collection of such subtori is a toric arrangement in (C∗)m, and using
Lemma 14.43 we get the following result:

Proposition 14.46. The elements (λi := eµi) ∈ (C∗)m corresponding to
generic parameters µ are the complement of the tori HR as R varies among
the minimal relations.

Proof. Assume first that the parameters λi lie in one of the tori HR, for a min-
imal relation

∑
j=1 kjaij = 0, i.e.

∏
j=1 λ

kj
ij

= 1. We claim that the intersec-
tion ∩rj=1Haij

is not empty. In fact, consider the homomorphism s : Zr → Λ

defined by s((h1, . . . , hr)) =
∑
j=1 hjaij . This map induces, by duality, a ho-

momorphism s∗ : TC → (C∗)r whose image is the (r−1)-dimensional torus, the
kernel of the character (ζ1, . . . , ζr) �→ ζk11 · · · ζkrr . Therefore, the point of co-
ordinates (λi1 , . . . , λir ) lies in the image of s∗. Its preimage is thus nonempty
and equals ∩rj=1Haij

, giving our claim.
The converse is easy.

In the generic case we obtain a particularly simple expression for the func-
tion ∏

a∈X

1
(1− e−a−µa)

.

Proposition 14.47. Assume that the parameters µ are generic. Then there
are elements cσ ∈ C[Λ ] for each σ ∈ BX such that∏

a∈X

1
(1− e−a−µa)

=
∑
σ∈BX

cσ∏
i∈σ(1− e−ai−µi)

. (14.30)

Proof. For each σ ∈ BX set

Dσ,µ = Dσ :=
∏
i/∈σ

(1− e−ai−µi).

The fact that µ is generic implies that the Dσ generate the unit ideal of C[Λ ].
Indeed, if X = bσ, then Dσ = 1, and there is nothing to prove. So assume
m > s and proceed by induction on m. Set I = {u ∈ X|X \ {u} spans V }.
Take a ∈ I and set Y := X \ {a}.

By induction, the ideal generated by the Dσ’s with σ ⊂ BY is the ideal
(1 − e−a−µa) defining Ha. Thus it suffices to see that ∩a∈IHa = ∅. Let us
show that I is a linearly dependent set. If we assume that I is independent,
we can complete it to a basis b. But then X \ b ⊂ I, giving a contradiction.
At this point Lemma 14.43 implies that ∩a∈IHa = ∅.
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Now write
1 =

∑
τ∈BX

cτDτ , cτ ∈ C[Λ ]. (14.31)

We get

1∏
a∈X(1− e−ai−µi)

=

∑
σ∈BX cσDσ∏

a∈X(1− e−ai−µi)
=
∑
σ∈BX

cσ∏
i∈σ(1− e−ai−µi)

.

Set T̃µ(bσ) ⊂ P̃µ(X), the subset corresponding to Tµ(bσ). We can now expand
uniquely cσ =

∑
φ∈T̃µ(bσ) e(φ)uφ, uφ ∈ C[Λσ], and

∏
a∈X

(1− e−a−µa)−1 =
∑
σ∈BX

∑
φ∈T̃µ(bσ)

e(φ)uφ∏
i∈σ(1− e−ai−µai )

. (14.32)

For each σ ∈ BX and for each φ ∈ T̃µ(bσ) set cφ := uφ(eφ) ∈ C.

Lemma 14.48. In SX,µ/SX,µ,s−1,∑
σ∈BX

∑
φ∈T̃µ(bσ)

e(φ)uφ∏
i∈σ(1− e−ai−µai )

≡
∑
σ∈BX

∑
φ∈T̃µ(bσ)

e(φ)cφ∏
i∈σ(1− e−ai−µai )

.

Proof. Since for a given φ ∈ T̃µ(bσ), cφ − uφ lies in C[Λσ] and vanishes in eφ,

it lies in the ideal of C[Λσ] generated by the elements 1 − e−ai−µai , i ∈ σ.
Thus writing

uφ = cφ +
∑
i∈σ

di(1− e−ai−µai )

and substituting in (14.32) we get our claim.

It remains to compute the numbers cφ. For this we have the following
lemma:

Lemma 14.49. For each σ ∈ BX and for each φ with eφ ∈ Tµ(bσ),

cφ = Dσ(eφ)−1.

Proof. Divide (14.31) by Dσ and apply the definition of Dτ , getting

D−1
σ =

∑
τ∈BX

∑
ψ∈T̃µ(bτ )

uψe(ψ)

∏
j∈σ/τ (1− e−aj−µaj )∏
i∈τ/σ(1− e−ai−µai )

.

Notice that if τ 
= σ, it is clear that∏
j∈σ/τ (1− e−aj−µaj )∏
i∈τ/σ(1− e−ai−µai )
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vanishes at eφ. On the other hand, if τ = σ but ψ 
= φ, then e(ψ) vanishes at
eφ, while e(φ)(eφ) = 1. We deduce that

Dσ(eφ)−1 = uφ(eφ) = cφ,

as desired.

Applying Theorem 14.39 in this case we get that if Ω is a big cell and
x ∈ Ω −B(X), then

TX,µ(x) =
∑

σ∈BX | Ω⊂C(bσ)

∑
φ∈T̃µ(bσ)

e〈φ | x〉

|det(bσ)|Dσ(eφ)
. (14.33)

Notice that for each v ∈ Λ, the value TX,µ(v) is a polynomial in the
λi := e−µi . This suggests that we can use formula (14.33) to get an expression
for TX by first clearing denominators and then specializing the λi to 1.

Of course, this procedure is fairly complex, as we can illustrate in the
simplest case:

Example 14.50. We take s = 1. In this case Λ = Z. We take as X the element
1 repeated m times and we consider the parameters λj = e−µj as variables.
A simple computation implies that as a function of λ1, . . . , λm, TX,µ(d) is the
sum sd(λ1, . . . , λm) of all monomials of degree d. On the other hand, in this
case the unique big cell is the positive axis and formula (14.33) gives

sd(λ1, . . . , λm) =
m∑
i=1

λm−1+d
i∏

h
=i(λi − λh)
.

Notice that the right-hand side can be written as a quotient of two antisym-
metric polynomials in which the numerator has degree m− 1 + d+

(
m−1

2

)
.

In particular, for −m + 1 ≤ d < 0, the degree is smaller than
(
m
2

)
. This

implies that the numerator is zero, since every antisymmetric polynomial is a
multiple of the Vandermonde determinant, that has degree

(
m
2

)
.

More generally, in the case s = 1 we can always take the ai, i = 1, . . . ,m to
be positive integers. In this case, set λi = e−µi and for each i, let λi,1, . . . , λi,ai
be the set of ai-th roots of λi. The points of the arrangement are the numbers
λi,j ’s, and we are in the generic case if and only if they are distinct. We have

TX,µ(d) =
m∑
i=1

ai∑
j=1

λ
∑
h�=i ah+d

i,j

ai
∏
h
=i(λ

ah
i,j − λh)

.

14.3.5 Local Reciprocity Law

We want to discuss a second proof of the reciprocity law (formula (13.25))
based on the theory of modules that we have developed. This proof sheds
some light on the basic formula (14.28),
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TX(x) =
∑

φ∈P̃ (X)

e〈φ | x〉
∑

b∈NBXφ | c⊂C(b)

qb,φ(−x),

proving that in fact, we have a reciprocity law for the summands of this sum.
Let us start by observing that the automorphism a �→ −a of Λ induces the

automorphism τ of C[Λ ] and of W̃ (Λ) mapping ea �→ e−a, Du �→ −Du. Since
τ(1−e−a) = 1−ea = −ea(1−e−a), we get that τ extends to an automorphism
of SX .

Clearly τ is compatible with the filtration by polar order and induces a
linear isomorphism of SPX . In fact, this is even semilinear with respect to
the module structure and the same automorphism on W̃ (Λ).

Geometrically, τ gives a permutation of order two of the elements of the
toric arrangement. In particular, it permutes the points of the arrangement
mapping a point eφ to the point e−φ. Thus τ permutes the isotypic compo-
nents of SPX .

Also,

τ
( ∏
a∈X

1
1− e−a

)
= (−1)|X|e−

∑
a∈X a

∏
a∈X

1
1− e−a .

Apply τ to formula (14.27) to obtain

(−1)|X|e−
∑
a∈X avX =

∑
φ∈P̃ (X)

∑
b∈NBXφ | Ω⊂C(b)

τ(qb,φ)τ(ωb,φ).

The main remark is the following:

Lemma 14.51. For any point eφ of the arrangement,

τ(ωb,φ) = (−1)sωb,−φ.

Proof. Recall that ωb,φ is the class of∑
λ∈Rb e

−〈φ |λ〉eλ

|det(b)|
∏
a∈b(1− e−a)

.

Computing, we get

τ

[∑
λ∈Rb e

−〈φ |λ〉eλ∏
a∈b(1− e−a)

]
=

(−1)se−
∑
a∈b a

∑
λ∈Rb e

−〈−φ | −λ〉 e−λ∏
a∈b(1− e−a)

.

When λ runs through a set of coset representatives of Λ/Λb, so does −λ. It
follows that the class of ∑

λ∈Rb e
−〈−φ | −λ〉e−λ

|det(b)|
∏
a∈b(1− e−a)

equals ωb,−φ. This class is an eigenvector of eigenvalue 1 for e−
∑
a∈b a, and

the claim follows.
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Observe that as polynomials, τ(qb,φ)(x) = qb,φ(−x), and that multipli-
cation by e−

∑
x∈X x = e−2ρX corresponds under the Laplace transform to

translation by −2ρX . Thus we obtain the following theorem:

Theorem 14.52 (Local reciprocity).

eφqb,φ(x) = (−1)|X|−se−φqb,−φ(−x− 2ρX). (14.34)

It is clear that from this, and (14.28), one obtains formula (13.25).
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Cohomology of Toric Arrangements

In this chapter we compute the cohomology, with complex coefficients, of the
complement of a toric arrangement. A different approach is due to Looijenga
[74].

15.1 de Rham Complex

15.1.1 The Decomposition

In this chapter we are going to use the notation of the previous one. Thus we
take a real vector space V, a lattice Λ ⊂ V spanning V, a list X = (a1, . . . , am)
of vectors in Λ spanning Λ, and a list (µ1, . . . , µm) ∈ Cm. In analogy with
what we have done in Chapter 10, in this chapter we are going to explain
how the results on the structure of SX,µ as a W̃ (Λ)-module can be used to
compute the cohomology with real coefficients of the complement A in TC of
the hypersurface DX,µ of equation

∏
a∈X(1− e−a−µa).

The cohomology of A can be computed as the cohomology of the algebraic
de Rham complex (Ω•, d), d being the usual de Rham differential.

The description of Ω• goes as follows. Consider for each a ∈ Λ the one
form d log ea. Set Γ equal to the graded subalgebra of Ω• generated by these
forms, for a ∈ Λ. If we choose a basis {θ1, . . . , θs} of Λ and we set xi := eθi ,
we can identify Γ with the exterior algebra

∧
(x−1

1 dx1, . . . , x
−1
s dxs). Notice

that for each i = 1, . . . , s, we have x−1
i dxi = dθi = d log eθi .

With this notation, Ω• is isomorphic, as a graded algebra, to SX,µ ⊗ Γ,
where SX,µ is assigned degree zero and Γ is an algebra of closed differential
forms on TC mapping isomorphically onto H∗(TC,C).

We can filter Ω• by setting Ω•
k = SX,µ,k ⊗ Γ, for k = 0, . . . , s.

The fact that SX,µ,k is a W̃ (Λ) module easily implies that the differential
d preserves Ω•

k so we get a filtration of (Ω•, d) by subcomplexes.

Proposition 15.1. For each k = 1, . . . , s the exact sequence of complexes
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0 → Ω•
k−1 → Ω•

k → Ω•
k/Ω

•
k−1 → 0

splits.

Proof. Using the notation of Corollary 14.33, we get that a complement to
SX,µ,k−1 in SX,µ,k is given by the direct sum

⊕
pT ,dim T =s−k

( ⊕
b∈NBXpT

ApT db,φ

)
,

where ApT = C[ ∂
∂x1

, . . . , ∂
∂xk

, x±1
k+1, . . . , x

±1
s ] for a choice of coordinates xi with

the property that T has equations xi = 1, i = 1, . . . , k. By Remark 14.34,
db,φ depends only on x1, . . . , xk. This immediately implies that ApT db,φ ⊗ Γ
is a subcomplex of Ω•

k , proving our claim.

Remark 15.2. Notice that the definition of ApT depends on the choice of the
coordinates xi, which is quite noncanonical. Hence our splitting is also non-
canonical.

We now recall that for a space of the arrangements pT of codimension k,
the image of ⊕b∈NBXpT

ApT db,φ in SX,µ,k/SX,µ,k−1 equals the isotypic com-
ponent FpT . We deduce that the cohomology of the complex Ω•

k/Ω
•
k−1 is the

direct sum of the cohomology of the complexes FpT ⊗ Γ. Thus the cohomol-
ogy of A can be expressed as a direct sum of local contributions coming from
each of the elements of our arrangement, the cohomologies of the complexes
FpT ⊗ Γ.

The natural Γ -algebra structure on the de Rham cohomology ofΩ• induces
the H∗(TC,C) algebra structure on H∗(A,C) determined by the inclusion
A ⊂ TC.

The Γ -module structure on FpT ⊗Γ clearly induces an H∗(TC,C)-module
structure on its cohomology. If T has equations xi = 1, i = 1, . . . , k, the k
form d log(x1)∧· · ·∧d log(xk) depends only on T up to sign. With the notation
of Section 14.3.1, the vector space VpT d log(x1) ∧ · · · ∧ d log(xk) consists of
cocycles in FpT ⊗ Γ. We denote its image in cohomology by ΘpT .

Let us observe that if b = {b1, . . . , bk} is a basis relative to pT , the element
ωb,φd log(x1) ∧ · · · ∧ d log(xk) is a nonzero constant multiple of the element
ωb,φdb1 ∧ · · · ∧ dbk.

We give H∗(T ,C)⊗ΘpT the H∗(TC,C) module structure induced by the
inclusion T ⊂ TC.

Proposition 15.3. (1) There is an isomorphism of graded H∗(TC,C) mod-
ules between H∗(FpT ⊗ Γ ) and H∗(T ,C)⊗ΘpT .

(2) The quotient map from VpT d log(x1)∧· · ·∧d log(xk) to ΘpT is an isomor-
phism.
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Proof. Choosing coordinates as in the definition of ApT , we have that the
complex FpT ⊗ Γ decomposes as the tensor product of two complexes,

C[x±1
k+1, . . . , x

±1
s ]
∧

(d log(xk+1), . . . , d log(xs)),

C[
∂

∂x1
, . . . ,

∂

∂xk
]VpT

∧
(d log(x1), . . . , d log(xk)).

The first complex is the de Rham complex of the torus T . Its cohomology
is the exterior algebra

∧
(d log(xk+1), . . . , d log(xs)). The other complex is

isomorphic to the second type of complex studied in Section 10.1.1 and it
has only cohomology in dimension k that is identified isomorphically with the
image of VpT . This proves both claims.

Summarizing we have proved the following theorem:

Theorem 15.4. As an H∗(TC,C)-module, H∗(A,C) is isomorphic to⊕
pT ∈HX,µ

H∗(T ,C)ΘpT .

If p = eφ, then ΘpT has a basis given by the classes ωb,φdb1 ∧ · · · ∧ dbk as
b = {b1, . . . bk} varies among the unbroken bases relative to pT .

Remark 15.5. Although the decomposition is noncanonical, the filtration ofΩ•

induces a canonical filtration in cohomology whose associated graded space is
described by the above theorem.

From the previous formula one computes easily the Poincaré polynomial
of A.

In particular, the Euler characteristic of A is given by

χ(A) =
∑

p∈Pµ(X)

dimVp.

15.2 The Unimodular Case

Our next task is to compute the algebra structure of cohomology. This we
shall do in the unimodular case. In this case we shall also prove formality.

15.2.1 A Basic Identity

We start with a basic formal identity:

1−
n∏
i=1

xi =
∑

I�{1,2,...,n}

∏
i∈I

xi
∏
j /∈I

(1− xj). (15.1)
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The proof is by induction on n.
We split the sum into three terms: I = {1, . . . , n− 1}, I � {1, . . . , n− 1},

and finally n ∈ I. We get

n−1∏
i=1

xi(1− xn) +
(
1−

n−1∏
i=1

xi)(1− xn

)
+ xn

(
1−

n−1∏
i=1

xi

)
= 1−

n∏
i=1

xi.

Formula (15.1) implies∑
I�{1,2,...,n}

1
(1−

∏n
i=1 xi)

∏
i∈I

xi
(1− xi)

=
1∏n

i=1(1− xi)
.

We want to interpret this formula as an identity between certain differen-
tial forms.

Set, for i = 1, . . . , n, ωi := d log(1 − xi), ψi := d log xi. Also for each
h = 0, . . . , n, set θ(h) := d log(1 −

∏h
i=1 x

−1
i

∏n
j=h+1 xj). If we take a proper

subset I = {i1 < · · · < it} in {1, . . . , n} and let J = {j1 < · · · < jn−t} be its
complement, we can then define the n-forms:

Φ
(h)
I = (−1)sIωi1 ∧ · · · ∧ ωit ∧ ψj1 ∧ · · · ∧ ψjn−t−1 ∧ θ(h)

and
ΨI = (−1)sIωi1 ∧ · · · ∧ ωit ∧ ψj1 ∧ · · · ∧ ψjn−t

with sI equal to the parity of the permutation (i1, . . . , it, j1, . . . , jn−t).

Proposition 15.6. For each 0 ≤ h ≤ n, the n-form ω1 ∧ · · · ∧ ωn can be
written as a linear combination with integer coefficients of the n-forms Φ(h)

I

and ΨI as I varies over the proper subsets of {1, . . . , n}.

Proof. We first deal with the case h = 0. In this case, computing, we get

Φ
(0)
I = (−1)|I|

∏
i∈I

xi
(1− xi)

1
(1−

∏n
i=1 xi)

dx1 ∧ dx2 ∧ · · · ∧ dxn. (15.2)

Thus our identity (15.1) can be translated into:∑
I�{1,2,...,n}

(−1)|I|+nΦ
(0)
I = ω1 ∧ · · · ∧ ωn, (15.3)

proving our claim.
In the general case, let us observe that

d log(1− x−1) = d log
x− 1
x

= d log(1− x)− d log x.

Therefore, the substitution of xi with x−1
i for i = 1, . . . , s corresponds in

formula (15.3) to substituting ωi with ωi − ψi. As a result, we get a formula
expressing ω1∧ · · ·∧ωn as a linear combination of the forms Φ(h)

I and ΨI with
integral coefficients.
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15.2.2 Formality

Recall that in Definition 2.51 we have introduced the notion of unimodular
list of vectors in Λ.

This notion can in fact be defined, in case of a list of vectors X in a lattice
Λ, by either of the following equivalent conditions.

Proposition 15.7. Given a list of vectors X in Λ, the following are equiva-
lent:

(1) X is unimodular.
(2) Any sublist Y of X spans a direct summand in Λ.
(3) For any list µ of complex numbers and sublist Y of X, the variety of

equation 1− e−a−µa = 0, a ∈ Y , is connected.
(4) For any sublist Y of X, the variety of equation 1 − e−a = 0, a ∈ Y , is

connected.
(5) Given linearly independent elements c1, . . . , ck in X and another element

c0 ∈ X dependent on them, the linear relation c0 =
∑k
i=1 nici has the

coefficients ni ∈ {0, 1,−1}.
(6) d(X) = δ(X).
(7) The two spaces D(X) and DM(X) coincide.

Proof. The proof is left to the reader.

Observe that in the unimodular case, given a linearly independent sublist
b = (b1, . . . , bk) in X there is a unique element pT of HXµ, of codimension k
such that b is contained in XpT . We have a corresponding cohomology class
represented by the differential form

1∏k
i=1(1− e−bi−µbi )

db1 ∧ · · · ∧ dbk. (15.4)

Notice that

d log(1− e−a−µ) =
e−a−µ

1− e−a−µ da =
da

1− e−a−µ − da.

Let us start with a formal construction. Define an exterior algebra in the
following generators: a generator λa for every a ∈ X and a generator ξχ for
every element χ ∈ Λ.

We then impose a set of relations:

(i) ξχ1+χ2 = ξχ1 + ξχ2 , for all χ1, χ2 ∈ Λ.
(ii) Take elements χ1, . . . , χs ∈ Λ and (b1, . . . , bt) a sublist of X. If the

elements χ1, . . . , χs, b1, . . . , bt are linearly dependent, the product of the
elements ξχi and λbj is zero.
We come now to the main relations, that generalize the ones for hyper-
planes.
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(iii) Take a minimal linearly dependent sublist (b0, . . . , bk) of X. By the
unimodularity of X, up to reordering the elements, we may assume that
b0 =

∑h
i=1 bi −

∑k
j=h+1 bj . If furthermore

eµb0 =
h∏
i=1

eµbi
k∏

j=h+1

e−µbj ,

we take the formulas obtained in Proposition 15.6, that express the form
ω1 ∧ · · · ∧ ωh in terms of the forms Φ(h)

I and ΨI and substitute ψi with
ξχi and ωi with λai . We get then a formal expression, that we impose
as a new relation.

We call H the algebra defined by the given generators modulo the relations
(i), (ii), (iii).

Consider the subalgebra H in Ω• generated by the 1-forms d logχ,
d log(1 − e−a−µa) with χ ∈ Λ, a ∈ X. Then H clearly consists of closed
forms so that we obtain an algebra homomorphism

f : H → H∗(A,C).

It is also easy to verify, using Proposition 15.6, that these elements satisfy
the previous relations, so that we have an algebra homomorphism g : H → H
given by

g(λa) := d log(1− e−a−µa), g(ξχ) := d logχ.

Theorem 15.8. The homomorphisms g, f are isomorphisms.

Proof. The assumption that X is unimodular implies, by an easy application
of formula (15.4) and the description of cohomology of A, that f is surjective.

The fact that g is surjective is clear from its definition. So, in order to
prove our claim, it suffices to see that fg is injective.

We apply the theory of no broken circuits. The first set of relations implies
that the subalgebra generated by the elements ξχ is a homomorphic image of
the exterior algebra Γ . So we can consider H as a Γ -module.

For a fixed component pT we define the subspace WpT ⊂ H spanned by
the monomials λb =

∏
a∈b λa as b runs among the bases relative to pT .

The second set of relations also implies that WpT is annihilated by the
elements ξχ if the character eχ is constant on pT .

Given a monomial m in the generators λa and ξχ, we define its weight
as the number of factors of m of the first type λa. Notice that the weight
of λb ∈ WpT equals the codimension of pT . Then, whenever b is a broken
circuit, the relations of the third type allow us to replace it by a product of
elements with lower weight or lower in the lexicographical order. This implies
that modulo elements of smaller weight, any element in WpT can be written
as a linear combination of elements λb with b unbroken relative to an element
of the arrangement less than or equal to pT .

From this our claim follows immediately using Theorem 15.4.
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Remark 15.9. Our result shows in particular that in H∗(A,C), the algebraic
relations between the generating forms d log(1−e−a−µa) and d log ξ resemble,
but are more complicated than, the relations of Orlik–Solomon in the case of
hyperplane arrangements (cf. formula (10.3)).
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Polar Parts

In this chapter we return to the theory of Chapter 14, using all of its notation,
and complete the theory of the partition function.

16.1 From Volumes to Partition Functions

16.1.1 DM(X) as Distributions

In order to study DM(X) as distributions, it is better to work with its com-
plexified form DMC(X) = DM(X)⊗C. We apply the methods of Section 5.3
and in particular Theorem 5.29. This implies that

DMC(X) = ⊕φ∈P̃ (X)e
〈φ | v〉Dφ, (16.1)

where Dφ is the space of polynomials f such that e〈φ | v〉f ∈ DMC(X).
Recall that for any list of vectors Y , we have introduced in Definition 11.2

the differentiable Dahmen–Micchelli space D(Y ), which has also a complexi-
fied form DC(Y ). We have the following result, [37]:

Proposition 16.1. The space Dφ equals the differentiable Dahmen–Micchelli
space DC(Xp), p = eφ.

Proof. We have to understand when a polynomial f is such that e〈φ | v〉f sat-
isfies the difference equations given by the ideal JX .

By Corollary 5.30, the function e〈φ | v〉f satisfies the difference equation
∇Y e

〈φ | v〉f = 0 if and only if f satisfies the twisted difference equation
∇−φ
Y f =

∏
a∈Y ∇−φ

a f = 0. On polynomials, the operator ∇a = 1 − τa is
nilpotent, so that

∇−φ
a = 1− e−〈φ | a〉τa = ∇a + (1− e−〈φ | a〉)τa

is invertible as soon as e−〈φ | a〉 
= 1.
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Thus we split X in Xp∪(X\Xp) and see that for a polynomial f,∇−φ
Y f = 0

if and only if ∇Y ∩Xpf = 0. If Y is a cocircuit of X, then Y ∩Xp contains a
cocircuit of Xp. Thus f ∈ DMC(X) if and only if ∇Zq = 0 for all cocircuits
Z of Xp.

Next observe that if v ∈ V, the difference operator ∇v and the differential
operator ∂v satisfy∇v = Tv∂v with Tv = 1−e−∂v

∂v
. The operator Tv is invertible

on the space of polynomials and commutes with all the∇a. Hence∇Y = ADY

where A is invertible on polynomials. The equations ∇Y f = 0 are equivalent
to DY f = 0 for polynomials. Thus we obtain that e〈φ | v〉f ∈ DMC(X) if and
only if f ∈ DC(Xp).

In particular, the contribution of the point 1 to DMC(X) is the space of
polynomials DC(X). In the unimodular case, DMC(X) = DC(X). In general,
we also have the contribution of the other points, which will be denoted by

E(X) := ⊕p∈P (X), p
=1e
〈φ | v〉DC(Xp). (16.2)

We want now to explain the nature of DMC(X) as Fourier coefficients of
distributions on the compact torus T (whose character group is Λ), supported
on the points of the arrangement. For this we consider the space DC(X) (or
DC(Xp)) as a space of polynomial differential operators on U and hence also
on T with constant (complex) coefficients.

Let us normalize the Haar measure on T to be of total mass 1. This allows
us to identify generalized functions on T and distributions on T . Under this
identification, call D̂M(X) the space of distributions on T of which DMC(X)
gives the Fourier coefficients. By the previous analysis we are reduced to
studying the space e〈φ | v〉DC(Xp).

If p = eφ ∈ T, the delta distribution δp at p has as Fourier coefficients
cλ = e−〈φ |λ〉. If p(v) is a polynomial differential operator on U we have that

〈p(v)δp | e−〈φ |λ〉〉 = 〈δp | p(−v)e−〈φ |λ〉〉 = p(λ)e−〈φ |λ〉.

We deduce the following statement:

Proposition 16.2. D̂M(X) is the direct sum of the spaces of distributions
DC(Xp)δp for p ∈ P (X).

In particular, we see that D̂M(X) is supported on the finite set P (X).

16.1.2 Polar Parts

Let us denote by L̃φ the algebra of germs of holomorphic functions around the
point eφ ∈ TC and by Lφ the algebra of germs of holomorphic functions around
the point φ ∈ UC. Denote also by W̃φ the algebra of differential operators (on
L̃φ) with coefficients in L̃φ. Similarly, for Wφ.

Set LX,φ := L̃φ[
∏
a∈X(1− e−a)−1] and RXφ := Lφ[

∏
a∈Xφ(a− 〈a |φ〉)

−1].
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The map x �→ ex induces an isomorphism between the algebras L̃φ and
Lφ and between the algebras W̃φ and Wφ.

Under this isomorphism, given a ∈ X, the function 1−e−a is an invertible
element of Lφ unless a ∈ Xφ. In this case, 〈1−e−a |x〉 = 〈a |x−φ〉Fa(x) with
Fa(φ) = 1. Thus we deduce an isomorphism between LX,φ and RXφ , com-
patible with the action of the isomorphic algebras W̃φ and Wφ and preserving
the filtration by polar order.

We have an induced isomorphism of modules of polar parts:

kφ : LX,φ/LX,φ,s−1 → RXφ/RXφ,s−1.

For every a ∈ X set µa := −〈a |φ〉 and consider the algebra RXφ,µ. By an
obvious extension of Theorem 10.9, the map:

RXφ,µ/(RXφ,µ)s−1 → RXφ/(RXφ)s−1

is also an isomorphism of W (V )-modules, where W (V ) ⊂ Wφ.
Now, restricting to a neighborhood of φ, we have the inclusion SX ⊂ LX,φ.

So when we compose with the previous isomorphisms, we obtain a map

γφ : SX/SX,s−1 → RXφ,µ/(RXφ,µ)s−1.

In RXφ,µ/(RXφ,µ)s−1 let us take the elements

ub =
[ 1∏

a∈b〈a |x− φ〉

]
.

We have the following result:

Proposition 16.3. For every ψ ∈ P̃ (X) and for every basis b extracted from
Xψ,

γφ(ωb,eψ ) =

{
ub if ψ = φ,

0 if ψ 
= φ.

Proof. To prove the proposition we need to study the expansion of db,ψ(ex)
around φ. We get

db,ψ(ex) :=
e(ψ)(ex)∏

a∈b(1− e−〈a | x〉+〈a |ψ〉)
=

1∏
a∈b〈a |x− ψ〉F (x),

where F (x) is holomorphic around φ.
If ψ = φ and b is an unbroken basis extracted from Xφ, we claim that

F (φ) = 1. In fact, e(φ)(ex) is holomorphic and at x = φ takes the value 1,
while for each factor of the denominator we use the power series expansion
1− e−t = t(1− t/2 + . . . ).

In the case ψ 
= φ the denominator is holomorphic around φ, while by the
definition of e(ψ), the numerator vanishes at φ.
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With the notation of formula (14.26), we get the following corollary:

Corollary 16.4. γφ factors through the projection onto the isotypic compo-
nent Fφ and induces an isomorphism

jφ : Fφ → RXφ,µ/(RXφ,µ)s−1

of S[UC]-modules.

Proof. It is clear that γφ is a module map with respect to the algebra S[UC] of
differential operators with constant coefficients, and the two modules are free
over this algebra. By the previous proposition γφ maps the basis elements in
the isotypic components Fψ, ψ 
= 0, to 0 and those of Fφ to basis elements of
RXφ,µ/(RXφ,µ)s−1.

We need now to compare the action of C[Λ ] on Fφ with that of S[V ] on
RXφ,µ/(RXφ,µ)s−1 under the map jφ. For this, observe that the elements
v − 〈v |φ〉 with v ∈ V are locally nilpotent on RXφ,µ/(RXφ,µ)s−1, while by
Remark 14.10, the elements 1 − eλ−〈λ |φ〉 are locally nilpotent on Fφ. Thus
these two actions extend to the completion of S[V ] at the maximal ideal at
the point φ and the completion of C[Λ ] at the maximal ideal at the point p.
Furthermore, reasoning as in Proposition 5.23, we get an isomorphism between
the two completions that is compatible with the module isomorphism.

16.1.3 A Realization of C[Λ ]/JX

Let us take the decomposition given by formula (14.26), SPX = ⊕φ∈P̃(X)Fφ

into isotypic components of SPX considered as a W̃ (Λ)-module.
The element vX , which is the class in SPX of the generating function∏

a∈X(1− e−a−µa)−1, decomposes into a sum of local elements vXφ ∈ Fφ.
We consider next the C[Λ ]-submodules QX and QXφ generated in SPX by

vX and vXφ respectively. We can now apply Proposition 16.1 and Corollary
16.4 in order to reduce the computation to Theorem 11.20.

Theorem 16.5. The annihilator of vX is the ideal JX . So we get that the
C[Λ ]-modules QX and C[Λ ]/JX are isomorphic.

More generally, we obtain a canonical commutative diagram of isomor-
phisms, compatible with all the identifications made:

C[Λ ]/JX
∼=−−−−→ ⊕φ∈P̃ (X)AXφ

∼=
⏐⏐# ∼=

⏐⏐#
QX

∼=−−−−→ ⊕φ∈P̃ (X)QXφ
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Proof. The map jφ maps
∏
a∈X(1− e−a)−1] to

∏
a∈Xφ(a−〈a |φ〉)

−1F , where
F is nonzero at φ. This implies that the ideal in the completion of C[Λ ] annihi-
lating vXφ is identified with the annihilator of the class of

∏
a∈Xφ(a−〈a |φ〉)

−1

in the completion of S[V ]. Since all these ideals are of finite codimension, we
get the desired isomorphism.

Remark 16.6. This theorem can be considered as a dual version of formula
(16.1) and Proposition 16.1.

16.1.4 A Residue Formula

In this section, using the exponential map, we think of the elements of SX
as periodic meromorphic functions on UC with poles on the corresponding
periodic family of hyperplanes. By formula (14.27) and Corollary 16.4, we
can put together the isomorphisms jφ as eφ runs among the points of the
arrangement and get an isomorphism of S[UC]-modules

j : SPX → ⊕φ∈P̃ (X) ⊕b∈NBXφ S[UC]
[∏
a∈b

(a− 〈a |φ〉)−1
]
.

By Proposition 16.3, the image under j of the class vX of
∏
a∈X(1 − e−a)−1

decomposes as the sum over φ of

jφ(vXφ) =
∑

b∈NBXφ

qb,φj(ωb,φ) =
∑

b∈NBXφ

qb,Xφ

( ∂

∂y

)
ub.

We have the periodic analogue of (10.10):

Theorem 16.7.

qb,Xφ(−y) = det(b)resb,φ
( e〈y|z〉∏

a∈X(1− e−〈a|z〉−〈a |φ〉)

)
. (16.3)

Proof. We apply Theorem 10.11, translating φ into 0, and setting h equal to
the germ of

∏
a∈X(1− e−a)−1 around φ for each φ.

Summarizing: formulas (10.10) and (16.3), together with the local com-
putation of residues, provide us with another effective algorithm to compute
the functions that we have been studying. Theorem 14.38 becomes:

Theorem 16.8. Let Ω be a big cell, B(X) the box associated to X. For every
x ∈ Ω −B(X),

TX(x) =
∑

φ∈P̃ (X)

e〈φ | x〉
∑

b∈NBXφ | Ω⊂C(b)

resb,φ
( e〈x|z〉∏

a∈X(1− e−〈a|z〉−〈a |φ〉)

)
.

(16.4)
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It remains to discuss a last algorithmic point. In order to compute the Jeffrey–
Kirwan residue, at a given point v ∈ C(A), it is necessary to determine a big
cell Ω for which v ∈ Ω.

In general, the determination of the big cells is a very complex problem,
but for our computations much less is needed.

Take a point q internal to C(A) and not lying on any hyperplane generated
by n−1 vectors of X. This is not difficult to do. Consider the segment qv. This
segment intersects these hyperplanes in a finite number of points, and thus
we can determine an ε sufficiently small for which all the points tp+ (1− t)q,
with 0 < t < ε, are regular. If we take one of these points q0, it lies in a big
cell for which p is in the closure.

At this point, for every unbroken basis, we must verify whether q0 lies in
the cone generated by the basis.

16.1.5 The Operator Formula

Here we discuss a formula by Brion–Vergne [27] (see also Guillemin [59]) using
our machinery.

We want to analyze the action of multiplication by 1 − e−a on Fφ. If
a /∈ Xφ, then e〈a |φ〉 
= 1, and (1 − e−a) is invertible in the algebra of germs,
so it gives an invertible operator on Fφ.

If a ∈ Xφ, we have that the function

1− e−a

a− 〈a |φ〉

takes the value 1 at φ. Thus it is invertible in Lφ. We set

Qφ =
∏
a/∈Xφ

1
1− e−a

∏
a∈Xφ

a− 〈a |φ〉
1− e−a .

This gives by multiplication an invertible operator on Fφ; hence via jφ, it also
gives an invertible operator on Υφ. We deduce

Proposition 16.9. Let

j : ⊕φ∈P̃ (X)Fφ → ⊕φ∈P̃ (X)Υφ

denote the isomorphism j of coordinates jφ. Then

j
( ∏
a∈X

(1− e−a)−1
)

=
∑

φ∈P (X)

Qφ
∏
a∈Xφ

(a− 〈φ | a〉)−1. (16.5)

Proof. In RX,φ we have the obvious identity∏
a∈X

1
1− e−a =

∏
a/∈Xφ

1
1− e−a

∏
a∈Xφ

a− 〈a |φ〉
1− e−a

1∏
a∈Xφ(a− 〈a |φ〉),
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where each factor of the function∏
a/∈Xφ

1
1− e−a

∏
a∈Xφ

a− 〈a |φ〉
1− e−a

takes a nonzero value at φ (so it is a germ of an invertible holomorphic function
at φ). So everything follows.

Using Theorem 9.5 we deduce that the class of 1/
∏
a∈Xφ(a− 〈a |φ〉) equals∑

b∈NBXφ
pb,Xφub. Equating terms we have

qb,Xφub = Qφpb,Xφub. (16.6)

We want to transform the previous identity into a formula expressing qb,Xφ .

Lemma 16.10. Let Ŝ[V ] be the completion of S[V ] at the point φ. We have
that Ŝ[V ] acts as differential operators on the space eφS[UC].

Proof. Clearly, S[V ] acts on this space by differential operators. The elements
in the maximal ideal of φ are locally nilpotent, so this action extends to an
action on Ŝ[V ].

Notice that since for every v ∈ V we have vub = 〈v |φ〉ub, the module gen-
erated by ub is isomorphic to the module Nφ over an algebra of differential
operators on UC mapping ub to the delta function at φ.

Its Fourier transform is isomorphic to the module of functions generated
by eφ. Applying this to (16.6) we have

q̂b,Xφe
φ = Q̂φp̂b,Xφe

φ = Q̂φ(pb,Xφ(−x)eφ). (16.7)

Where recall that p̂b,Xφ = pb,Xφ(−x) and Q̂φ is a differential operator applied
to the function pb,Xφ(−x)eφ. Now on the module of functions peφ with p a
polynomial, the element Q̂φ acts as a differential operator of finite order on
each function.

Substituting in formula (14.27), we deduce the final general operator for-
mula (16.8) for x ∈ Λ ∩Ω −B(X):

Theorem 16.11. Given a point x ∈ Λ ∩Ω −B(X), we have

TX(x) =
∑

φ∈P̃ (X)

Q̂φ
(
e〈φ | x〉

∑
b∈NBXφ | Ω⊂C(b)

|det(b)|−1pb,Xφ(−x)
)
. (16.8)

Proof. Identifying functions on Λ with distributions supported on Λ, we know
that TX is the inverse Laplace transform of

∏
a∈X

1
1−e−a . From formula (14.27)

we have that ∏
a∈X

1
1− e−a =

∑
φ∈P̃ (X)

∑
b∈NBXφ

qb,φdb,φ + L
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where L is in lower filtration and its inverse Laplace transform is supported
in a finite union of cones of dimension < s (Theorem 14.36). Thus let us first
concentrate on the first part of the sum. We know by Proposition 14.4 that
|det(b)|db,φ is the Laplace transform of ξb,φ, which coincides with the function
eφ on the points of Λ∪C(b) and it is 0 elsewhere. Therefore, possibly outside
some set of dimension < s, we have that on Ω ∩ Λ

TX(x) =
∑

φ∈P̃ (X)

∑
b∈NBXφ

q̂b,φe
〈φ | x〉 =

∑
φ∈P̃ (X)

∑
b∈NBXφ

qb,φ(−x)e〈φ | x〉.

We now substitute for q̂b,φ(x)e〈φ | x〉 its expression given by Formula 16.7 and
finally obtain our desired formula up to the terms given by L. Now we use the
fact that we know already that on Ω−B(X) the function TX(x) is a quasipoly-
nomial. The right hand side of Formula (16.8) is already a quasipolynomial
and hence we must have that Formula (16.8) holds on Ω−B(X) uncondition-
ally.

Observe that this expresses the partition function as a sum distributed over
the points φ ∈ P̃ (X). The contribution of each φ is obtained by applying
a differential operator to the local multivariate splines for the corresponding
lists Xφ. Let Creg(X) be the set of strongly regular points of C(X).

Theorem 16.12. On the intersection of Λ with the open set of strongly reg-
ular points we have

TX =
∑

φ∈P (X)

Q̂φTXφ,φ. (16.9)

Proof. The explicit formula is a consequence of formula (16.5) plus the previ-
ous discussion.

16.1.6 Local Reciprocity

Finally, let us give a third proof of the reciprocity (13.25) and (14.34) based
on formula (16.8), that is, the connection between volumes and the partition
function. Take one of the terms qb,φ(−x) := Q̂φ

(
e〈φ | x〉pb,Xφ(−x)

)
with

Q̂φ =
∏
a/∈Xφ

1
1− e−Da

∏
a∈Xφ

Da − 〈φ | a〉
1− e−Da

and compute qb,φ(x), that is (with τ as in (14.34))

qb,φ(x) = τ(Q̂φ)
(
e−φpb,Xφ(x)

)
.

We have, since Xφ = X−φ and pb,Xφ(x) is homogeneous of degree |Xφ| − s,
that pb,Xφ(x) = (−1)|Xφ|−spb,X−φ(−x). Now
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τ(Q̂φ) =
∏
a/∈Xφ

1
1− eDa

∏
a∈Xφ

−Da + 〈φ | a〉
1− eDa

= (−1)|X|+|Xφ|e−
∑
a∈X Da

∏
a/∈Xφ

1
1− e−Da

∏
a∈Xφ

Da − 〈−φ | a〉
1− e−Da

= (−1)|X|+|Xφ|e−
∑
a∈X DaQ̂−φ.

Since for any function f

e−
∑
a∈X Daf(x) = f(x−

∑
a∈X

a) = f(x− 2ρX),

we deduce that

qb,φ(x) = (−1)|Xφ|−sτ(Q̂φ)e−φpb,X−φ(−x)

= (−1)|X|−se−
∑
a∈X DaQ̂−φe

−φpb,X−φ(−x)

= (−1)|X|−se−
∑
a∈X Dae−φqb,−φ(−x)

= (−1)|X|−se−φqb,−φ(−x− 2ρX)

as desired.

16.2 Roots of Unity

16.2.1 Dedekind Sums

We now make a further remark about the computations. Clearly the partition
function is integer-valued, while the expressions we found involve roots of 1.
This has to be dealt with as follows. The points of finite order of T correspond
to the homomorphisms of Λ to C∗ whose image is in the group of roots of
1. Thus we get an action of the Galois group Γ of the maximal cyclotomic
extension of Q on these points. This action preserves P (X), and clearly Xφ

is constant on an orbit of the Galois group. Thus we decompose P (X) into
Γ -orbits, and for each such orbit O we set XO := Xφ, e

φ ∈ O. The characters
eφ, φ ∈ O have all the same kernel that we denote by ΛO. Λ/ΛO is a cyclic
group of order n, the order of eφ. Then O consists of the φ(n) (Euler’s φ
function) injective maps of Λ/ΛO into the group of roots of 1.

Each orbit contributes to (16.8) with the term∑
eφ∈O

Q̂φ

(
e〈φ | x〉

∑
b∈NBXO | Ω⊂C(b)

|det(b)|−1pb,XO (−x)
)
. (16.10)

We can compute using the fact that

(Da − 〈φ | a〉)e〈φ | x〉 = e〈φ | x〉Da,
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so that∑
eφ∈O

Q̂φe
〈φ | x〉 =

[ ∑
eφ∈O

e〈φ | x〉
∏
a/∈XO

1
1− e−Da−〈φ | a〉

] ∏
a∈XO

Da

1− e−Da . (16.11)

The operator

Q̃O :=
∑
φ∈O

e〈φ | x〉
∏
a/∈XO

1
1− e−Da−〈φ | a〉 (16.12)

can be viewed as a trace. For each eφ ∈ O, e〈φ | x〉 is constant on a fixed coset
of ΛO in Λ. Thus on each such coset the expression (16.12) gives a differential
operator with constant coefficients, which, being invariant under the Galois
group, are rational numbers. Let us give an algorithm to compute Q̃O. Set

E(t) := e−t − 1 =
∞∑
k=1

(−t)k
k!

.

A simple manipulation gives

1
1− e−Da−〈φ | a〉 =

(
1− e−〈φ | a〉

)−1 ∞∑
j=0

( e−〈φ | a〉

1− e−〈φ | a〉

)j
E(Da)j .

Denote by b1, . . . , br the elements of X \XO. When we develop the product,
in a term of (16.12), we get terms of type

E(Db1)
j1E(Db2)

j2 · · ·E(Dbr )
jr

multiplied by the coefficient

Cj1,...,jr (φ) :=
r∏

h=1

(1− e−〈φ | bh〉)−1( e−〈φ | bh〉

1− e−〈φ | bh〉
)jh .

Then (16.11) is a sum of terms∑
j1,...,jr

sO(j1, . . . , jr)[x]E(Db1)
j1E(Db2)

j2. . . E(Dbr )
jr
∏
a∈XO

Da

1− e−Da ,

where sO(j1, . . . , jr)[x] equals

∑
eφ∈O

e〈φ | x〉Cj1,...,jr (φ) =
∑
φ∈O

e〈φ | x−
∑
i jibi〉∏r

k=1

(
1− e−〈φ | bk〉

)jk+1 . (16.13)

Pick once and for all eφ0 ∈ O and assume that O consists of elements of order
n. Let ζn := e

2πi
n . We have, for each x ∈ Λ, there is h and nk with

e〈φ0 | x〉 = ζhn , e−〈φ0 | bk〉 = ζnkn , 0 ≤ h < n, 0 < nk < n, ∀k,
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so that∑
eφ∈O

e〈φ | x〉Cj1,...,jr (φ) =
∑

0<i<n, (i,n)=1

ζihn

r∏
k=1

ζinkjkn

(1− ζinkn )jk+1
. (16.14)

This expression, which a function of x, through the number h, is the trace
from Q(ζn) to Q of the element ζhn

∏r
k=1

ζ
nkjk
n

(1−ζnkn )jk+1 . It thus takes rational
values that are constant on each coset of ΛO in Λ. It can be computed
by suitable computations in the cyclotomic field Q(ζn). We will give some
examples of these computations in the next section, when we treat in detail
the 1-dimensional case.

Expressions of this type are known as generalized Dedekind sums.

We can go one step further, calling a sublist A ⊂ X saturated if it is of the
form A = XO for some orbit O.

Then for such A define P̃A :=
∏
a∈ADa/(1 − e−Da) and Q̃A :=

∑
O Q̃O

as O varies over the orbits such that XO = A. Then we see that formula
(16.9) can be rewritten as a formula computing the partition function from
the multivariate splines:

TX =
∑
A⊂X,

A saturated

Q̃AP̃A(TA). (16.15)

16.3 Back to Decomposing Integers

16.3.1 Universal Formulas

In order to use formula (16.15) for computations, we proceed in various steps.

(i) First of all, we determine the saturated sets A and the multivariate
splines TA.

(ii) Secondly, if A is a saturated set, we determine the Galois orbits O in
P (X) such that XO = A.

(iii) If A has k elements, TA is a polynomial of degree k−s. So we then need
to compute the differential operator of infinite order Q̃AP̃A up to degree
k − s. This is done by the method explained in the previous section.

We want to analyze this strategy in the case of numbers, that is, when s = 1
and X = (a1, . . . , am) is a sequence of m positive integers.

In this case the points of the arrangement are all the primitive d-th roots
of 1, as d varies among the set DX of divisors of the numbers a1, . . . , am.

Let us also denote by D̃X the elements of DX that are greatest common
divisors of sublists of X.

Orbits under the Galois group are indexed by DX . Given k ∈ DX , the
corresponding orbit consists of the k-th primitive roots of 1. A sublist A of
X is saturated if and only if it is of the form
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Ad := {ai | d divides ai, d ∈ D̃X}.
In other words, given a sublist A of X, set d(A) equal to the greatest common
divisor of the elements of A. Then A is saturated if and only if every element
of X \A is not a multiple of d(A).

Given a saturated list A and a := d(A), let us then write the elements in
A in the form aei, i = 1, . . . , p. Also, for any 0 < h < a let ch be the number
of elements in X \A that are congruent to h modulo a.

We have already seen how to write the coefficients of the expansion

Q̃A =
∞∑
j=0

Cj
dj

dtj
.

To show the type of computations one has to perform, let us compute C0. Set
X \ A = {b1, . . . , br}. Let us use (16.14) and the definition of Q̃A. A root of
1, ζ is such that Xζ = A if and only if it belongs to the set

ΘXa := {ζ |ζa = 1, ζbi 
= 1,∀i = 1, . . . , r},
and therefore

C0 := σx(b1, . . . , br; a) =
∑
ζ∈ΘXa

ζx∏r
i=1(1− ζ−bi)

(16.16)

where x varies among the cosets modulo A so that C0 is a degree zero
quasipolynomial.

The expression σx(b1, . . . , br; a) is called a generalized Dedekind sum.1 If
x = 0, we shall write σ(b1, . . . , br; a) instead of σ0(b1, . . . , br; a). If a = 1 then
by definition, σx(b1, . . . , br; 1) = 0.

Turning to P̃A, we see that

P̃A :=
∏
a∈A

Da

1− e−Da =
p∏
i=1

eia
d
dt

1− e−eia ddt
=

∞∑
j=0

Bj(e1, . . . , ep)aj
dj

dtj
. (16.17)

The elements Bj(e1, . . . , ep) are universal symmetric polynomials in the ei’s
involving Bernoulli numbers. As an example, set si := si(e1, . . . , ep) equal to
the i-th elementary symmetric function in the ej ’s. That is

p∏
i=1

(1 + eit) =
p∑
j=0

sj(e1, . . . , ep)tj (16.18)

Then

B0 = 1, B1 =
s1
2
, B2 =

s21 + s2
12

, B3 =
s1s2
24

.

We deduce the existence of universal formulas for the quasipolynomials
describing the solution to decomposing integers. In the next two sections we
shall work out a number of examples in special situations.

1We find it useful to sum over primitive roots when defining Dedekind sums
rather than follow the classical definition [14].
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16.3.2 Some Explicit Formulas

Let us develop a special case, the one in which the numbers ai are pairwise
coprime.

Given k ∈ DX , the corresponding orbit consists of all primitive k-th roots
of 1. As for XO, we have that if k = 1, then XO = X. If k > 1 and ai is the
only element in X divisible by k, then XO = {ai}. So the saturated sets are
X and the {ai}, i = 1, . . . ,m. Since Q̃X = 1 let us now compute

Q̃{ai}P̃{ai}T{ai}.

Here T{ai} is the constant a−1
i . It follows that we only need to compute the

constant term of Q̃{ai}P̃{ai}. We note that P̃{ai} has constant term 1. Finally,
by (16.16), one immediately computes the constant term of Q̃{ai}, getting

ai−1∑
h=1

ζhxai

∏
j 
=i

1

1− ζ
−haj
ai

= σx(a1, . . . ,
∨
ai, . . . am; ai). (16.19)

It remains to discuss the contribution coming from 1. In this case (cf. (9.1)),
TX(t) = tm−1/(m− 1)!

∏
i ai. Thus we obtain, by formula (16.17), the poly-

nomial with rational coefficients

m−1∑
j=0

Bj(a1, . . . , am)tm−j−1

(m− j − 1)!
∏
i ai

. (16.20)

Now recall that TX is a quasipolynomial relative to the subgroup of mul-
tiples of M :=

∏m
i=1 ai. Applying our formulas, we get

TX(t) =
m−1∑
j=0

Bj(a1, . . . , am)tm−j−1

(m− j − 1)!
∏
i ai

+
m∑
i=1

σt(a1, . . . ,
∨
ai, . . . , am; ai)
ai

. (16.21)

As an application we get a reciprocity law for generalized Dedekind sums as
follows. The equation

∑n
i=1 aixi = 0, xi ≥ 0, has as unique solution (0, . . . , 0);

hence TX(0) = 1. Computing, with the above method, we get

Bm−1(a1, . . . , am)
a1 · · · am

+
m∑
i=1

σ(a1, . . . ,
∨
ai, . . . , am; ai)
ai

= 1. (16.22)

Using the fact that TX(t) = 0,−
∑m
i=1 ai < t < 0 we have also other

reciprocity laws, which determine the partition function on these cosets.
A related problem that has been extensively studied is the following. Con-

sider in Rn the simplex with vertices (0, . . . , 0, αi, 0, . . . , 0) with αi a positive
integer for each i = 1, . . . , n and the origin 0. We want to count the number
of integer points in this simplex.
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A point with coordinates xi is in this simplex if and only if

n∑
i=1

xi
αi

≤ 1, xi ≥ 0, ∀i.

Multiply by the least common multiple m of the αi and set ai := m/αi. We
then have that the integral points in this simplex are in one-to-one correspon-
dence with the nonnegative integer solutions (x1, . . . , xn, w) of

n∑
i=1

aixi + w = m, ai > 0, gcd(a1, . . . , an) = 1.

Thus we have reduced this question to a computation involving the partition
function TX(t) with s = 1, the list X being (a1, . . . , an, 1) and the ai coprime.
In fact we need only the polynomial coinciding with TX(t) on the multiples
of all the ai.

In this case, in principle, the formulas we have developed allow us to com-
pute the quasipolynomial TX(t) for all choices of the ai’s. However, explicit
computations have been performed only for n ≤ 3.

For n = 2 let us denote by a, b the two elements a1, a2. Since a, b, and 1
are mutually coprime, we can apply formula(16.21):

TX(t) =
t2

2ab
+

(a+ b+ 1)
2ab

t+
a2 + b2 + 1

12ab
+
ab+ a+ b

4ab
+
σt(b, 1; a)

a
+
σt(a, 1; b)

b
.

As for the reciprocity law, we get setting t = 0

1 =
a2 + b2 + 1

12ab
+
ab+ a+ b

4ab
+
σ(b, 1; a)

a
+
σ(a, 1; b)

b
,

which is a form of the classical reciprocity for Dedekind sums.
Finally, using Theorem 13.54, we have similar formulas for any t with

−a − b − 1 < t < 0. In fact TX(t) is zero at these integers, and we get the
identity

0 =
t2

2ab
− (a+ b+ 1)

2ab
t+

a2 + b2 + 1
12ab

+
ab+ a+ b

4ab
+
σt(b, 1; a)

a
+
σt(a, 1; b)

b

at any such integer.
This allows us to compute simply the term σt(b, 1; a)/a+σt(a, 1; b)/b, and

thus determine the polynomial expressing TX on any residue class modulo ab
having a representative t with −a−b ≤ t ≤ 0. To get the terms σt(b, 1; a)/a+
σt(a, 1; b)/b, in the general case, we can use formula (12.3) that tells us that
the quasipolynomial F expressing TX for t > −1 − a − b satisfies the Euler
relation

∇XF (x) = F (x)− F (x− a)− F (x− b) + F (x− a− b) = 0.
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Let us now pass to the case n = 3. Denote by a, b, c the three coprime
elements a1, a2, a3. Let M be the least common multiple of a, b, c and p(t)
the polynomial coinciding with TX on the nonnegative multiples of M . We
concentrate our analysis on computing p(t). We have that p(0) = 1 and
the leading term of p(t) is easily seen to be t3/6abc. So, we only need to
compute the two coefficients of t, t2. We thus write explicitly only the parts
that contribute to these coefficients.

The points of the arrangement are the divisors of the three numbers a, b, c.
Since a, b, c are not necessarily pairwise coprime, the methods we have already
developed have to be slightly modified.

For the point 1 we can apply directly the expansion of P̃X . We get, with
si = si(a, b, c, 1),

(6s4)−1{t3 +
3s1
2
t2 +

s21 + s2
2

t+
s1s2
24

}.

Since any three elements among a, b, c, 1 have greatest common divisor
equal to one, we see that saturated sets different from X have cardinality
either 1 or 2. In particular, they do not contribute the coefficient of t2 in p(t).
We now have to compute the contributions to the coefficient of t. A saturated
subset can give a contribution if it consists of two not coprime elements. So
we have the three possibilities

{b, c}, {a, c}, {a, b}.

Let us analyze {b, c} so T{b,c} = t/bc. Set A = gcd(b, c) and assume
A 
= 1. Applying formula (16.16), we get that the contribution of {b, c}
to the coefficient of t is given by σ(a, 1;A)/bc. Similarly, if B = gcd(a, c) and
C = gcd(a, b), the corresponding contributions are given by σ(b, 1;B)/ac and
σ(c, 1;C)/ab. We deduce that

p(t) =
1

6s4

{
t3+

3s1
2
t2+

s21 + s2
2

t
}

+
[σ(a, 1;A)

bc
+
σ(b, 1;B)

ac
+
σ(c, 1;C)

ab

]
t+1.

As for n = 2, one could perform a direct computation of the constant
term of p(t). This computation would involve several Dedekind sums. The
very complicated expression adding to 1, could be considered as a generalized
reciprocity formula for Dedekind sums.

16.3.3 Computing Dedekind Sums

In this section we want to make a few remarks on how one could actually
compute the sum of terms

ζx
∏
j

1
1− ζ−aj , (16.23)
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where ζ runs over the primitive k-th roots of 1. This is a computation inside
the cyclotomic field Q(ζk), with ζk := e2πi/k giving rise to a rational number.
In fact, such a sum is the trace trQ(ζk)

Q of each of its terms. These are standard
facts of arithmetic, that we recall for completeness.

Short of having enough reciprocity laws allowing us to simplify the expres-
sion, the standard way to proceed is in two steps. First one has to clear the
denominator and obtain an expression of type b =

∑φ(k)−1
i=0 ciζ

i
k, and then one

has to compute trQ(ζk)
Q (b) =

∑φ(k)−1
i=0 citr(ζik).

The element ζik is a primitive root of 1 of order t = k/(k, i). The value of
tr(ζik) equals tr(ζt). We have

trQ(ζk)
Q (ζt) = [Q(ζk) : Q(ζt)]tr

Q(ζt)
Q (ζt) =

φ(k)
φ(t)

trQ(ζt)
Q (ζt).

Where φ(k) = [Q(ζk) : Q] is Euler’s function. As for trQ(ζt)
Q (ζt), it equals

−a(t), where a(t) is the second coefficient of the cyclotomic polynomial φt(x)
of degree t.

In order to compute a(t), consider the identity
∏
d |n φd(x) = xn − 1. We

deduce that if n > 1, we have
∑
d |n a(d) = 0.

Proposition 16.13. −a(t) coincides with the classical Möbius function µ(t):⎧⎪⎨⎪⎩
µ(t) = 0 if t is divisible by a square of a prime,
µ(t) = (−1)h if t is a product of h distinct primes,
µ(1) = 1.

Proof. φ1(x) = x− 1 so a(1) = −1.
First, for a prime p we have a(p)+ a(1) = 0, hence a(p) = 1. Assume that

n =
∏h
i=1 pi is a product of distinct primes. For a divisor d that is a product

of k < h primes, we have by induction −a(d) = (−1)k; thus we have

a(n)−
k−1∑
j=0

(
k

j

)
(−1)j = 0.

Since (1 + (−1))k =
∑k
j=0

(
k
j

)
(−1)j = 0, we have that −a(n) = (−1)k.

Next assume that n = pk is a prime power. By induction a(pi) = 0 if
1 < i < k, so a(pk) + a(p) + a(1) = 0 implies a(pk) = 0.

In the case n =
∏
i p
ni
i , where at least one ni is grater than 1, by induction,

for all proper divisors d that contain a square of a prime we have a(d) = 0.
The remaining divisors are divisors of

∏
i pi, so that

∑
d |

∏
pi
a(d) = 0. Then

a(n) +
∑
d |

∏
pi
a(d) = 0 implies a(n) = 0.

As for clearing a denominator
∏
j(1 − ζ−aj ), observe that the elements

ζ−aj are primitive h-th roots of 1 for numbers h | k, h > 1.
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Let us denote by Gh := {η1, . . . , ηφ(h)} the primitive h-th roots of 1. We
have for some positive integers 0 ≤ nh,i, 1 ≤ i ≤ φ(h) determined by the list
ai, that ∏

j

(1− ζ−aj ) =
∏

1<h | k

φ(h)∏
i=1

(1− ηi)nh,i .

In other words, each primitive h-th root of 1 may appear with some
multiplicity depending on the list of numbers ai. Let nh := max(nh,i), for
i = 1, . . . , φ(h). We can write

∏
j

1
1− ζ−aj =

∏
1<h | k

∏φ(h)
i=1 (1− ηi)nh−nh,i∏

1<h | k
∏φ(h)
i=1 (1− ηi)nh

. (16.24)

Once this is done, we easily compute the denominator of formula (16.24), and
we obtain a positive integer.

In fact,
∏φ(h)
i=1 (1 − ηi) is the norm of each of its factors in the cyclotomic

field of h-th roots of 1. We thus need to recall the following formula:

Proposition 16.14.

M(k) :=
∏
η∈Gk

(1− η) =

{
1 if k is not a prime power,
p if k is a prime power ph.

Proof. Let φk(x) denote the k-th cyclotomic polynomial, so thatM(k) = φk(1).
We have

∏
i | k, i 
=1 φk(x) = 1 + x+ x2 + · · ·+ xk−1; hence∏

i | k, i 
=1

φk(1) = k.

So for a prime p we have M(p) = p.
Next, if k = ph, we have the divisors pi, i = 1, . . . , h, and hence by

induction, ph = M(ph)
∏h−1
i=1 M(pi) = M(ph)ph−1 implies M(ph) = p.

Now consider k =
∏h
i pi, a product of h > 1 distinct primes. Suppose we

know by induction the result for products of fewer primes:

k =
∏

A⊂{1,...,h}
M
∏
i∈A

pi = M(k)
∏
i

M(pi) = M(k)k

implies M(k) = 1.
Finally, in general, take k =

∏
i p
hi
i . We have again by induction that

k =
∏
d | kM(d) = M(k)

∏
i

∏hi
j=1 M(pji ) = M(k)k so M(k) = 1.

To finish we have to expand (set ζk := e
2πi
k )

∏
1<h | k

φ(h)∏
i=1

(1− ηi)nh−nh,i =
k−1∑
j=0

cjζ
j
k,
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and using the theory already developed, compute the trace of

k−1∑
h=0

ch
∑
ζ∈Γk

ζx+h. (16.25)

This is a computation that cannot be further reduced.
Other algorithms involve an opposite point of view, that is, computing

Dedekind sums using partition functions. For a recent survey and further
references see [13].

16.4 Algorithms

By Theorem 13.19, given a chamber c, DM(X) is identified with the space of
integral valued functions on δ(c |X). The value of a function on a given other
point is obtained by recursion using the defining equations ∇Y f = 0, where
Y runs over the cocircuits in X.

Of course, the space of functions on δ(c |X) has a natural basis given by
the characteristic functions of its δ(X) points. This basis depends on c, and
it does not describe in any sense the elements of DM(X) as functions, but
only as initial values of a recursive algorithm.

We also have the basis given by Theorem 13.69, but this does not seem the
best for actual computations, since it is somewhat tautological, as Example
13.70 shows. It does not show in any explicit way the quasipolynomial nature
of the functions.

16.4.1 Rational Space DMQ(X).

For any abelian group A we have by the same recursion equations a space
DMA(X) of A valued functions given by initial conditions an A-valued func-
tion on δ(c |X).

In this section we want to describe a linear basis for the space DMQ(X)
that exhibits in a clear way the quasipolynomial nature of these functions
and at the same time discuss a possible algorithm that expresses the partition
function in this basis.

We have the description given by Proposition 16.1, which indeed presents
the elements of DMC(X) as quasipolynomials. Nevertheless, this description
will present a rational-valued function as a sum over terms involving roots of
1. Thus we want to start from this description and eliminate the roots of 1.

We assume Λ = Zs, so that X is a list of integral vectors. Each point
p ∈ P (X) of the arrangement has as coordinates some roots of 1. Given a
positive integer m, we have set ζm := e2πi/m. Let Rm ⊂ C∗ be the group of
m-th roots of 1 and Q(ζm) the cyclotomic field generated by Rm. We have
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that Q(ζm) is a Galois extension of Q of degree φ(m), where φ(m) is Euler’s
function.

Now take a point p ∈ P (X), p = (ζ1, . . . , ζs), where ζi is a root of 1 of
some order ki. Let m be the least common multiple of the ki, which is also
the order of p in the group T . The coordinates of p generate over Q the field
Q(ζm), and the point p belongs to an orbit O under the Galois group that is
contained in P (X) and is formed of φ(m) different elements.

Let Q(O) denote the functions on O obtained by evaluating the elements
of Q[Λ ], and denote by ρO : Λ→ Q(O) the evaluation. Let IO be the ideal of
Q[Λ ] vanishing at O. The following facts are easy to verify:

• The evaluation of the characters Λ at a point p ∈ O gives homomorphisms
ρp : Λ→ C∗, ρp : Q[Λ ] → C.

• The image of Λ is the group Rm of m-th roots of 1, while the image of
Q[Λ ] is Q(ζm).

• Q(O) := Q[Λ ]/IO is a field.
• In this way we have the φ(m) different embeddings of Q(O) into C all

isomorphisms with Q(ζm).
• Q(O)⊗ C is the space of complex-valued functions on O.

The set Xp of characters in X that are 1 at p equals X ∩ ker ρO; it depends
only on the orbit, and we can denote it by XO.

We want to make explicit Q(O) as a space of functions on Λ as follows.
Consider the usual trace map trQ(O)

Q : Q(O) → Q. Given a ∈ Q(O), we have
the function Ta : Λ→ Q defined by

Ta(γ) := trQ(O)
Q (γa).

Let T (O) be the space of functions Ta on Λ thus induced.
In particular, T1(γ) := trQ(O)

Q (γ) = trQ(ζm)
Q (ρp(γ)) is independent of p in

the orbit and we can denote it by ψO(γ). A translate ψO(γ+λ) depends only
on the class of λ modulo ker ρO. We have m different translates corresponding
to the m-th roots of 1.

These translates are of course not linearly independent, since a basis of
Q(ζm) is given by the elements ζim, 0 ≤ i < φ(m). So a basis for T (O) can
be obtained as follows. If λ ∈ Λ is such that ρp(λ) = ζm, we have that

trQ(ζm)
Q (ρp(γ)ζim) = trQ(ζm)

Q (ρp(γ + iλ)) := ψm(γ + iλ).

Thus a basis for T (O) is given by these φ(m) translates of the function ψO,
and the main point is to understand ψm. In Section 16.3.3 we have computed
trQ(ζm)

Q (ξ) when ξ is a root of 1 of some order k dividing m, getting

trQ(ζm)
Q (ξ) =

φ(m)
φ(k)

µ(k).
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Lemma 16.15. Given f ∈ DMQ(XO) and a ∈ Q(O), the product Taf of
these two functions lies in DMQ(X).

Proof. In fact, if b ∈ XO, we have that ∇bTa = 0, and we see immediately
that if f ∈ DMQ(XO) and Y ⊂ XO, we have ∇Y (Taf) = Ta∇Y (f).

If Y is a cocircuit in X, we have that Y ∩ XO is a cocircuit in XO and
this gives the claim.

Associated to XO we have DQ(XO) considered as a space of polynomials on
Λ and DQ(XO) ⊂ DMQ(XO). On the other hand, DMQ(XO) ⊂ DMQ(X),
and thus T (O)DQ(XO) ⊂ DMQ(X).

Proposition 16.16.

DMQ(X) := ⊕O⊂P (X)T (O)DQ(XO).

Proof. We prove this equality by complexifying and then remarking that

T (O)DQ(XO)⊗Q C = (T (O)⊗Q C)⊗DQ(XO) = ⊕p=eφ∈Oe
φD(Xp).

So the claim follows from formula (16.1).

At this point one can easily describe an explicit basis for DMQ(X) using the
basis we developed for T (O) and for instance the dual of the one discussed
in Theorem 11.20, for DQ(XO). We then ask the following question. Given
a big cell Ω, express in this basis the element f ∈ DMQ(X) coinciding with
TX on (Ω − B(X)) ∩ Λ. For this we can apply Theorem 13.54, which tells
us that this element is given by its initial conditions f(0) = 1 and f(a) = 0,
∀a ∈ δ(c |X), a 
= 0.

This finally gives the coefficients of f in the given basis as the solution of
an explicit system of linear equations by computing the δ(X) elements of the
basis on the δ(X) points of δ(c |X).

Let us discuss the example of dimension s = 1. In this case X is a sequence
of positive integers ai and there is a unique big cell, the positive line, so the
geometry is trivial.

• The set P (X) consists of all roots ζ of 1 such that ζai = 1 for some i.
• If ζk ∈ P (X), we have the set Xζk = {ai ∈ X | k divides ai}, and denote

by m(k) its cardinality.
• Set Gk to be the set of all primitive k-th roots of 1 and let DX be the set

of divisors of the numbers in X.
• The decomposition into Galois orbits is P (X) = ∪k∈DXGk.
• The space DQ(Xζ) equals the space of polynomials in x with rational

coefficients and of degree < m(k). We denote it by P (m(k)).
• Set ψk(x) := trQ(k)

Q (ζxk ), x ∈ Z.
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We have thus, by the previous discussions

DMQ(X) := ⊕k∈DXT (Gk)P (m(k));

in other words, the space DMQ(X) has as basis the quasipolynomial functions
ψk(x+ j)xh, h < m(k), 0 ≤ j < φ(k), where k ∈ DX .

At this point set A :=
∑
a∈X a. The partition function agrees for positive

integers with the unique element
∑
k∈DX

∑m(k)−1
j=0 ck,jψk(x + j)xh with the

property that

∑
k∈DX

m(k)−1∑
j=0

ck,jψk(i+ j)ih =

{
0 if −A < i < 0,
1 if i = 0.

The A×A matrix with entries ψk(i+ j)ih, −A < i ≤ 0, is invertible, and so
the coefficients ck,j can be solved by resolving the system of linear equations.

The reader will notice that most of the complexity of this algorithm con-
sists in computing the set DX and the Euler function, since this requires
factoring several numbers into primes.

Example 16.17. X = 2, 3, 4, 4, 6, 9, 10, 40, write ψ(k, x) := ψk(x).
The quasipolynomial associated to the partition function has been com-

puted with Mathematica, and it is

1262093963
2985984000 + 252100403 x

2508226560 + 81263 x2

2457600 + 3303691 x3

995328000 + 27443 x4

199065600 + 1639 x5

597196800 + 13 x6

497664000 +
x7

10450944000 + 1173757ψ(2,x)
4096000 + 483129 xψ(2,x)

4096000 + 26273 x2 ψ(2,x)
2457600 + 1621 x3 ψ(2,x)

4423680 +
13 x4 ψ(2,x)

2457600 + x5 ψ(2,x)
36864000 + 1009ψ(3,x)

5832 − 11 xψ(3,x)
4374 − x2 ψ(3,x)

8748 − 149ψ(3,1+x)
972 −

13 xψ(3,1+x)
729 − x2 ψ(3,1+x)

4374 + 81ψ(4,x)
1280 + 39 xψ(4,x)

10240 + x2 ψ(4,x)
20480 + 117ψ(4,1+x)

10240 +
3 xψ(4,1+x)

10240 + 89ψ(5,x)
10000 + xψ(5,x)

5000 + 123ψ(5,1+x)
10000 + 3 xψ(5,1+x)

10000 + 111ψ(5,2+x)
10000 +

3 xψ(5,2+x)
10000 + 67ψ(5,3+x)

10000 + xψ(5,3+x)
5000 − ψ(6,x)

648 + ψ(6,1+x)
324 − ψ(8,1+x)

640 − 2ψ(9,x)
81 +

ψ(9,2+x)
81 −ψ(9,3+x)

81 −ψ(9,4+x)
81 + 13ψ(10,x)

10000 + 169ψ(10,1+x)
10000 +xψ(10,1+x)

2000 − 221ψ(10,2+x)
10000

−xψ(10,2+x)
2000 + 13ψ(10,3+x)

10000 + ψ(20,1+x)
200 − ψ(20,2+x)

200 + ψ(20,3+x)
400 + ψ(20,4+x)

400 +
ψ(20,5+x)

400 −ψ(20,6+x)
200 +ψ(20,7+x)

200 − 3ψ(40,3+x)
80 −ψ(40,4+x)

80 −ψ(40,5+x)
80 −ψ(40,6+x)

20 −
ψ(40,7+x)

40 − ψ(40,9+x)
20 − ψ(40,11+x)

40 − ψ(40,12+x)
20 − ψ(40,13+x)

80 − ψ(40,14+x)
80 −

3ψ(40,15+x)
80

Question: how to describe DMZ(X) as quasipolynomials? The computa-
tion of the partition function, as in the previous example, seems to imply that
describing the elements of the basis given by Theorem 13.69 as quasipolyno-
mials, may not be computationally very explicit.
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17

Convolution by B(X)

In this chapter we fix a lattice Λ ⊂ V and a list X of vectors in Λ spanning V .
We would like to give a streamlined presentation of some of the applications
in this case. Most results are taken from the papers of Dahmen and Micchelli,
or from [40], with minor variations of the proofs.

For further details and more information the reader should look at the
original literature.

17.1 Some Applications

17.1.1 Partition of 1

Fix a lattice Λ ⊂ V spanning V such that each vector in the list X lies in Λ.
We assume that the Lebesgue measure on V is normalized in such a way that
a fundamental domain for Λ has volume 1. In more concrete terms, we may
assume V = Rs, Λ = Zs and the standard measure.

Let Csing(X) denote the set of strongly singular points (see Definition
1.50) of the cone C(X). We have seen in Proposition 1.55 that the set of all
translates ∪λ∈ΛC

sing(X) equals the cut locus, that is the periodic hyperplane
arrangement generated under translation by Λ by the hyperplanes generated
by subsets of X. Thus the complement of the cut locus is the set of regular
points of this periodic hyperplane arrangement.

Proposition 17.1. (1) The complement of the cut locus is the union of all
translates of a finite number of chambers, each an interior of a (compact)
polytope.

(2) Over each such chamber the functions BX(x−λ), λ ∈ Λ, are polynomials
in the space D(X) (introduced in Definition 11.2).

Proof. (1) Since it is clear that the hyperplanes generated by subsets of X
intersect in 0, the first statement is a simple consequence of parts 3 and 4 of
Theorem 2.7.

C. De Concini and C. Procesi, Topics in Hyperplane Arrangements, Polytopes  

© Springer Science + Business Media, LLC 2010 
and Box-Splines, Universitext, DOI 10.1007/978-0-387-78963-7_17,  
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(2) This follows from formula (7.10), Remark 9.11, and the fact that D̃(X)
is stable under translation.

Next one easily proves the following fundamental fact:

Theorem 17.2. If X spans V, the translates of BX form a partition of unity:

1 =
∑
λ∈Λ

BX(x− λ). (17.1)

Proof. If X = (a1, . . . , as) is a basis, we have chosen BX to be the character-
istic function of the half-open parallelepiped B(X) = {

∑s
i=1 tiai, 0 ≤ ti < 1}

with basis X divided by its volume d. In fact, d equals the number of points
in Λ∩B(X), and the claim easily follows. In general, one can use the iterative
description of the box spline (formula (7.17)) and get, if X = {Y, v}, with Y
spanning V ,

1 =
∫ 1

0
dt =

∫ 1

0

∑
λ∈Λ

BY (x− tv − λ)dt =
∑
λ∈Λ

BX(x− λ).

17.1.2 Semidiscrete Convolution

Consider the box spline BX(x), that we know is supported in the zonotope
B(X) = {

∑
a∈X taa, 0 ≤ a ≤ 1}.

Recall that in Definition 6.3 we have introduced the cardinal spline space
SX := SBX as the image of the functions on Λ (mesh functions) by the
operation of discrete convolution

BX ∗ a(x) =
∑
λ∈Λ

BX(x− λ)a(λ)

of mesh functions with BX . When a is the restriction to Λ of a function f on
V , we have defined BX ∗a = BX ∗′ f(x) and called it semidiscrete convolution
(cf. (6.6)).

Using the polynomiality of the multivariate splines on each big cell, formula
(7.11) and Proposition 1.55 give a first qualitative description of the functions
in SX :

Proposition 17.3. Each translate of BX , and hence each element of the car-
dinal spline space, is a polynomial on each chamber.

We now pass to semidiscrete convolution and prove one of the main results
of the theory:

Theorem 17.4. When p ∈ D(X), also BX ∗′ p lies in D(X).
This defines a linear isomorphism F of D(X) to itself, given explicitly by

the invertible differential operator FX :=
∏
a∈X

1−e−Da

Da
.
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Proof. We can immediately reduce, using Proposition 7.14, to the case of
X nondegenerate. If X = a is a number and s = 1, we have that D(X)
reduces to the constants, and then the statement reduces to the fact that the
translates of Ba sum to the constant function 1. In the other cases BX is a
continuous function on Rs, and a way to understand this convolution is by
applying the Poisson summation formula to the function BX(x + y)p(−y) of
y that is continuous and with compact support.

Its Laplace transform is obtained from the function ex
∏
a∈X(1− e−a)/a,

Laplace transform of BX(x+y) by applying the polynomial p̂ as a differential
operator.

In our definition of the Laplace transform we have

Lf(ξ) = (2π)n/2f̂(iξ),

where f̂ denotes the usual Fourier transform. We want to apply the classical
Poisson summation formula (cf. [121]), which gives, for a function φ with
suitable conditions, and in particular if φ is continuous with compact support,∑

µ∈Λ∗

Lφ(µ) =
∑
λ∈Λ

φ(λ),

where µ runs over the dual lattice Λ∗ of elements for which 〈µ |λ〉 ∈ 2πiZ,
∀λ ∈ Λ.

If we are in the situation that Lφ(µ) = 0,∀µ 
= 0, µ ∈ Λ∗, we have

Lφ(0) =
∑
λ∈Λ

φ(λ).

The fact that this holds for φ(y) = BX(x + y)p(−y) is a key result of
Dahmen and Micchelli. This will imply our theorem.

Before proving this key result, let us write in a suitable form the action of
a differential operator given by a polynomial p( ∂

∂x1
, . . . , ∂

∂xs
) of some degree

k on a power series F (x1, . . . , xs).

Lemma 17.5. Introducing auxiliary variables t1, . . . , ts, we have

p
( ∂

∂x1
, . . . ,

∂

∂xs

)
[F (x1, . . . , xs)] (17.2)

= F (x1 +
∂

∂t1
, . . . , xs +

∂

∂ts
)[p(t1, . . . , ts)]t1=···=ts=0.

Proof. Start from the obvious identity:

p
( ∂

∂x1
, . . . ,

∂

∂xs

)
[F (x1 + t1, . . . , xs + ts)]

= p
( ∂

∂t1
, . . . ,

∂

∂ts

)
[F (x1 + t1, . . . , xs + ts)],
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from which we have

p
( ∂

∂x1
, . . . ,

∂

∂xs

)
[F (x1, . . . , xs)]

= p
( ∂

∂t1
, . . . ,

∂

∂ts

)
[F (x1 + t1, . . . , xs + ts)]t1=···=ts=0.

Now use the fact that, if p, q are two polynomials in the variables ti we
have

p
( ∂

∂t1
, . . . ,

∂

∂ts

)
[q(t1, . . . , ts)]t1=···=ts=0

=q
( ∂

∂t1
, . . . ,

∂

∂ts

)
[p(t1, . . . , ts)]t1=···=ts=0.

The main observation of Dahmen and Micchelli is the following:

Lemma 17.6. If p(x) ∈ D(X), the Laplace transform of BX(x + y)p(−y)
(thought of as a function of y) vanishes at all points µ 
= 0, µ ∈ Λ∗.

Proof. In order to avoid confusion, let us use ξ as the symbol denoting the
variables in the Laplace transform. Thus if a = (a1, . . . , as), we are using the
notation

a = 〈a | ξ〉 =
∑
i

aiξi, ea = e
∑
i aiξi , ex = e

∑
i xiξi .

We may assume that p(y) is homogeneous of some degree k. The Laplace
transform of BX(x+y)p(−y) is computed by recalling that the Laplace trans-
form of BX(y) is

∏
a∈X(1 − e−a)/a. So the Laplace transform of BX(x + y)

is LX(ξ) := ex
∏
a∈X(1− e−a)/a and that of BX(x+ y)p(−y) finally is

p
( ∂

∂ξ1
, . . . ,

∂

∂ξs

)[
ex
∏
a∈X

1− e−a

a

]
.

Let us develop a simple identity:

1− e−x−y

x+ y
= −

∞∑
k=0

(−x− y)k/(k + 1)! =
1− e−x

x
+ yH(x, y),

where H(x, y) =
∑∞
k=1

∑k
j=1

(
k
j

)
/(k + 1)!yj−1xk−j .

Now we can apply formula (17.2). Substitute ξi with ξi + ∂
∂ti

. We get

1− e−〈a | ξ+∂t〉

〈a | ξ + ∂t〉
=

1− e−〈a | ξ〉

〈a | ξ〉 +Ha(a,Da)Da,

where we set 〈a | ∂t〉 =
∑
i ai

∂
∂ti

= Da and Ha(a,Da) is a convergent power
series in a,Da. Notice that since they involve disjoint variables, a =

∑
i aiξi

and Db =
∑
i bi

∂
∂ti

commute for all a, b ∈ A.
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LX(ξ + ∂t) = e〈x | ξ+∂t〉
∏
a∈X

(1− e−〈a | ξ〉

〈a | ξ〉 +Ha(a,Da)Da

)
=
∑
B⊂X

e〈x | ξ+∂t〉
∏
a/∈B

(1− e−〈a | ξ〉

〈a | ξ〉

) ∏
a∈B

Ha(a,Da)Da.

Take a summand relative to B and the corresponding function

e〈x | ξ+∂t〉
∏
a/∈B

(1− e−〈a | ξ〉

〈a | ξ〉

) ∏
a∈B

Ha(a,Da)Da[p(t1, . . . , ts)]t1=t2=···=ts=0.

We have that either B is a cocircuit or X \ B contains a basis. In the
first case, since p(t) ∈ D(X), we have

∏
a∈B Dap(t) = 0. These terms are

identically zero.
In the second case, since the elements of X \ B span the vector space, if

µ 
= 0, at least one a0 ∈ A \B does not vanish at µ.

• If µ is in the lattice Λ∗ we have 〈µ | b〉 ∈ 2πiZ,
• All elements 1− e−b, b ∈ Λ∗, vanish at µ.
• We deduce that (1− e−a0)/a0 vanishes at µ and thus the entire product

vanishes.

We return to the proof of Theorem 17.4. We have shown that in our case,
Poisson summation degenerates to the computation at 0.

Recall that ex = e〈x | ξ〉 = e
∑s
i=1 xiξi . Consider the duality 〈p | f〉 defined

as follows. We take a polynomial p(ξ1, . . . , ξs), compute it in the derivatives
∂
∂ξi

, apply it as differential operator to the function f , and then evaluate the
resulting function at 0. We have for each i that

〈p | ξif〉 =
〈 ∂

∂ξi
(p) | f

〉
.

Thus, setting fX :=
∏
a∈X

1−e−a

a and FX :=
∏
a∈X

1−e−Da

Da
, we have

p̂
( ∂

∂ξi

)(
ex
∏
a∈X

1− e−a

a

)
(0) = 〈p | exfX〉 = 〈FXp | ex〉 = FXp(x),

since for any polynomial q we have〈
q
( ∂

∂ξ

)
| e〈x | ξ〉

〉
= q(x).

Since D(X) is stable under derivatives and FX is clearly invertible, both our
claims follow.

Let us deduce from this a corollary that clarifies the relationship between
the polynomials expressing the multivariate spline on the big cells and the
top-degree part of D(X).
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Corollary 17.7. (1) The polynomials expressing locally the box spline and
their translates by elements of Λ linearly span D(X).

(2) The polynomials expressing locally the multivariate spline on the big cells
generate the top-degree part of D(X).

Proof. (1) From the definitions and Theorem 11.6 we know that all these
polynomials lie in D(X). For the converse, take a polynomial f ∈ D(X). We
know by the previous theorem that it lies in the cardinal spline space. But on
each chamber a function in the cardinal spline space is a linear combination
of translates of the polynomials describing BX locally. The claim follows.

(2) By construction, the box spline on a chamber has as top homoge-
neous part a linear combination of the polynomials expressing the multivariate
spline. By the previous theorem, on a given chamber a polynomial in D(X) is
a linear combination of translates of the polynomials building the box spline;
hence the top-degree part is a linear combination of the polynomials express-
ing the multivariate spline.

Theorem 17.4 tells us that D(X) ⊂ SX . On the other hand, we have the
following result:

Corollary 17.8. If p is a polynomial in SX , then p ∈ D(X). Thus D(X)
coincides with the space of all polynomials in SX .

Proof. By Proposition 17.3 we know that each function f in the space SX ,
once restricted to a chamber c of the strongly regular points coincides with a
polynomial fc in D(X). If f is itself a polynomial, then it must coincide with
fc everywhere.

Corollary 17.9. On D(X), the inverse of FX is given by the differential op-
erator of infinite order

Q :=
∏
x∈X

Dx

1− e−Dx .

Notice that Q is like a Todd operator; its factors can be expanded using the
Bernoulli numbers Bn by the defining formula:

Dx

1− e−Dx =
∞∑
k=0

Bn
n!

(−Dx)n,

and it acts on D(X) as an honest differential operator.
Let us recall that in Proposition 7.14 we have seen that if z ∈ X, then

DzBX = ∇zBX\z. Moreover, for any function a on Λ, and any B we also
have (∇zB) ∗ a = B ∗ ∇za. Using this, we get, for any subset Y ⊂ X,

DY (BX ∗ a) = BX\Y ∗ ∇Y a. (17.3)

This gives another insight into Corollary 17.8. Assume that a polynomial p
is of the form p = BX ∗ a for some function a on Λ. Let Y be a cocircuit.
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Then DY p = DY (BX ∗ a) = BX\Y ∗ ∇Y a is a distribution supported on the
subspace 〈X \Y 〉. Since it is also a polynomial, it must be equal to 0, showing
again that p ∈ D(X).

17.1.3 Linear Independence

We now assume that we are in the unimodular case (cf. Section 15.2.2). In
this case δ(X) = d(X). Choose a strongly regular point x0 in the interior of
a chamber c. According to Proposition 2.50, we have the d(X) points

δ(x0|X) := (x0 −B(X)) ∩ Λ = {p1, . . . , pd(X)}.

By Remark 13.2 we have δ(x0|X) = δ(c|X).
Moreover, for any function a on Λ and x ∈ c we have

BX ∗ a(x) =
∑
λ∈Λ

BX(x− λ)a(λ) =
∑

λ∈b(c|X)

BX(x− λ)a(λ). (17.4)

Proposition 17.10. Evaluation of polynomials at the points in δ(c|X) estab-
lishes a linear isomorphism between D(X) and the space Cd(X)(or Rd(X) if
we restrict to real polynomials).

Proof. Since dim(D(X)) = d(X), it suffices to prove that the only polynomial
p(x) ∈ D(X) vanishing on these points is p(x) = 0. Consider FXp(x) =
BX ∗′ p. If p vanishes on δ(c|X), formula (17.4) implies that FXp(x) = 0 on
c and hence everywhere. Since FX is invertible on D(X), this proves the
proposition.

We can prove the linear independence of the translates of the box spline:

Theorem 17.11. For X unimodular and any function f(λ) on Λ not identi-
cally 0, we have

BX ∗ f 
= 0.

Proof. Assume f(a0) 
= 0 for some a0 ∈ Λ. We can choose a chamber c in such
a way that a0 ∈ δ(c |X). Thus there is a nonzero polynomial p(x) ∈ D(X)
coinciding on δ(c |X) with f . We deduce

∑
a∈ΛBX(x−a)f(a) = FXp(x) 
= 0

on the set c.

Remark 17.12. Notice that given a chamber c and a function a on Λ, the
restriction of BX ∗ a to c coincides with the polynomial FXp, where p is the
unique polynomial in D(X) coinciding with a on δ(c|X).

In fact, we have a stronger statement, that is also useful in interpolation
theorems.

Proposition 17.13. Consider an open set Ω and the set δ(Ω |X). If B ∗ a
restricted to Ω equals zero, then a(j) = 0, ∀j ∈ δ(Ω |X).
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Proof. By definition, given j ∈ δ(Ω |X), there is a chamber g ⊂ j + B(X)
with nonempty intersection with Ω. Thus from Remark 13.2, j ∈ δ(g |X).
Since B ∗ a restricted to g is a polynomial, our assumption implies that this
polynomial is identically zero. By Remark 17.12, we have thus that a(j) = 0,
as desired.

Unimodularity is a necessary condition

Proposition 17.14. Semidiscrete convolution maps DMC(X) onto D(X)
with kernel E(X) (see formula (16.2)).

Proof. The first statement follows immediately from identity (17.3).
Let λ ∈ Λ, then (τλf)(a) = f(a− λ) so

BX ∗′ (τλf) =
∑
a∈Λ

B(x− a)f(a− λ) =
∑
a∈Λ

B(x− λ− a)f(a) = τλ(B ∗′ f).

Therefore semidiscrete convolution is a map of C[Λ]–modules.
Now for each p ∈ P (X), e〈φ | v〉DC(Xp) is the generalized eigenspace in

DMC(X) for the character λ �→ e〈φ |λ〉.
In particular D(X), which we know to be equal to the image of DMC by

semidiscrete convolution with BX , is the generalized eigenspace relative to
the trivial character. It follows that for p 
= 1 e〈φ | v〉DC(Xp) lies in the kernel
of semidiscrete convolution with BX . Thus E(X) does, proving our claim.

We have in fact a general

Theorem 17.15. BX ∗ a = 0 if and only if a ∈ E(X).

Proof. By the previous proposition, it is enough to show that a ∈ DMC(X).
We may assume that X is irreducible. In the 1-dimensional case X = {k}, we
see this directly as Fourier analysis over Z/(k). In fact, BX is the characteristic
function of [0, k), and BX ∗ a = 0 implies that for x ∈ Z we have

∑
x−i∈[0,k)

a(i) =
∑

i∈x−[0,k)

a(i) =
k−1∑
i=0

a(x− i) = 0.

This implies that 0 =
∑k−1
i=0 a(x− i)−

∑k−1
i=0 a(x + 1− i) = a(x)− a(x + k),

so a(x) is constant on cosets modulo Zk, and thus it is in DMC(X).
In general, let X = {Z, y}, so that (Proposition 7.14) DyBX = ∇yBZ .

If BX ∗ a = 0 we have also DyBX ∗ a = ∇yBZ ∗ a = BZ ∗ ∇ya = 0, so by
induction, ∇ya ∈ DMC(Z). Now given any cocircuit Y in X let y ∈ Y and
Z := X \ y. Clearly, Y \ y is a cocircuit in Z, so that ∇Y a = ∇Y \y∇ya = 0,
as desired.

We leave to the reader to verify that the previous theorem implies a new
characterization of the space DMC(X).
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Corollary 17.16. A function a on Λ belongs to DMC(X) if and only if BX ∗a
is a polynomial.

We apply the previous theory to the partition function TX(a) and obtain
another interesting formula of Dahmen–Micchelli.

Proposition 17.17.

TX(x) = BX ∗ TX =
∑
a∈Λ

BX(x− a)TX(a).

Proof. Compute the Laplace transform

L(
∑
a∈Λ

BX(x− a)TX(a)) =
∑
a∈Λ

e−aL(BX)TX(a)

=
∏
a∈X

1
1− e−a

∏
a∈X

1− e−a

a
=
∏
a∈X

1
a

= LTX .

This proves the identity at least in a weak sense. In order to prove it as
functions we can reduce to the irreducible case, and we have two cases. If X
is nondegenerate, both sides are continuous and so identical. Otherwise, in
the case of a single vector X = {a}, the identity is trivial by the convention
that in this case, the box spline is the characteristic function of [0, a).

In the unimodular case, where we have the linear independence of trans-
lates of BX , we recover the results of Section 16.1.

We have already remarked that if

Q :=
∏
x∈X

Dx

1− e−Dx ,

we have QFp = p = FQp on D(X). Take a big cell Ω for which TX coincides
with some polynomial pΩ ∈ D(X). Set qΩ := QpΩ . We have on Ω,

TX(x) = FQpΩ =
∑
a∈Λ

QpΩ(a)B(x− a).

Since TX(x) =
∑
a∈Λ TX(a)BX(x − a), we have by linear independence the

following formula, that is nothing else than Theorem 16.11 in the special case
in which X is unimodular:

QpΩ(a) = TX(a) (17.5)

for any a ∈ Ω.
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Approximation by Splines

In this chapter we want to give a taste to the reader of the wide area of
approximation theory. This is a very large subject, ranging from analytical
to even engineering-oriented topics. We merely point out a few facts more
closely related to our main treatment. We refer to [70] for a review of these
topics.

We start by resuming and expanding the ideas and definitions already
given in Chapter 6.

18.1 Approximation Theory

As usual, we take an s-dimensional real vector space V in which we fix a
Euclidean structure, and denote by dx the corresponding Lebesgue measure.
We also fix a lattice Λ ⊂ V and a list X of vectors in Λ spanning V as a vector
space and generating a pointed cone.

18.1.1 Scaling

We use the notation of Section 17.1.2. Corollary 17.8 tells us that the space
D(X) coincides with the space of polynomials in the cardinal spline space SX .
This has a useful application for approximation theory. In order to state the
results, we need to introduce some notation.

For every positive real number h we have the scale operator (see (6.8))

(σhf)(x) := f(x/h).

In particular, we shall apply this when h = n−1, n ∈ N+, so that hΛ ⊃ Λ is
a refinement of Λ.

Recall that in Proposition 6.5 we have seen that the space σh(SX) equals
the cardinal space ShX with respect to the lattice hΛ.
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Remark 18.1. If f is supported in a set C, then σhf is supported in hC.
If U is a domain, we have∫

U

f dx = h−s
∫
hU

σhf dx.

Corollary 18.2. For box splines we have

σhBX = hsBhX

Proof. By definition,∫
V

BX(x)f(x)dx =
∫ 1

0
· · ·
∫ 1

0
f
( m∑
j=1

tjaj

)
dt1 · · · dtm.

Thus ∫
V

σh(BX(x)f(x))dx = hs
∫ 1

0
· · ·
∫ 1

0
f
( m∑
j=1

tjaj

)
dt1 · · · dtm

= hs
∫ 1

0
· · ·
∫ 1

0
(σhf)

( m∑
j=1

tjhaj

)
dt1 · · · dtm

=
∫
V

BhX(x)(σhf)(x)dx.

So the claim follows from the definition.

We define the scaling operator on distributions by duality. So on a test func-
tion f ,

〈σh(T ) | f〉 := 〈T |σ−1
h (f)〉 = 〈T |σ1/h(f)〉. (18.1)

In particular, σhδa = 〈δa | f(hx)〉 = f(ha), so that

σhδa = δha, σh
∑
a

f(a)δa =
∑
a

f(a/h)δa.

Observe that σh acts as an automorphism with respect to convolution.
Notice that if T is represented by a function g, i.e., 〈T | f〉 =

∫
V
g(x)f(x)dx,

we have

〈σh(T ) | f〉 =
∫
V

g(x)f(hx)dx = h−s
∫
V

g(h−1x)f(x)dx,

and thus σh(T ) is represented by the function h−sσh(g) and not σh(g).

The relation between scaling and the Laplace transform is

L(σhf) = hsσ1/hL(f). (18.2)
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In fact,

L(σhf)(y) =
∫
V

e−〈x | y〉f(x/h)dx = hs
∫
V

e−〈u |hy〉f(u)du = hsσ1/hL(f)(y).

Notice the commutation relations between σh and a derivative Dv, a dif-
ference operator ∇a, or a translation τa:

Dvσh = h−1σhDv σh∇a = ∇haσh τaσh = σhτa/h. (18.3)

18.1.2 Mesh Functions and Convolution

Consider the group algebra C[Λ ] for the lattice Λ. If we identify an element
λ ∈ Λ, with the distribution given by 〈δλ | f〉 = f(λ), we see that multiplica-
tion in the group algebra becomes convolution of distributions.

The space C[Λ ] := C[Λ ]∗ of mesh-functions, i.e., functions on Λ, is a
module over C[Λ ] by duality. This module structure is also described in the
language of distributions by convolution, since δλ ∗ a = τλ(a). The mesh
functions of finite support are clearly a free module of rank 1 generated by
the characteristic function of {0}.

The cardinal spline space SX is also a C[Λ ] module by the action of trans-
lation, and the basic map BX∗− : C[Λ ] → SX is a morphism of C[Λ ] -modules,
an isomorphism in the unimodular case by Theorem 17.11. In other words,
given T ∈ C[Λ ] and a function a on Λ, TBX ∗ a = BX ∗ Ta is well-defined
and in SX .

We shall use the relation DY (BX) = ∇YBX\Y proved in Proposition 7.14.
The commutative diagram of C[Λ ]-modules

C[Λ ] BX∗−−−−→ SX
∇Y

⏐⏐# DY

⏐⏐#
C[Λ ]

BX\Y ∗
−−−−−→ SX\Y

gives the following result:

Proposition 18.3. The map DY : SX → SX\Y is surjective.

Proof. It is enough to prove that ∇Y is surjective. By induction, one reduces
to proving it for ∇a with a ∈ Λ \ {0}. One can find a basis of Λ such that
a = (k, 0, . . . , 0) for some k > 0, and one reduces simply to the case Λ = Z
and a = k. Furthermore, decomposing Z into the cosets modulo k, one finally
reduces to k = 1. Thus we need to see that given a sequence (ai)i∈Z, there is
a sequence (ci)i∈Z with ai = ci − ci−1. Setting c0 = 0, we see that for i > 0
we define recursively ci = ci−1 + ci, while ci−1 = ci − ai for i < 0.

As an application we can characterize the cardinal spline spaces Sm generated
by the box spline bm discussed in Example 6.2.
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Proposition 18.4. For all m ∈ N we have that Sm coincides with the space
Am of all the Cm−1 functions that, restricted to each interval [i, i+1), i ∈ Z,
are polynomials of degree ≤ m.

Proof. By Example 6.2 we have Sm ⊂ Am and want to prove the reverse
inclusion. We proceed by induction on m. For m = 0 we have that b0(x)
is the characteristic function of [0, 1), so that the cardinal space is the space
of functions that are constant on the intervals [i, i + 1). Notice next that if
f ∈ Am and m ≥ 1, its derivative f ′ lies in Am−1 (as a function if m ≥ 2 or as
a distribution when m = 1) and f(x) = f(0) +

∫ x
0 f ′(t)dt. For m = 0 we have

proved the required equality. In general, we obtain it by applying the operator
d
dx , which, by the previous proposition, maps Sm surjectively onto Sm−1 with
kernel the constant functions. The same is true for the same operator from
Am to Am−1. Since by induction Sm−1 = Am−1, the claim follows.

It is also clear that if the function a on Λ has finite support, the function
f := BX ∗ a ∈ SX has compact support. We have the following converse in
the unimodular case.

Proposition 18.5. If X is unimodular and a is a function on Λ, then BX ∗a
has compact support if and only if a has finite support.

Proof. Assume by contradiction that f = BX ∗ a has compact support while
a has infinite support. We can then choose a chamber c such that there is a
point i0 ∈ δ(c |X) with a(i0) 
= 0, and also c is disjoint from the support of f,
that is, f = 0 on c. Let p(x) ∈ D(X) be the nonzero polynomial coinciding
on δ(c |X) with a. By Remark 17.12, we deduce f(x) = FXp(x) 
= 0 on c, a
contradiction.

In the general case we can nevertheless prove the following theorem:

Theorem 18.6. If F ∈ SX has compact support, there is a unique a with
finite support such that F = BX ∗ a.

We need first a lemma:

Lemma 18.7. Assume that a is a mesh function such that for every cocircuit
Y in X we have that ∇Y a has finite support. Then there is a unique function
b ∈ DMC(X) such that a− b has finite support.

Proof. Let A contain all the supports of ∇Y a, choose a chamber c sufficiently
far from A, and let b ∈ DMC(X) be defined by the property that b = a on
δ(c |X). The equations ∇Y b = 0 allow us to compute b recursively, and as
long as also ∇Y a = 0 in the recursion steps we see that a and b agree. Clearly,
this happens if all the terms appearing in the recursion are evaluations of a
outside A. This easily implies that a = b outside of some finite set. The
uniqueness is clear, since no nonzero element of DMC(X) has finite support.
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Let us now prove Theorem 18.6. Let F = BX ∗ a have compact support.
Arguing as in Theorem 17.15, we see that ∇Y a has finite support for every
cocircuit Y . Hence by the previous lemma there is a b ∈ DMC(X) with a− b
of finite support. Now by hypothesis it follows that BX ∗ b also has finite
support, but by Proposition 17.14, BX ∗ b ∈ D(X) is a polynomial, and thus
it must vanish. Uniqueness follows from Theorem 17.15.

Let us then denote by

SfX := C[Λ ]BX = BX ∗ C[Λ ]δ0 (18.4)

the functions F ∈ SX with compact support.
Notice that the functions F in SfX\Y in the image under DY of SfX have

the property that F ∗′ q = 0 for all polynomials q with ∇Y q = 0.

Further algebraic constructions are useful. There is also a tensor product
construction associated to convolution. If X = {X1, X2}, we also have two
convolution products:

SfX1
⊗ SX2

F∗G−−−−→ SX ,

SX1 ⊗ SfX2

F∗G−−−−→ SX ,
and of course

SfX1
⊗ SfX2

F∗G−−−−→ SfX .
When either X1 or X2 does not span V this has to be understood as convo-
lution of distributions.

Assume that X = X1 ∪ X2 is a decomposition such that V = V1 ⊕ V2,
where Vi is the span of Xi. If Λ = Λ1 ⊕Λ2 where Λi = Vi ∩Λ, we can extend
the tensor product to an isomorphism:

SX1 ⊗ SX2

F∗G−−−−→ SX .

18.1.3 A Complement on Polynomials

We start by interpreting the Taylor series of a function as the formal identity:
∇x = 1−e−Dx . The meaning of this identity in general resides in the fact that
the vector field Dx is the infinitesimal generator of the 1-parameter group of
translations v �→ v + tx.

On the space of polynomials this is an identity as operators, since both
Dx and ∇x are locally nilpotent.

This identity gives

Dx = − log(1−∇x) =
∞∑
k=1

∇i
x

i
. (18.5)

Let us denote by Pk the space of polynomials of degree < k.
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Corollary 18.8. On Pk, the differential operator Dx and the difference oper-
ator ∇x induce the same algebra of operators.

Definition 18.9. We setAk to be the commutative algebra of linear operators
on Pk generated by all the operators Da, a ∈ V , or equivalently ∇a, a ∈ Λ.

The first remark on Ak is that every nonzero Ak submodule of Pk contains
the constant polynomials.

In other words, we see that the dual P ∗
k , thought of as a module under Ak

by transposition, is cyclic and generated by the linear form φ0 : q �→ q(0).
We deduce the following result:

Proposition 18.10. A linear map T on Pk commutes with the algebra Ak of
difference operators on Pk if and only if T ∈ Ak.

Proof. The map T commutes with Ak if and only if its transpose T ∗ commutes
with Ak in the dual module. Since this module is cyclic, this happens if and
only if T ∈ Ak. Indeed, T ∗φ0 = a∗φ0 for some a ∈ Ak. Given ψ ∈ P ∗

k , write
ψ = b∗φ0, b ∈ Ak. Then

T ∗ψ = T ∗b∗φ0 = b∗T ∗φ0 = b∗a∗φ0 = a∗b∗φ0 = a∗ψ,

so T = a.

18.1.4 Superfunctions

The goal of this and the following sections is to approximate a function by
a sequence of functions obtained by rescaling semidiscrete convolutions (cf.
Definition 6.3) with BX .

We have defined the approximation power of a function B in Definition
6.6 and introduced the Strang–Fix conditions in Theorem 6.7. A remarkable
class of functions that have approximation power k for simple reasons is given
by the following:

Definition 18.11. We say that S(x) is a superfunction of power k if S(x) is
continuous with compact support and S ∗′ q = q for all polynomials of degree
< k.1

For a list X and S ∈ SX we say that S is a superfunction if S ∗′ q = q for
all q ∈ D(X).

Remark 18.12. A superfunction S ∈ SX is also a superfunction of powerm(X).

1For k = 0 we may also want to allow the characteristic function of [0, 1) as a
superfunction.
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Let us now introduce the approximation algorithm we seek. For a function g
and a scale h, define AhX(g) := gh by

gh := σh(S ∗′ (σ1/hg)) =
∑
b∈hΛ

S((x−b)/h)g(b) =
∑
a∈Λ

S(x/h−a)g(ha). (18.6)

This is the semidiscrete convolution with respect to the scaled lattice hΛ. For
a given point x, the sum gh(x) =

∑
a S(x/h−a)g(ha) restricts to those a such

that x/h−a lies in the support of S, that we can assume to be contained in a
disk ∆R of radius R centered at 0. Let A be the maximum number of points
in Λ contained in a disk ∆R + y, y ∈ V . Let M = max |S(x)| be the ∞ norm
of S.

Let f be a Ck function such that the sum of the absolute values of all the
k derivatives is bounded by some number N.

Theorem 18.13. If S(x) is a superfunction of power k ≥ 1, then

|f − σh(S ∗′ (σ1/hf))| = |f − fh| ≤
(sR)k

k!
AMNhk.

In particular, S(x) has approximation power k.

Proof. Take any point x0 and let q be the polynomial expressing the Tay-
lor series of f around x0 at order < k. Let g := f − q. By definition of
superfunction we have q − σh(S ∗′ (σ1/hq)) = 0. Thus

|f(x)− σh(S ∗′ (σ1/hf))(x)| = |g(x)− σh(S ∗′ (σ1/hg))(x)|.

Since |x0/h− a| < R means that |x0 − ha| < hR we have

σh(S ∗′ (σ1/hg))(x0) =
∑
a∈Λ

S(x0/h− a)g(ha) =
∑
a∈Λ,

|x0−ha|<hR

S(x0/h− a)g(ha).

Moreover, since k ≥ 1, we have g(x0) = 0 hence

|f(x0)− σh(S ∗′ (σ1/hf))(x0)| =
∣∣∣ ∑
a∈Λ,|x0−ha|<hR

S(x0/h− a)g(ha)
∣∣∣

and by Theorem 6.1, for such a we have |g(ha)| ≤ (sR)k

k! Nhk, so that

|f(x0)− fh(x0)| =
∣∣∣ ∑
a∈Λ,|x0−ha|<hR

S(x0/h− a)g(ha)
∣∣∣ ≤ (sR)k

k!
AMNhk.

Remark 18.14. Given a function M(x) with compact support, if there is a
finite difference operator Q such that S(x) := QM(x) is a superfunction of
power k, then also M(x) has approximation power k. In fact, we have that

(QM) ∗′ f = M ∗′ Qf.
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Lemma 18.15. Assume that semidiscrete convolution by M(x) maps polyno-
mials of degree ≤ h into themselves for all h < k and the translates of M(x)
form a partition of 1.

Then there is a finite difference operator Q such that S(x) := QM(x) is a
superfunction of power k.

Proof. Denote by Pk the space of polynomials of degree < k and by T the
operator q �→ M(X) ∗′ q on Pk. By the previous remark it is thus sufficient
to see that T is invertible and its inverse Q is a difference operator.

Clearly, T commutes with the algebra Ak of difference operators on Pk,
thus by Proposition 18.10 it lies in Ak. Thus we only need to see that T is
invertible. If T is not invertible, its kernel is a proper submodule and thus
contains 1. This is excluded by the hypothesis that M ∗′ 1 = 1.

By Theorem 17.4, when p ∈ D(X) we have that also BX ∗′ p ∈ D(X). We
thus have that the approximation power of BX equals at least m(X). In the
next section we see that it is equal to m(X) and make explicit a superfunction
of power m(X) associated to B(X).

18.1.5 Approximation Power

Theorem 18.16. The approximation power of BX equals m(X).

Proof. We ave already seen in the previous paragraph that BX has approxi-
mation power at least m(X). Thus we need to show that BX does not have
approximation power larger than m(X).

We start with a simple fact.

Lemma 18.17. Let us consider a cube C in V with sides of some length r.
Let z be a vector in the direction of one of the sides. Assume that f is a
function such that Dzf = 1 and g is a function such that Dzg = 0. Then∫

C

|f − g|dx ≥ |z|−1 r
s+1

4
.

Proof. With respect to a suitable orthonormal basis, C is the standard cube
[0, r]s and Dz = |z| ∂∂x1

. We use the simple estimate∫ r

0
|ax+ c|dx ≥ |a|r

2

4
.

By assumption, that f − g = |z|−1x1 + h(x2, . . . , xs), we thus have∫ r

0
· · ·
∫ r

0
|f − g|dx1 · · · dxs ≥ |z|−1 r

2

4

∫ r

0
· · ·
∫ r

0
dx2 · · · dxs = |z|−1 r

s+1

4
.
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Let us now go back to the proof of Theorem 18.16 . Consider a minimal
cocircuit Y in X and take a polynomial f of degree |Y | with DY f = 1. We
want to show that f cannot be approximated to order m(X)+ 1 = |Y |+1 by
elements of SX .

Let us fix p with 1 ≤ p ≤ ∞. Suppose by contradiction that for the
bounded domain G, there exists a sequence fh ∈ σh(SX), h = 1/n, n ∈ N,
such that we have

‖fh − f‖Lp(G) = o(h|Y |).

Let m = m(X). Given any list of vectors T in V, restrict the linear
operator DT =

∏
u∈T Du to the finite-dimensional space Pm of polynomials

of degree ≤ m. We then have a constant cT = c > 0 with

‖DT g‖L1(G) < c‖g‖L1(G), ∀g ∈ Pm.

Since the space Pm is invariant under translations, we also have, for every
vector v:

‖DT g‖L1(G+v) < c‖g‖L1(G+v), ∀g ∈ Pm,

with the same constant c.
We want to apply this inequality to the infinitely many bounded connected

components of the complement of the cut region. Since, up to translations,
there are only finitely many of these components, there is a constant d such
that for each such component U ,

‖DT g‖L1(U) < d‖g‖L1(U), ∀g ∈ Pm.

Under the change of scale one has

‖DT g‖L1(hU) < dh−|T |‖g‖L1(hU), ∀g ∈ Pm. (18.7)

Let us consider Y = {Z, z}, so that Dz(DZf) = 1.
We estimate ‖fh−f‖L1(G) as follows. Consider all the components U such

that hU ⊂ G.

Lemma 18.18. Given any domain G, there exists a positive constant K such
that for n ∈ N large enough and h = n−1, there are at least nsK components
U with hU ⊂ G.

Proof. Choosing a basis b out of X, the components of the cut locus for X
are contained in those for b. It is thus enough to prove the same statement
when X is a basis. With a coordinate change we may even assume that X
is the canonical basis. Then the components n−1U are just the hypercubes
of the refined standard lattice. Moreover, we may also restrict G and assume
that it is a hypercube parallel to the standard one, and the claim is an easy
exercise that we leave to the reader.
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Set now Gh = ∪hU⊂GhU. We have

‖DZfh −DZf‖L1(Gh) =
∑
hU⊂G

‖DZfh −DZf‖L1(hU).

We can now use the fact that fh, on each set hU, coincides with a polynomial
in D(X), in particular of degree ≤ m. Hence we can apply inequality (18.7)
and get

‖DZfh −DZf‖L1(hU) < dh−|Y |+1‖fh − f‖L1(hU).

Summing over all the components hU ⊂ G, we have

‖DZfh −DZf‖L1(Gh) < dh−|Y |+1‖fh − f‖L1(G). (18.8)

Choose for each component U a cube CU ⊂ U with sides of some size r
and with a side parallel to z. Since by construction Dz(DZf) = DY f = 1
and Dz(DZfh) = DY fh = 0 on each U (since fh ∈ D(X) on hU), we can
apply Lemma 18.17 to the functions DZfh, DZf and the cubes hCU . Setting
C := K|z|−1rs+1/4, we estimate

‖DZfh −DZf‖L1(Gh) ≥
∑
hU⊂G

‖DZfh −DZf‖L1(hCU )

>
K|z|−1h−s(hr)s+1

4
= Ch.

Combining this inequality with (18.8), we deduce

Ch < dh−|Y |+1‖fh − f‖L1(G),

or
‖fh − f‖L1(G) >

C

d
h|Y |.

By Hölder’s inequality there is a constant H with

C

d
h|Y | < ‖gh − f‖L1(G) ≤ H‖fh − f‖Lp(G) = o(h|Y |),

yielding a contradiction.

18.1.6 An Explicit Superfunction

We want to make explicit the superfunction associated to BX . Recall (Corol-
lary 17.9) that the operator

Q :=
∏
a∈X

Da

1− e−Da
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has the property that
Q(BX ∗′ q) = q

for every polynomial q ∈ D(X).
We write Q formally as a difference operator as follows using equation

(18.5):

Dx = − log(1−∇x) =
∞∑
k=1

∇i
x

i
,

from which we deduce that

Dx

1− e−Dx =
∞∑
i=0

∇i
x

i+ 1
.

Thus

Q :=
∏
a∈X

( ∞∑
i=0

∇i
a

i+ 1

)
. (18.9)

Remark 18.19. One has that

Dx

1− e−Dx =
∑
i≥0

Bi
i!

(−Dx)i,

where Bi is the i-th Bernoulli number. Thus for each n ≥ 0,

Bn = (−1)n
[∑
i≥0

Bi
i!

(−Dx)i
]
(xn)|x=0 =

[ n∑
i=0

∇i
1

i+ 1

]
(xn)|x=0 .

Indeed,
∑n
i=0(∇i

1/(i+ 1))xn is a variant of the n-th Bernoulli polynomial.
In fact, the difference between the n-th Bernoulli polynomial and the n-th

previously defined polynomial equals nxn−1 = Dx(xn).

Define QX to be the difference operator expressed by Q truncated at order
m(X) − 1 (or maybe higher). We have that QX acts as the inverse of q �→
BX ∗′ q on the polynomials of degree ≤ m(X)− 1.

Theorem 18.20. The function QXBX is a superfunction of power m(X).
Discrete convolution QXBX ∗′ f = BX ∗′ QXf generates under scaling an

approximation algorithm of power m(X).

Example 18.21. The hat function b1(x):

b1(x) =

⎧⎪⎨⎪⎩
x ∀ 0 ≤ x ≤ 1,
2− x ∀ 1 ≤ x ≤ 2,
0 otherwise.
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In this case X = {1, 1}, m(X) = 2. We have seen in Proposition 18.4 that
the cardinal spline space coincides with the space of all continuous functions
on R that are linear on the intervals [i, i + 1], i ∈ Z. Such a function is
completely determined by the values f(i) on the integers. Moreover, given
any function f on Z, we see that b1 ∗ f at i equals f(i − 1) = τ1f(i). As
for the operator QX , we have that it equals 1 + ∇1 = 2 − τ1. On the other
hand, on the space of linear polynomials we see that 2 − τ1 = τ−1 so in this
particular case the most convenient choice of QX is τ−1. In general, it is a
difficult question to describe, in the simplest possible way, the operator QX
as a linear combination of translations.

Remark 18.22. Our algorithm (18.6) is not too sensitive to the way we truncate
Q. Suppose we take two truncations that differ by a difference operator T with
terms only of order N ≥ m(X). The difference of the resulting approximating
functions is

σh[BX ∗′ Tσ1/h(g(x))].

The following lemma tells us that these terms contribute to order O(hN ) and
hence do not change the statement of the theorem.

Let A = (a1, . . . , aq) be a list of q nonzero vectors in Rs. We use the
notation |f |∞ for the L∞ norm on the whole space.

Lemma 18.23. Let f be a function of class Cq with bounded derivatives on
the space V . We have, for any positive h,

|∇Aσ1/hf |∞ ≤ hq|DAf |∞. (18.10)

Proof. By elementary calculus, for any vector a we have the simple estimate
|∇aσ1/hf |∞ ≤ h|Daf |∞.

By induction, set A := {B, a}. We have

|∇B∇aσ1/hf | = |∇Bσ1/h∇haf | ≤ hq−1|DB∇haf |∞
= hq−1|σ1/hDB∇haf |∞ = hq−1|∇aσ1/hDBf |∞ ≤ hq|DAf |∞.

Example 18.24. Consider s = 1, X = 1m, so BX = bm−1, m(X) = m, and
B(X) = [0,m]. If ∇ = ∇1 = 1 − τ1, we have that QX is the truncation, at
order m− 1 in ∇, of

(m−1∑
i=0

∇i

i+ 1

)m
=
(m−1∑
i=0

(1− τ1)i

i+ 1

)m
.

Thus QX has the form
∑m−1
j=0 cjτj . The corresponding superfunction QXBX

is thus supported in [0, 2m− 1]. The chambers are the open intervals (n, n+
1), n ∈ Z.
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18.1.7 Derivatives in the Algorithm

We want to see next how our algorithm behaves with respect to derivatives.
In fact, the theory of Strang–Fix ensures that when we have approximation
power m, we can approximate a function f with a spline to order O(hm) and
at the same time its derivatives of order k as k < m to order O(hm−k). We
want to show that our proposed algorithm, under a suitable choice of the
truncation for QX , indeed satisfies this property. Since we shall work also
with subsets Y of X, let us use the notation AhX(f) := fh, the approximant
to f in the algorithm associated to X at the step n = 1/h.

Again, the algorithm being local, we may assume that f and all of its
derivatives up to order m(X) are continuous and bounded everywhere by
some constant C.2

By Remark 18.22, the choice of truncation is not essential for the final The-
orem 18.26. For our next theorem we make a suitable choice of the truncation.
Let us establish some notation and normalize the truncation, defining

T (m)
a :=

m−1∑
i=0

∇i
a

i+ 1
, ∇[m]

a :=
m∑
i=1

∇i
a

i
= ∇aT

(m)
a ,

QX :=
∏
a∈X

(m(X)−1∑
i=0

∇i
a

i+ 1

)
=
∏
a∈X

T (m(X))
a . (18.11)

Observe that this truncation is not the optimal one; it is convenient only in
order to carry out the proof.

Lemma 18.25. Given a nonempty list A = (a1, . . . , ak) of nonzero vectors in
V and m ≥ k, consider the two operators

DA := Da1 · · ·Dak , ∇[m]
A := ∇[m]

a1
· · · ∇[m]

ak
.

Then for any function g of class Cm+1, h > 0, and x0 ∈ V ,

|([∇[m]
A −DA]σ1/hg)(x0/h)| ≤ hm+1K

∑
|α|=m+1

‖Dαg‖L∞(x0+∆hr).

Here K, r are constants (dependent on A and m) independent of g and x0.

Proof. On polynomials of degree less than or equal to m, every difference
operator consisting of terms of order > m is zero. Hence on such polynomials
∇[m]
A acts as

∏k
i=1
∑∞
i=1∇i

ai/i = DA.
The operator ∇[m]

A is a finite difference operator. It follows that

2If we assume only that f has bounded derivatives of order ≤ t, we shall get the
same results but only for these derivatives.
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(∇[m]
A )f =

k∑
i=1

cif(x0 − ui),

for some ui ∈ Λ and for every function f . Therefore, one has the uniform
estimate

|(∇[m]
A f)(x0)| ≤ c‖f‖L∞

x0+∆r
, (18.12)

where c =
∑k
i=1 |ci|, r = max(|ui|), and as usual, ∆r denotes the disk of

radius r centered at 0.
Given f, let q be the Taylor series of f at x0 truncated at degree ≤ m. We

have then [∇[m]
A −DA](f) = [∇[m]

A −DA](f − q). Since m ≥ k, we have also
DA(f − q)(x0) = 0; hence

[∇[m]
A −DA](f)(x0) = (∇[m]

A (f − q))(x0). (18.13)

We now apply this to the function f = σ1/hg at the point x0/h. Denote by q
the Taylor series of g at x0 truncated at degree ≤ m. We obtain the estimate,
using (18.12), (18.13) and (6.1):

|[∇[m]
A −DA](σ1/hg)(x0/h)| = (∇[m]

A σ1/h(g − q))(x0/h)
≤ c‖σ1/h(g − q)‖L∞(x0/h+∆r) = c‖g − q‖L∞(x0+∆hr)

≤ hm+1K
∑

|α|=m+1

‖Dαg‖L∞(x0+∆hr).

The constant K = cCrm+1 is an absolute constant independent of g, x0
(but depends on m and A).

Theorem 18.26. Under the algorithm fh = AhX(f), for any domain G and
for every multi-index α ∈ Ns with |α| ≤ m(X)− 1, we have

||∂αfh − ∂αf ||L∞(G) = O(hm(X)−|α|).

Proof. Given any domain H whose closure lies in G, we may extend the re-
striction of f to H to a function defined on V having uniformly bounded
derivatives up to order m(X)−1. If we prove the estimate for such functions,
we are easily done.

We prove first the estimate

||DY fh −DY f ||∞ = O(hm(X)−|Y |) (18.14)

for the differential operators DY , where Y is a sublist in X that is not a cocir-
cuit and then show how the required estimate follows easily from this. Recall
that (cf. Proposition 7.14), we have DY (BX) = ∇YBX\Y as distributions.
Under our assumptions, DY (BX) as well as DY g for any g ∈ SX is in fact a
function, although when |Y | = m(X) it need not be continuous.
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Let (DY f)h = AhX\Y (DY f). Since we have m(X \ Y ) ≥ m(X) − |Y |, we
deduce from Theorem 18.20 that ||(DY f)h −DY f ||∞ = O(hm(X)−|Y |), hence
the theorem is proved once we establish the estimate

||DY fh − (DY f)h||∞ = O(hm(X)−|Y |).

Using the commutation rules (18.3) and the choice (18.11) of QX , we get

DY fh = h−|Y |σh(DYBX ∗′ QXσ1/hf) = h−|Y |σh(∇YBX\Y ∗′ QXσ1/hf).

Set Q̃X\Y =
∏
z∈X\Y T

(m(X))
z and observe that ∇Y

∏
z∈Y T

(m(X))
z = ∇[m(X)]

Y

(as in Lemma 18.25). We get finally

DY fh = σh(BX\Y ∗′ Q̃X\Y h
−|Y |∇[m(X)]

Y σ1/hf). (18.15)

Compare (18.15) with the approximants to DY f :

(DY f)h = σh(BX\Y ∗′ QX\Y σ1/hDY f).

By construction, Q̃X\Y −QX\Y is a sum of terms of order ≥ m(X \Y ) hence
these approximants differ (by Lemma 18.23) from the approximants

(D̃Y f)h := σh(BX\Y ∗′ Q̃X\Y σ1/hDY f)

by order O(hm(X\Y )).
From the estimate

|DY fh − (DY f)h| ≤ |DY fh − (D̃Y f)h|+ |(D̃Y f)h − (DY f)h|

we are reduced to showing that |DY fh − (D̃Y f)h| = O(hm(X)−|Y |+1).
We have

DY fh − (D̃Y f)h = σh

(
BX\Y ∗′ Q̃X\Y

[
h−|Y |∇[m(X)]

Y σ1/hf − σ1/hDY f
])
.

Clearly

|σh(BX\Y ∗′ Q̃X\Y [h−|Y |∇[m(X)]
Y σ1/hf − σ1/hDY f ])|∞

= |Q̃X\YBX\Y ∗′ [h−|Y |(∇[m(X)]
Y −DY )σ1/hf ]|∞.

The norm |f ∗a|∞ of the convolution f ∗a of a function with compact support
f by a sequence a is clearly bounded by C|a|∞, where C = |f |∞d and d is
the maximum number of points in Λ that lie in the support of a translate
τaf of f as a varies in Λ. We can now apply the estimate to the sequence
(∇[m(X)]

Y −DY )σ1/hf (computed on points of Λ), given by Lemma 18.25. We
obtain an estimate O(hm(X)+1) proving formula (18.14).

Now let m ≤ m(X)− 1. Since for any sublist Y of X with m elements we
have that X \ Y still generates V, we deduce by a simple induction that the
operators DY linearly span the same space spanned by the partial derivatives
∂α, α ∈ Ns, with |α| = m. Thus the claim of the theorem follows.
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Remark 18.27. Theorem 18.26 is also independent of the way in which we
perform the truncation, or in other words, on which superfunction we choose
in SX . In fact, we may apply Lemma 18.23 to any derivative ∂αf and see
that the algorithm, applied to a function f of class Cn, n ≥ m(X), changes
by a function that goes to zero as fast as hkC, where k = min(m(X), n−|α|).

18.2 Super and Nil Functions

18.2.1 Nil Functions

Definition 18.28. Let F be a function with compact support.
We say that F is nilpotent of order r if for every polynomial q of degree

strictly smaller than r, we have F ∗′ q = 0.

For a list X and F ∈ SX we say that F is nilpotent if F ∗′ q = 0 for all
q ∈ D(X).

Remark 18.29. A nilpotent F ∈ SX is also nilpotent of order m(X).

We clearly have the following

Proposition 18.30. If F1 is a superfunction and F2 ∈ SX has compact sup-
port, F2 is a superfunction if and only if F1 − F2 is nilpotent.

Take an element F ∈ SX of the form BX ∗ a, where a is a sequence with
finite support. Thus F has compact support, and by formula (6.7), we have,
for every f ,

F ∗′ f = (BX ∗ a) ∗′ f = BX ∗′ (f ∗ a).

If f ∈ D(X), we also have f ∗ a ∈ D(X) and BX ∗′ (f ∗ a) = 0 if and only if
f ∗a = 0. Thus BX ∗a is nilpotent if and only if f ∗a = 0 for every f ∈ D(X).
We interpret the convolution with a sequence with finite support as the action
of the corresponding difference operator. Thus using the ideal JX of difference
equations satisfied by D(X) (Theorem 16.5), we get the following result:

Theorem 18.31. A function F = BX ∗ a, where a is a sequence with finite
support, is nilpotent if and only if a ∈ JX , that is, F ∈ JXBX .

We have proved that a function BX ∗ a with compact support can also be
expressed as BX ∗ b with b of finite support (Theorem 18.6). We deduce the
following corollary:

Corollary 18.32. The space of nilpotent functions in the cardinal spline space
equals JXBX .

Moreover, let J be the ideal of C[Λ ] generated by the difference operators
∇a, a ∈ Λ. For any T ∈ C[Λ ], the function F = TBX is nilpotent of order
≥ r if and only if T ∈ Jr.
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We want to relate the notion of nilpotent functions with the algorithm
(18.6).

Consider F = TBX and the family of functions σh(F ∗′ σ1/hg) when g is
bounded with its derivatives up to order m(X)

Proposition 18.33. Let r ≤ m(X) and F = TBX . Then F is nilpotent of
order ≥ r if and only if (for any such g) the sequence σh(F ∗′σ1/hg) converges
to zero as O(hr).

Proof. In one direction this is an immediate consequence of Lemma 18.23. In
the other we argue as follows. Assume that σh(F ∗′ σ1/hg) converges to zero
as O(hr). Let j be the minimum such that T ∈ Jj . Since T /∈ Jj−1, there is
a homogeneous polynomial q of degree j with Tq 
= 0, and since T ∈ Jj , we
have that Tq is of degree 0 and we may assume Tq = 1. Choose g coinciding
with q on some open set H. On H we have

σh(TBX ∗′ σ1/hg) = hjσh(BX ∗′ Tq) = hj .

Thus j ≥ r.

As a consequence, we get our next theorem:

Theorem 18.34. Given F = TBX ∈ SfX with T a finite difference operator
for which the algorithm g−σh(F ∗′σ1/hg) converges to zero as O(hm(X)), then
F is a superfunction of power m(X).

Proof. By Proposition 18.30 we need to show that F = QXBX + N with N
nilpotent of order ≥ m(X). We make the computations locally on some large
disk, so we can take among our input functions also polynomials. Let p be a
homogeneous polynomial of degree t < m(X). We have

σh(F ∗′ σ1/hp) = σh(TBX ∗′ htp) = htσh(TQ−1
X (p)),

where Q−1
X is the inverse of QX modulo Jm(X). If T ∈ Jm(X), the polynomial

TQ−1
X (p) is zero. Otherwise, develop the polynomial TQ−1

X (p) as TQ−1
X (p) =∑t

j=0 qj(x), where qj(x) is the homogeneous component of degree j. We
have htσh(TQ−1

X (p)) =
∑t−1
j=0 qj(x)ht−j . Therefore, p − σh(F ∗′ σ1/hp) =

p −
∑t
j=0 qj(x)ht−j is a polynomial in h of degree at most t; hence it is

of order = O(hm(X)) if and only if p −
∑t−1
j=0 qj(x)ht−j = 0, equivalently

(1 − TQ−1
X )p = 0. If we assume that this is valid for all p of degree smaller

than m(X), we need to have that 1−TQ−1
X ∈ Jm(X). Hence QX−T ∈ Jm(X),

and the claim follows.

It may be of some interest to choose among all superfunctions some that
are particularly well behaved, in particular with support as small as possible,
in order to minimize the cost of the algorithm. For this we have to choose
a possibly different normalization for QX , that is uniquely determined only
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modulo JX . One normalization is the following. We have proven in Theorem
13.19 that given a chamber c, the classes of elements ea as a ∈ δ(c|X) form
a basis of C[Λ ]/JX . Thus we can write, modulo JX , any difference operator
uniquely in the form

∑
a∈δ(c|X) caτa. We deduce that the superfunction can

be chosen with support contained in ∪a∈δ(c|X)a+B(X). A different choice of
c may yield a different normalization.

Remark 18.35. In the 1-dimensional case, set τ = τ1, and C[Λ ] = C[τ, τ−1]. If
X = 1m, we have that JX = ((1 − τ)m), and D(X) is the space of polyno-
mials in x of degree < m. Thus the usual argument using the Vandermonde
determinant shows that given any distinct integers a1, . . . , am, the classes of
the elements τai = τai form a basis of C[τ, τ−1]/((1− τ)m). In particular, we
want to keep these numbers ai close to 0, so for m = 2k+1 odd we may choose
−k, . . . , 0, . . . , k, while for m = 2k even we may choose −k, . . . , 0, . . . , k − 1.

Examples. Let us use a notation as in Example 7.9. We denote by
sm(x) = (

∑m
i=0

∇i

i+1 )m+1bm(x) a superfunction associated to bm(x). Given
a > 0, we define na,m = ∇abm. This is a nilpotent function of degree a.

Fig. 18.1. s2(x) and s5(x)

We add some nilpotent functions.

Fig. 18.2. n2,14(x) and n3,46(x)



18.3 Quasi-Interpolants 329

Remark 18.36. For any integrable function f we have
∫
V
∇af dµ = 0, where

dµ is a translation-invariant measure.
Thus given any polynomial p(x1, . . . , xi) and elements ai ∈ X, we have∫

V

p(∇a1 , . . . ,∇as)BX dµ = p(0).

In particular, by the previous remarks and the expression (18.9) for QX we
deduce that

∫
V
Fdµ = 1 for any superfunction F associated to BX .

18.3 Quasi-Interpolants

18.3.1 Projection Algorithms

In this section we analyze some algorithms of interpolation different from the
one proposed in Section 18.1.6. We follow closely the two papers [75], [76].

The starting point of any such algorithm is a linear functional L map-
ping functions (with some regularity restrictions) to splines in the cardinal
space SX . Once such a functional is given, one can repeat the approxima-
tion scheme associating to a function f and a parameter h the approximant
fh := σhLσ1/hf . Of course, in order for such an algorithm to be a real ap-
proximation algorithm, one requires suitable hypotheses on L. Let us review
some of the principal requirements that we may ask of L.

(1) Translation invariance. By this we mean that L commutes with the trans-
lations τa, ∀a ∈ Λ.

(2) Locality. In this case one cannot impose a strong form of locality, but one
may ask that there be a bounded open set Ω such that if f = 0 on Ω,
then Lf also equals 0 on Ω.
If we assume translation invariance, we then have also locality for all the
open sets a+Ω, a ∈ Λ.

(3) Projection property. One may ask that L be the identity on suitable
subspaces of SX . For instance, the algorithm treated in Section 18.1.6 is
the identity on the space D(X) of polynomials contained in SX .

Let us start to analyze the previous conditions. We shall do this in the
unimodular case, that is, when all the bases extracted from X ⊂ Λ are in fact
integral bases of the lattice Λ. In this case one knows the linear independence
of translates of the box spline (Theorem 17.11).

In this case, the functional L can be expressed through its coordinates:

Lf =
∑
a∈Λ

La(f)BX(x− a).

If we assume translation invariance Lτb = τbL, we have
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τbLf =
∑
a∈Λ

La(f)BX(x− a− b) =
∑
a∈Λ

La+b(f)BX(x− a).

On the other hand, Lτbf =
∑
a∈Λ La(τbf)BX(x− a), so that by linear inde-

pendence, we get the identities La+b(f) = Laτbf, ∀a, b ∈ Λ. In particular, L
is determined by the unique linear functional L0 by setting Laf := L0τaf .

A question studied in [75], [76] is whether we can construct L0 and hence
L so that L is the identity on the entire cardinal space SX . From the previ-
ous discussion, assuming X unimodular, we only need to construct a linear
functional L0 such that on a spline g =

∑
a∈Λ caBX(x−a), we have L0g = c0

and set Lf =
∑
a∈Λ L0(f(x− a))BX(x− a).

A way to construct such a linear functional L0 is the following. Consider
a bounded open set Ω with B(X) ∩Ω 
= ∅. The set

A = {α1, . . . , αk} := {α ∈ Λ | (α+B(X)) ∩Ω 
= ∅}

is finite and 0 ∈ A, say 0 = α1. Since BX is supported on B(X), only
the translates BX(x − α), α ∈ A, do not vanish on Ω. We have shown in
Proposition 17.13 that the restrictions of the functions BX(x−α), α ∈ A, to
Ω are still linearly independent. Let us denote by SX(A) the k-dimensional
space with basis the elements BX(x− α), α ∈ A.

Notice that, if we have such an L0 that is local on Ω, we must have

L0

(∑
a∈Λ

caBX(x−a)
)

= c0 = L0

(∑
α∈A

cαBX(x−α)
)

=
∑
α∈A

cαL0(BX(x−α)).

In order to determine an L0 that satisfies the previous identity, we proceed
as follows.

Suppose that we show the existence of k linear functionals Ti (on the given
space of functions that we want to approximate), i = 1, . . . , k, local on Ω and
such that the k×k matrix with entries ai,j := TiBX(x−αj) is invertible. We
have then on the space SX(A) that Tj =

∑k
i=1 cαiaj,i. If bh,k are the entries

of the inverse of the matrix (ai,j), we have

c0 = cα1 =
k∑
h=1

b1,hTh (18.16)

as a linear functional on SX(A). So we set L0 :=
∑k
h=1 b1,hTh.

18.3.2 Explicit Projections

There are several possible approaches to the construction of k functionals Ti
with the required properties. One is to consider the Hilbert space structure
and define for αi ∈ A the functional Tif :=

∫
Ω
f(x)BX(x − αi)dx. By the

local linear independence, these functionals are clearly linearly independent
on the space SX(A).
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A second method consists in observing that by the linear independence,
one can find k points p1, . . . , pk ∈ Ω such that the evaluation of functions in
SX(A) at these points establishes a linear isomorphism between SX(A) and
Rk. In other words, the k×k matrix with entries BX(pi−a), i = 1, . . . , k, a ∈
A is invertible, and we can define Tif := f(pi) as the evaluation of f at the
point pi.

In general, it seems to be difficult to exhibit explicit points with the re-
quired property (although most k-tuples of points satisfy the property).

Let X = {a1, . . . , am}. We make some remarks in the case in which we
choose Ω := {

∑m
i=1 tiai, 0 < ti < 1} = B̊(X), the interior of the zonotope.

Let σX :=
∑m
i=1 ai and observe the symmetry condition a ∈ Ω ⇐⇒

σX − a ∈ Ω.
Let A := Ω ∩ 2−1Λ be the set of half-integral points contained in Ω and

B := {j ∈ Λ | [Ω − j] ∩Ω 
= ∅}.

Proposition 18.37. The mapping φ : a �→ 2a−σX , is a bijiection between A
and B with inverse φ−1 : b �→ 1

2 (b+ σX).

Proof. First let us show that if a ∈ A, then 2a − σX ∈ B. In fact, we have
that

σX − a = a− (2a− σX) ∈ Ω ∩ (Ω − (2a− σX)).

Conversely, assume b ∈ B and let a := 1
2 (b + σX). Clearly a ∈ 2−1Λ.

We claim that also a ∈ Ω. By assumption, there is an element c ∈ Ω with
c − b ∈ Ω, and by symmetry σX − c + b ∈ Ω. Since Ω is convex, we finally
have that 1

2 (σX − c+ b+ c) = a ∈ Ω.

One may thus conjecture that the half-integral points in Ω give rise to an
invertible matrix C with entries ca,b := BX(a−2b+σX). This can be verified
in simple examples.

If ca,b are the entries of the matrix C−1, we deduce from (18.16) that

L0f =
∑
b∈A

c0,bf(b)

and the projection operator L is given by

Lf =
∑
a∈Λ

[∑
b∈A

c0,bf(b− a)
]
BX(x− a).

Of course, a further analysis of this formula, from the algorithmic point of
view, is desirable, but we shall not try to go into this.
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Stationary Subdivisions

In this chapter we want to sketch a theory that might be viewed as an inverse
or dual to the spline approximations developed from the Strang-Fix condi-
tions. Here the main issue is to approximate or fit discrete data through
continuous or even smooth data. In this setting, an element of the cardinal
spline space

∑
α∈ΛBX(x − α)g(α) is obtained as a limit of discrete approxi-

mations. The main reference is the memoir of Cavaretta, Dahmen, Micchelli
[31], where the reader can find proofs of the statements we make; see also Dyn
and Levin [52].

19.1 Refinable Functions and Box Splines

19.1.1 Refinable Functions

The relevance of box splines for the type of algorithms that we shall discuss
in this section comes from a special property that they possess.

For the box splines, the values at half-integral points are related to the
values at integral points by a linear relation:

Definition 19.1. Let d > 1, d ∈ N. We say that a continuous function F
is d-refinable1 if there is a finite difference operator T =

∑
i ciτai , ai ∈ Zs,

with constant coefficients such that

F (x) = σ1/dTF (x) =
∑
i

ciF (dx− ai). (19.1)

T is called the mask of the refinement.

Remark 19.2. We can write the refining equation also as F (x) = T ′σ1/dF (x),
where T ′ =

∑
i ciτai/d.

1This is not the most general definition of refinable, cf. [31].
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Thus the condition is that F (x) lies in the space spanned by the translates of
F (dx) under d−1Zs. A 2-refinable function will usually be called refinable.

This condition, plus the condition that F (x) has compact support, are a
starting point (usually for d = 2) for building a theory of wavelets, a basic
tool in signal-processing analysis (cf. [38], [78]).

Remark 19.3. (i) Let d ∈ N, d > 1, and take x = a/dk, with a ∈ Zs. The
identity (19.1) shows that F (a/dk) is computed through the values of F at
the points b/dk−1, b ∈ Zs, and so recursively at the integer points. Since
we assume F continuous and the points x = a/dk, a ∈ Zs are dense, this
determines F completely once we know its values at integer points.

(ii) The same equation puts a constraint also on integer points. As one
easily sees by the first examples, these constraints are insufficient to determine
the integer values. Nevertheless, we shall see that up to a multiplicative
constant, F is uniquely determined by T (Section 19.1.4).

Clearly, if F is d-refinable it is also dk-refinable for all k ∈ N. In fact, in most
applications we take d = 2 and insist that the vectors ai be integral vectors.
If F has support in a compact set A, then F (2kx) has support in 2−kA, and
refining F expresses it as a linear combination of functions of smaller and
smaller support.

Proposition 19.4. The box spline BX is refinable:

BX(x) =
1

2|X|−s

∏
a∈X

(1 + τa/2)σ 1
2
BX(x) (19.2)

=
1

2|X|−sσ 1
2

∏
a∈X

(1 + τa)BX(x) =
1

2|X|−s

∑
S⊂X

BX(2x− aS).

Proof. The Laplace transform of BX is
∏
a∈X (1− e−a)/a, so that by (18.2),

the Laplace transform of BX(2x), is 2−s∏
a∈X (1− e−a/2)/(a/2). We have

∏
a∈X

1− e−a

a
= 2−|X|

∏
a∈X

(1 + e−a/2)
∏
a∈X

1− e−a/2

a/2
.

Therefore, by the properties of the Laplace transform (cf. (3.4)), we have in
the nondegenerate case

BX = 2s−|X|σ 1
2

∏
a∈X

(1 + τa)BX .

In the one-dimensional case the property is straightforward hence the identity
follows unconditionally.

In general, given a refinable function F with mask T, it is a difficult ques-
tion to decide whether a function G := AF obtained from F by applying a
difference operator A = p(τa) is still refinable.
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A function G is refinable if there is a difference operator S with G = σ 1
2
SG.

Thus substituting, yields SAF = σ−1
1
2
Aσ 1

2
TF . A sufficient condition, that is

often also necessary, is that SA = σ−1
1
2
Aσ 1

2
T = p(τ2

a )T .
Let us see this in the one-variable case. We have that A, T, S are Laurent

polynomials and we need to study the equation (in the unknown S)

S(x)A(x) = A(x2)T (x). (19.3)

Assume that A has no multiple roots. The compatibility condition for equa-
tion (19.3) is that if α is a root of A, then either α is a root of T or α2

is a root of A. For instance, if we start from the spline F = bm, where
T = 2−m(1 + x)m+1, we see that the roots of A are a subset of the set I
of roots of 1 such that if α ∈ I, then either α2 ∈ I or α = −1. In this way
one generates various new polynomials and corresponding functions. We shall
return to this problem in the multivariable case later on.

19.1.2 Cutting Corners

The starting idea in this theory, used in computer graphics and numerical
analysis, goes back to de Rham (cf. [49]), who showed how to construct a
sufficiently smooth curve fitting a given polygonal curve by an iterative pro-
cedure of cutting corners. Of course, a polygonal is given by just giving its
sequence of endpoints Pi, i = 1, . . . ,m, that have to be joined by segments.
This can be thought of as a function f(i) := Pi with f(i + m) = f(i). In
general, we can start with a vector-valued function a defined on the integer
lattice Zs as input. The algorithm proceeds then by steps:

• Construct successive potential smoothings that are functions on the refined
integer lattice 2−kZs.

• Pass to the limit to determine a continuous or even differentiable (up to
some degree) function that represents the smooth version of the discrete
initial datum.

Since the work of de Rham, it has appeared clear that unless one chooses
extremely special procedures, one tends to define objects with a very fractal
nature. As we shall see, one of the efficient procedures is based on the box
splines, and this justifies including this topic here.

Let us start now in a more formal way. We are going to consider a mesh
function on a lattice Λ as a distribution D = 2−s∑

λ∈Λ a(λ)δλ. In what
follows we are going to choose D with finite support.

Choosing coordinates, i.e., an integral basis ei of Λ, and λ =
∑
imiei, we

identify eλ = e
∑
imiei with the monomial

∏s
i=1 x

mi
i and the Fourier-Laplace

transform of D with the Laurent polynomial 2−s∑
λ a(λ)xλ.
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We now consider T := σ 1
2
(D) = 2−s∑

λ∈Zs a(λ)δλ/2 and the following
recursive algorithm, associated to T . Given g =

∑
λ g(λ)δλ a discrete distri-

bution supported on Λ, that represents the discrete data that we want to fit
with a continuous function, we recursively define

g0 := g, gk+1 := σ 1
2k

(T ) ∗ gk = σ 1
2
k(T ) ∗ · · · ∗ σ 1

2
(T ) ∗ T ∗ g. (19.4)

The notation we use is

T = 2−s
∑
λ∈Λ

a(λ)δλ/2, gk := 2−sk
∑
λ∈Λ

g
(k)
λ δλ/2k .

Then we have

gk+1 = σ 1
2
k(T ) ∗ gk = 2−s(k+1)

∑
µ

∑
λ

a(λ)g(k)
µ δλ/2k+1+µ/2k ,

or
g
(k+1)
λ =

∑
µ

a(λ− 2µ)g(k)
µ .

By induction, gk is a distribution supported on the lattice 2−kZs.
One of the main goals of the theory is to understand under which condi-

tions this sequence of distributions converges, in a suitable way and for all
reasonable input functions g, to a limit function g̃ that is continuous. In this
case we call g̃ a continuous or smooth fitting of the discrete data g. Of course,
in computer graphics the purpose is to plot the smooth function g̃ by plotting
one of its discrete approximants gk.

The fundamental case to which the general case can be reduced is that in
which we start with g = δ0. Let us call the resulting sequence Tk. We have

T0 = δ0, T1 = T, . . . , Tk+1 = σ 1
2k

(T ) ∗ Tk,

and for a general g, gk = Tk ∗ g. Notice that if X0 is the support of the
distribution T, then for each k, we deduce that the distribution Tk is supported
in X0+ 1

2X0+· · ·+ 1
2kX0. Thus when this sequence converges to a distribution,

it converges to one with compact support contained in the convex envelope of
2X0.

The general form of the iteration given by (19.4) and the possible limit is
now

g̃ = lim
k
gk, lim

k
Tk = T̃ =⇒ g̃ = T̃ ∗ g.

Thus assuming that T̃ is a function, the function g̃(x) =
∑
k T̃ (x−k)g(k) lies

in the cardinal space generated by T̃ .
Since for every k ≥ 0 we have Tk+1 = σ 1

2
(Tk)∗T and D = 2−s∑

α a(α)δα,
if we can pass to the limit under this identity we have the following proposition:

Proposition 19.5. T̃ = σ 1
2
(T̃ ) ∗ T = σ 1

2
(D ∗ T̃ ).
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The important remark made in [31] is that the previous proposition, in
which the limit distribution T̃ exists and coincides with a continuous function
φ, implies the following functional equation for φ:

2sT ∗ σ 1
2
(φ) = φ,

∑
α∈Λ

a(α)φ(2x− α) = φ(x). (19.5)

This functional equation expresses the fact that φ is refinable, in the sense of
Definition 19.1.

Conversely, let us begin with a continuous refinable function φ(x) satisfying∑
α∈Λ a(α)φ(2x−α) = φ(x). One can then take the corresponding distribution

T = 2−s∑
α∈Λ a(α)δα/2 and ask whether the sequence Tk converges to φ.

We refer to [31] for a thorough discussion of the convergence problem in
general. In the next paragraph we shall treat in some detail the case that φ
is a box spline.

Remark 19.6. We still use the word mask for T to mean either the sequence
of coefficients aα or the Laurent polynomial

∑
α∈Λ a(α)xα.

19.1.3 The Box Spline

We want to show how the previous discussion applies to box splines. Let us
start with a basic example.

Example 19.7. Let s = 1 and take the box spline b0(x), that is, the characteris-
tic function of the half-open interval [0, 1). Then b0(x) satisfies the refinement
equation b0(x) = (1 + τ 1

2
)b0(2x) = σ 1

2
((1 + τ)b0). Thus the associated distri-

bution is T = 1
2 (δ0 + δ 1

2
), and

Tk =
1
2k

2k−1∑
i=0

δi/2k .

For any function f, Tk ∗ f is the Riemann sum 2−k∑2k−1
i=0 f(i/2k). Thus

the distributions Tk are measures and have as weak limit the characteristic
function of the interval [0, 1).

A way to analyze the previous theory for box splines is to reduce to the basic
example using a convolution argument. If we start with two distributions T, S
with finite support, then also T ∗ S has finite support, and we see by an easy
induction that the sequences of distributions Tk, Sk, (T ∗ S)k are related by:

Tk ∗ Sk = σ 1
2k

(T ) ∗ Tk−1 ∗ σ 1
2k

(S) ∗ (Sk−1) = σ 1
2k

(T ∗ S) ∗ (Tk−1 ∗ Sk−1)

= (T ∗ S)k.

Given a list of vectors X = (a1, . . . , aN ), consider the measures 1
2 (δ0 + δai/2)

and their convolution product
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TX := 2−N
N∏
i=1

(δ0 + δai/2) = 2−N
∑
S⊂X

δaS/2.

The following lemma is immediate from the definitions.

Lemma 19.8. The measure TXk is the push-forward measure, under the map
(t1, . . . , tN ) �→

∑
i tiai, of the measure 2−kN∑

p∈2−kZN∩[0,1)N δp, supported
in the lattice 2−kZN restricted to the cube [0, 1)N with value 2−kN at these
points.

In other words, the value of TXk against any function f is the Riemann sum
associated to

∫ 1
0 · · ·

∫ 1
0 f(

∑N
i=1 tiai)dt1 · · · dtN for the lattice 2−kZN restricted

to the cube [0, 1)N .

Theorem 19.9. For TX := 2−|X|∏∗
a∈X(δ0 + δa/2), the sequence TXk con-

verges weakly to BX .
For a discrete datum g, the corresponding sequence gk = aXk ∗ g converges

weakly to BX ∗′ g.

Proof. Everything follows from the convergence of the basic example by ap-
plying convolution. We leave the details to the reader.

Example 19.10. One of the first algorithms used to round corners is that based
on the quadratic spline b2 of class C1. It is known as the Chaikin algorithm
(see [32]). The mask is 2D = 1

4 (δ0 + 3δ1 + 3δ2 + δ3) and the recursive rule is

gk+1
2i =

3
4
gki +

1
4
gki+1, gk+1

2i+1 =
1
4
gki +

3
4
gki+1.

Fig. 19.1. The curve on the right is obtained applying the algorithm three times
to the polygon on the left.

Summarizing, we have that to a discrete input data given by a function
g(α) one associates as limiting function the element of the cardinal spline
space given by BX ∗′ g. Such functions appear as approximations of smooth
functions in the Strang–Fix approach and also as continuous interpolations of
discrete data in the subdivision algorithm.



19.1 Refinable Functions and Box Splines 339

Putting together these two things, we see that if we have a function g and
we know its values at the points of the lattice 2−kZs, we have two possible
approximations by splines, one continuous using the superfunction and the al-
gorithm (18.6), the other discrete using the box spline and the cutting corners
algorithm.

19.1.4 The Functional Equation

There is nothing special about the number 2 in formula (19.5), except perhaps
the fact that computers use binary codes. In general, given a distribution T
with finite support and a positive integer h, one can study the functional
equation

T ∗ σ1/h(φ) = φ, (19.6)

for an unknown distribution φ.
For this one may apply the Paley–Wiener theorem ([121] Section VI.3):

Theorem 19.11. An entire function F on Cn is the Fourier–Laplace trans-
form of a distribution v of compact support if and only if for all z ∈ Cn, one
has

|F (z)| ≤ C(1 + |z|)NeB|Im(z)| (19.7)

for some constants C,N,B. The distribution v in fact will be supported in the
closed ball of center 0 and radius B.

Additional growth conditions on the entire function F impose regularity prop-
erties on the distribution v.

We can thus try to study the functional equation (19.6) in terms of the
Laplace transform (let us point out that since we use Laplace transforms,
we have to replace the imaginary part of z with the real part). Recall the
identities

L(σ1/h(φ)) = h−sσhL(φ), L(T ) =
∑
α∈Λ

a(α)eα.

We know that Laplace transforms changes convolution into product. Setting
F (z) := L(φ), the functional equation (19.6) is transformed into

h−s
(∑
α∈Λ

a(α)e〈α | z〉
)
F (z/h) = F (z). (19.8)

We shall call this equation the refining equation for F (z). Now we have the
following easy result:

Proposition 19.12. Let A(z) be a formal power series in the s variables
z = (z1, . . . , zs). Consider the functional equation in the algebra of formal
power series

A(z)F (z/h) = F (z); assume hk 
= 0, 1,∀k ∈ N. (19.9)
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(1) There exists a nonzero solution to (19.9) if and only if A(0) = ht for some
integer t ≥ 0. In this case the solution has the form F (z) =

∑
j≥t bj , bj

a homogeneous polynomial of degree j with bt 
= 0, and it is uniquely
determined by bt.

(2) Assume A(z) =
∑
k ak(z), where ak(z) denotes the homogeneous part of

degree k of A(z). If |ak(z)| ≤ C (E|z|)k
k! , for two positive constants C,E

and 2 ≤ h ∈ R, then F (z) is an entire function.

Proof. (1) Assume that there is a solution of the form F (z) =
∑
j≥t bj with

bt 
= 0. Equating the terms of degree t, we have bt(z) = A(0)bt(z/h); hence
1 = A(0)h−t.

Assume now A(0) = ht and choose arbitrarily bt 
= 0 homogeneous of
degree t. Write A(z) =

∑∞
k=0 ak with ak the part of degree k. We want to de-

termine a solution F (z) =
∑∞
k=t bk to (19.9). We have F (z/h) =

∑∞
k=t h

−kbk,
and hence (19.9) we is equivalent to the identities

k−1∑
j=t

h−jbjak−j = bk(1− ht−k).

These allow us to compute bk recursively, starting from bt.
(2) Under the assumption |ak| ≤ C (E|z|)k

k! we will find a constant D with
|bj(z)| ≤ (hD)j(E|z|)j/j! for all j. Set K := 2C ≥ (1 − ht−k)−1C, ∀k > t.
Assume that D has been found satisfying the previous inequality for all j < k.

|bk(z)| ≤ (1− ht−k)−1
k−1∑
j=t

h−j |bj ||ak−j |

≤ C(1− ht−k)−1
k−1∑
j=t

h−j |bj |
(E|z|)k−j

(k − j)!
≤ K

( k−1∑
j=t

h−j(hD)j

j!(k − j)!

)
(E|z|)k

≤ K
( k−1∑
j=0

(
k

j

)
Dj
) (E|z|)k

k!
≤ K(1 +D)k−1 (E|z|)k

k!
.

As soon as D ≥ max((h−1)−1,Kh−1), we have K(1+D)k−1 ≤ (hD)k. Thus
this choice of D satisfies, by recursive induction, all the inequalities.

Remark 19.13. The proof is rather formal, and it applies also when A(z) is a
matrix of formal power series and F a vector. In this case we assume that
A(0) is an invertible matrix.

Consider the special case in which A(z) is of the form
∑m
i=1 aie

〈αi | z〉. Setting

C =
∑m
i=1 |ai| and E = max(|αi|), we have the estimate |ak| ≤ C (E|z|)k

k! .
Therefore, if

∑
i ai = 1, the refining equation (19.8) has a solution, unique up

to a multiplicative constant, that is an entire function.
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We want to apply this to find a solution to the functional equation (19.6),
that is a distribution with compact support. We need to verify the conditions
of the Paley–Wiener theorem.

Recursively, assuming 1 < h ∈ R+, we have

F (z) = A(z)A(z/h) . . . A(z/hk)F (z/hk+1).

Let us now make an estimate on F (z), under the assumption that A(z) is of the
form

∑
α aαe

〈α | z〉 with all the α real. We first estimate |A(z)| ≤ CeB |Re(z)|

if all the α are in a ball of radius B. We have thus

|A(z)A(z/h) · · ·A(z/hk)| ≤ CkeB |Re(z)|(
∑k
i=0 h

−i),

|F (z)| ≤ CkeB(1−h−k−1)(1−h−1)−1|Re(z)||F (z/hk+1)|.

So if hk ≤ 1 + |z| ≤ hk+1, we can estimate, setting C0 = max|z|≤1 |F (z)|,

|F (z)| ≤ CkeB(1−h−k−1)(1−h−1)−1|Re(z)|C0 ≤ CkeB
′ |Re(z)|C0

≤ C0(1 + |z|)NeB′|Re(z)|,

where B′ = hB/(h− 1) and N is chosen such that C ≤ hN .

Theorem 19.14. If T =
∑
α∈Λ a(α)τα with

∑
α∈Λ a(α) = hs, the refinement

equation has a solution, unique up to a multiplicative constant, that is a dis-
tribution with compact support.

19.1.5 The Role of Box Splines

We want to finish this chapter by showing that box splines can be charac-
terized as those distributions satisfying a refining identity and for which the
Fourier–Laplace transform is of the form∑m

j=1 cje

j∏r

i=1 ai
, (19.10)

where �j , j = 1, . . . ,m, ai, i = 1, . . . , r are linear forms and the �j ’s lie in the
lattice Zs.

We can now state and prove the main result of this section.2

Theorem 19.15. Let h > 1 be a positive integer. Take an algebraic hyper-
surface S in a torus T stable under the map x �→ xh. Then there are finitely
many codimension-one tori Ui and for each i a finite set Ai of torsion points
of T/Ui stable under x �→ xh such that if πi : T → T/Ui is the projection, we
have S = ∪iπ−1

i (Ai).

2We thank David Masser for explaining to us the context of this problem [79]
and Umberto Zannier for pointing out this simple proof.
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Proof. Let us first remark that if on a subvariety V of a torus T, a character χ
has the property that |χ(x)| = 1, ∀x ∈ V , we must have that χ is constant on
each connected component of V . This follows from the theorem of Chevalley
that the values of an algebraic map on an affine algebraic variety form a
constructible set, so a function on a connected variety is either constant or
takes all values except possibly finitely many.

Let us write the equation of the hypersurface S stable under x �→ xh

as
∑t
r=1 arχr = 0 with the χr characters and ar 
= 0. Take an irreducible

component S0 of S. We claim that S0 is a torsion coset. i.e., that there is
a primitive character χ3 taking value on S0 a fixed root of unity. For this it
is enough to show that there are two distinct indices i, j ≤ t such that for
x ∈ S0, we have |χi(x)| = |χj(x)|. Indeed, if this is the case, by the previous
remark the character χ = χiχ

−1
j takes a constant value ζ on S0. On the other

hand, the set of transforms of S0 by the map x �→ xh is finite, so that also
the set ζh

k

, k ∈ N, is finite, showing that ζ is a root of unity.
If χ = mψ with ψ primitive we have that ψ also takes as values in a finite

set of roots of 1. Since S0 is irreducible it takes as value on S0 a single root
of 1.

If for each x ∈ S0, there are two distinct indices i, j with |χi(x)| = |χj(x)|,
we claim that for one such pair the equality holds for every x ∈ S0. Indeed,
there is a pair i, j such that the closed set Ai,j ⊂ S0 for which the equality
holds has nonempty interior. But a holomorphic function that has constant
absolute value on an open set is necessarily constant, proving our claim.

Assume by contradiction that there is a point x for which all the numbers
|χi(x)| are distinct. In particular, there is a unique i0 for which |χi0(x)| is
maximum. Dividing the equation

∑
i aiχi = 0 by χi0 , we get a new equation

that produces the identities of the form ai0 +
∑t
i
=i0 aiχ

−1
i0
χi(xh

k

) = 0 for all k.

Notice now that |χ−1
i0
χi(xh

k

)| = (|χi(x)|/|χi0(x)|)hk tends to zero, implying
ai0 = 0, a contradiction.

At this point we have shown that S is a union of torsion cosets. The
remaining properties are left to the reader.

The equation of such a hypersurface is given as follows, each Ui is the
kernel of a primitive character χi and T/Ui is identified to C∗. In C∗ we
choose a finite set of roots of 1: ζ1, · · · , ζmi closed under the map ζ �→ ζh and
then the desired equation is of the form

∏
i

∏mi
j=1(χi − ζj).

In general we may ask what are the polynomials p(x1, . . . , xs) that have the
property of dividing p(xh1 , . . . , x

h
s ). Such a polynomial defines a hypersurface

of the previous type hence it is of the form

∏
i

mi∏
j=1

(χi − ζj)tj , tj > 0.

3Recall that a character is primitive if it is part of an integral basis of the
character group, or if it is not a multimple χ = mψ with m > 1.
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As a consequence, if p(x1, . . . , xs) has no multiple factors, it must be equal
(up to a monomial factor) to a product of elements

∏s
i=1 x

ni
i ζ − 1 with ζ

running over a finite set of roots of 1 closed under ζ �→ ζh. In the general case
of multiple factors the situation is combinatorially more complicated, and we
will not analyze it.

Let us then consider the following question. Assume that φ is a refinable
function with compact support such that its Laplace transform is of the form
(19.10) that is,

F = Lφ =

∑m
j=1 cje

〈
j | z〉∏r
i=1〈ai | z〉

.

We want to prove the following result:

Theorem 19.16. A function φ as described above is obtained from a box
spline by applying a suitable translation operator. Thus φ is in a cardinal
spline space SX , where X is a list of integral vectors.

Proof. Write the refining equation in the form A(hz)F (z) = F (hz). First
remark that

∏r
i=1〈ai |hz〉 = hr

∏r
i=1〈ai | z〉, hence

∑m
j=1 cje


j also satisfies a
similar refining equation. Then use the coordinates in the torus e〈
 | z〉 = x
 so
the refining equation implies that

∑m
j=1 cjx


j divides
∑m
j=1 cjx

h
j . In other
words, the refining equation implies that the hypersuface

∑m
j=1 cjx


j = 0 sat-
isfies the conditions of the previous theorem. Therefore, the Laurent polyno-
mial

∑m
j=1 cjx


j is a product of factors of type
∏s
i=1 x

ni
i ζ−1 = e

∑s
i=1 niziζ−1.

We observe that e
∑s
i=1 niziζ − 1 vanishes at the origin if and only if ζ = 1. In

this case (e
∑s
i=1 nizi−1)/(

∑s
i=1 nizi) is still holomorphic and nonvanishing at

0.
It follows that, in order for the function F to be holomorphic, each linear

forms aj =
∑s
i=1 ni,jzi appearing in the denominator, must cancel a zero

appearing in a factor of the numerator. This implies that aj = cj
∑s
i=1 ni,jzi,

with ni,j ∈ Z and cj a nonzero constant, and that the corresponding factor is
of the form e

∑s
i=1 ni,jzi − 1.

In particular, each aj gives a factor (eaj − 1)/aj of F . We see that in
this way we obtain only the Laplace transforms of box splines associated
to lists of integer vectors multiplied by a product of factors e

∑s
i=1 niziζ − 1.

These factors have to satisfy further combinatorial restrictions in order for
the refining identity to hold. In particular, we see that a function TBX in
the cardinal space is refinable only if the mask of T is one of these special
polynomials we have described.
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The Wonderful Model
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Minimal Models

One of the purposes of this chapter is to explain the geometric meaning of the
notion of residue introduced in Section 10.2.1.

This chapter is quite independent of the rest of the book and can be used
as an introduction to the theory developed in [42] and [46].

The main point to be understood is that the nonlinear coordinates ui used
in Section 10.2.1, represent local coordinates around a point at infinity of a
suitable geometric model of a completion of the variety AX . In fact, we are
thinking of models, proper over the space U ⊃ AX , in which the complement
of AX is a divisor with normal crossings. In this respect the local computation
done in Section 10.2.1, corresponds to a model in which all the subspaces of the
arrangement have been blown up, but there is a subtler model that gives rise
to a more intricate combinatorics but possibly to more efficient computational
algorithms, due to its minimality.

In order to be able to define our models, we need to introduce a number
of notions of a combinatorial nature.

20.1 Irreducibles and Nested Sets

20.1.1 Irreducibles and Decompositions

As usual, let us consider a list X := (a1, . . . , am) of nonzero vectors in V , that
in this section we assume to be a complex vector space. We are going to be
interested only in the hyperplanes defined by the equation 〈ai |x〉 = 0, and
therefore we shall assume that the ai’s are pairwise nonproportional and we
may think of X as a set of vectors.

Definition 20.1. Given a subset A ⊂ X, the list A := X ∩ 〈A〉 will be called
the completion of A. In particular, A is called complete if A = A.

The space of vectors φ ∈ U such that 〈a|φ〉 = 0 for every a ∈ A will be
denoted by A⊥. Notice that clearly A equals the list of vectors a ∈ X that
vanish on A⊥.
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From this we see that we get an order-reversing bijection between the
complete subsets of X and subspaces of the arrangement defined by X.

A central notion in what follows is given in the following definition:

Definition 20.2. Given a complete set A ⊂ X, a decomposition of A is a
partition A = A1 ∪A2 ∪ · · · ∪Ak into nonempty sets such that

〈A〉 = 〈A1〉 ⊕ 〈A2〉 ⊕ · · · ⊕ 〈Ak〉.

Clearly, the sets A1, A2, . . . , Ak are necessarily complete.
We shall say that a complete set A is irreducible if it does not have a

nontrivial decomposition.

If A = A1 ∪ A2 is a decomposition of a complete set and B ⊂ A is
complete, we have B = B1 ∪ B2, where B1 = A1 ∩ B, B2 = A2 ∩ B. Also
〈B〉 = 〈B1〉 ⊕ 〈B2〉, and we have the following:

Lemma 20.3. B = B1 ∪ B2 is a decomposition unless one of the two sets is
empty.

We deduce immediately the following result:

Proposition 20.4. If A = A1 ∪ A2 is a decomposition and B ⊂ A is irre-
ducible, then B ⊂ A1 or B ⊂ A2.

From this get our next theorem:

Theorem 20.5. Every set A can be decomposed as A = A1 ∪ A2 ∪ · · · ∪ Ak
with each Ai irreducible and

〈A〉 = 〈A1〉 ⊕ 〈A2〉 ⊕ · · · ⊕ 〈Ak〉.

This decomposition is unique up to order.

Proof. The existence of such a decomposition follows by a simple induction.
Let A = B1 ∪ B2 ∪ · · · ∪ Bh be a second decomposition with the same

properties. Proposition 20.4 implies that every Bi is contained in an Aj and
vice versa.

Thus the Aj ’s and the Bi’s are the same up to order.

We call A = A1 ∪A2 ∪ · · · ∪Ak the decomposition into irreducibles of A.

20.1.2 Nested Sets

We say that two sets A,B are comparable if one is contained in the other.

Definition 20.6. A family S of irreducibles Ai is called nested if given el-
ements Ai1 , . . . , Aih ∈ S mutually incomparable, we have that their union
C := Ai1 ∪ Ai2 ∪ · · · ∪ Aih is a complete set with its decomposition into
irreducibles.
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Remark 20.7. If A1, . . . , Ak is nested, we have that ∪iAi is complete. In fact,
this union can be obtained by taking the maximal elements, which are neces-
sarily noncomparable, and then applying the definition of nested.

We are in particular interested in maximal nested sets, that we denote by
MNS.

Nested sets can be inductively constructed by combining the following two
procedures, that are easily justified.

Proposition 20.8. (1) Suppose we are given a nested set S, a minimal ele-
ment A ∈ S, and a nested set P whose elements are contained in A. Then
we have that S ∪ P is nested.

(2) Suppose we are given a nested set S and a complete set A containing each
element of S. Then if A = A1 ∪ · · · ∪ Ak is the decomposition of A into
irreducibles, S ∪ {A1, . . . , Ak} is nested.

Theorem 20.9. Assume that 〈X〉 = V . Let S := {A1, . . . , Ak} be an MNS
in X.

Given A ∈ S, let B1, . . . , Br be the elements of S contained properly in A,
and maximal with this property.

(1) C := B1 ∪ · · · ∪Br is complete and decomposed by the Bi.
(2) dim〈A〉 = dim〈C〉+ 1.
(3) k = dim(V ).

Proof. (1) is the definition of nested set, since the Bi, being maximal, are
necessarily noncomparable.

(2) Let us consider 〈C〉 = ⊕ri=1〈Bi〉 ⊂ 〈A〉.
We have 〈C〉 
= 〈A〉. Otherwise, since C is complete, by the definition of
nested set we must have A = C. Since A is irreducible and the Bi’s are
properly contained in A, this is a contradiction.

Therefore, there exists an element a ∈ A such that a /∈ 〈C〉. Let us define
A′ := X ∩ 〈C, a〉. We have C � A′ ⊂ A. We claim that A = A′.

Otherwise, by Proposition 20.8, adding all the irreducibles that decompose
A′ to S, we obtain a nested family that properly contains S. This contradicts
the maximality of S. Clearly, A = A′ implies that 〈A〉 = 〈C〉 ⊕ Ca and thus
dim〈A〉 = dim〈C〉+ 1.

(3) We proceed by induction on s = dim(V ).
If s = 1 there is nothing to prove, there is a unique set complete and

irreducible, namely X.
Let s > 1. Decompose X = ∪hi=1Xh into irreducibles.
We have that an MNS in X is the union of MNS’s in each Xi. Then

s = dim(〈X〉) =
∑h
i=1 dim(〈Xi〉).

Thus we can assume that X is irreducible. In this case we have that X ∈ S
for every MNS S.
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Let B1, . . . , Bs be the elements of S properly contained in X and maximal
with this property.

The set S consists of X and the subsets Si := {A ∈ S |A ⊆ Bi}.
Clearly, Si is an MNS relative to the set Bi (otherwise, we could add an

element to Si and to S, contradicting the maximality of S).
By induction, Si has dim〈Bi〉 elements, and thus by (2) the claim follows.

Given an MNS S, let us define a map

pS : X → S

as follows. Since ∪A∈SA = X, every element a ∈ X lies in at least one
A ∈ S. Also, if an element a ∈ X appears in two elements A,B ∈ S, the two
elements must be necessarily comparable, and thus there exists a minimum
among the two. It follows that for any element a ∈ X there is a minimum
element pS(a) ∈ S containing a.

Now a new definition:

Definition 20.10. We shall say that a basis b := (b1, . . . , bs) ⊂ X of V is
adapted to the MNS S if the map bi �→ pS(bi) is a bijection.

Such a basis always exists. It suffices to take, as in the proof of Theorem 20.9,
for every A ∈ S an element a ∈ A−∪iBi, where the Bi are the elements of S
properly contained in A.

Given any basis b := (b1, . . . , bs) ⊂ X, we shall build an MNS Sb to which
it is adapted, in the following way. Consider for any 1 ≤ i ≤ s the complete
set Ai := X ∩ 〈{bi, . . . , bs}〉 = {bi, . . . , bs}. Clearly, A1 = X ⊃ A2 ⊃ · · · ⊃ As.

For each i consider all the irreducibles in the decomposition of Ai. Clearly,
for different i we can obtain the same irreducible several times. In any case
we have the following statement:

Theorem 20.11. The family Sb of all the (distinct) irreducibles that appear
in the decompositions of the sets Ai form an MNS to which the basis b is
adapted.

Proof. By induction. DecomposeX = A1 = B1∪B2∪· · ·∪Bk into irreducibles.
By construction,

s = dim〈A1〉 =
k∑
i=1

dim〈Bi〉.

We have that A2 = (A2 ∩B1)∪ (A2 ∩B2)∪ · · · ∪ (A2 ∩Bk) is a decomposition
of A2, not necessarily into irreducibles.

Since dim〈A2〉 = s− 1, we have

s− 1 = dim〈A2〉 =
k∑
i=1

dim〈A2 ∩Bi〉.
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Therefore, dim〈A2 ∩ Bi〉 < dim〈Bi〉 for exactly one index i0. In other
words, we must have that A2 ∩Bi = Bi for all the i 
= i0. For such an index,
necessarily b1 ∈ Bi0 .

By induction, the family of all the (distinct) irreducibles that appear in
the decompositions of the sets Ai, i ≥ 2, form an MNS for 〈A2〉, with adapted
basis {b2, . . . , bs}. To this set we must thus only add Bi0 in order to obtain
Sb. Thus Sb is a nested set with s elements, hence maximal, and the basis b
is adapted.

Remark 20.12. One can easily verify that conversely, every MNS S is of the
form Sb for each of its adapted bases.

20.1.3 Non Linear Coordinates

Now we introduce a nonlinear change of coordinates associated to a maximal
nested set.

So, choose an MNS S and a basis b := (b1, . . . , bs) adapted to S. Let us
consider the bi’s as a system of linear coordinates on U .

If pS(bi) = A, bi will be denoted by bA. We now build new coordinates
zA, A ∈ S, using the monomial expressions

bA :=
∏

B∈S, A⊆B
zB . (20.1)

Given A ∈ S, let SA := {B ⊆ A, B ∈ S}. Clearly, SA is an MNS for A (in
place of X), and the elements bB with B ∈ SA form a basis of A, adapted to
SA.

Take a ∈ X with pS(a) = A and write a =
∑
B∈SA cBbB , cB ∈ C. Let us

now substitute the expressions (20.1), getting

a : =
∑
B∈SA

cB
∏

C∈S, B⊆C
zC

=
∏

B∈S, A⊂B
zB

(
cA +

∑
B∈SA,B 
=A

cB
∏

C∈S, B⊆C�A

zC

)
. (20.2)

Since A is the minimum set of S containing a, we must have cA 
= 0.
At this point we can proceed as in Section 10.2.1 and define an embedding

of RX into the ring of Laurent series in the variables zA, A ∈ S.
Thus for a top form ψ we can define a local residue resS,bψ (or resSψ if b

is clear from the context).

20.1.4 Proper Nested Sets

We are going to tie the concepts of the previous section to that of unbroken
bases. Thus we start by totally ordering X. Our goal is to define a bijection
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between NB(X) and a suitable family of MNS’s, that we shall call proper
nested sets. We need some preliminary steps.

Assume thus that the basis b := (b1, . . . , bs) ⊂ X is unbroken.

Lemma 20.13. bi is the minimum element of pSb(bi) for every i.

Proof. Let A := pSb(bi). By the definition of Sb, we must have that A appears
in the decomposition into irreducibles of one of the sets Ak = 〈bk, . . . , bs〉∩X.
Since bi ∈ A, necessarily it must be k ≤ i.

On the other hand, bi belongs to one of the irreducibles of Ai, which
therefore, for each h ≤ i, is contained in the irreducible of Ah that contains
bi.

It follows that A must be one of the irreducibles decomposing Ai. By def-
inition, of unbroken basis, bi is the minimum element of Ai = 〈bi, . . . , bs〉∩X,
hence also the minimum element of A.

This property suggests the following definition:

Definition 20.14. Let S be a MNS. We say that S is proper if the elements
aA := mina∈A a, as A runs over S, form a basis.

Lemma 20.15. If S is proper, pS(aA) = A. Thus the basis {aA}A∈S is
adapted to S.

Proof. Let B ∈ S with aA ∈ B. Since aA ∈ A, we must have that A and B
are comparable. We must verify that A ⊂ B. If B ⊂ A, then aA = min a ∈ B,
and thus aA = aB .

Since the elements aA are a basis, this implies that A = B.

If S is proper, we order its elements A1, . . . , As using the increasing order
of the elements aA. We then set bi := aAi , and we have the following theorem:

Theorem 20.16. (1) The basis bS := (b1, . . . , bs) is unbroken.
(2) The map S → bS is a one-to-one correspondence between proper MNS’s

and unbroken bases.

Proof. (1) From Remark 20.7, setting Si := ∪j≥iAj , we have that Si is com-
plete and decomposed by those Aj that are maximal.

Clearly, by definition, bi is the minimum of Si. It suffices to prove that
Si = 〈bi, . . . , bs〉 ∩X, hence that 〈Si〉 = 〈bi, . . . , bs〉, since Si is complete.

We prove it by induction. If i = 1, the maximality of S implies that
S1 = X, so b1 is the minimum element in X. Now b1 /∈ S2, so S2 
= X, and
since S2 is complete, dim(〈S2〉) < s.

Clearly, 〈S2〉 ⊃ 〈b2, . . . , bs〉, so 〈S2〉 = 〈b2, . . . , bs〉.
At this point it follows that by induction, 〈b2, . . . , bs〉 is an unbroken basis

in S2, and thus since b1 is minimum in X, 〈b1, b2, . . . , bs〉 is an unbroken basis.
(2) From the proof, it follows that the two constructions, of the MNS

associated to a unbroken basis and of the unbroken basis associated to a proper
MNS, are inverses of each other, and thus the one-to-one correspondence is
established.
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20.2 Residues and Cycles

We can now complete our analysis performing a residue computation. Recall
that if b := (b1, . . . , bs) ⊂ X is a basis, we set

ωb := d log(b1) ∧ · · · ∧ d log(bs).

Theorem 20.17. Given two unbroken bases b, c, we have

resSbωc =

{
1 if b = c

0 if b 
= c.

Proof. We prove first that resSbωb = 1.
By definition, bi =

∏
Ai⊂B zB ; hence d log(bi) =

∑
Ai⊂B d log(zB).

When we substitute and expand the product we get a sum of products of
type d log(zB1) ∧ d log(zB2) ∧ · · · ∧ d log(zBn) with Ai ⊂ Bi.

Now, in a finite poset P there is only one nondecreasing and injective map
of P → P into itself, which is the identity.

Therefore, the map Ai �→ Bi is injective only when it is the identity.
Therefore, setting zi := zAi all the monomials of the sum vanish except for
the monomial d log(z1) ∧ d log(z2) ∧ · · · ∧ d log(zn), which has residue 1.

The second case b 
= c follows immediately from the next lemma.

Lemma 20.18. Let b, c be two unbroken bases.

(1) If b 
= c, the basis c is not adapted to Sb.
(2) If a basis c is not adapted to an MNS S, we have resSωc = 0.

Proof. (1) Let c = {c1, . . . , cn} be adapted to Sb = {S1, . . . , Sn}. We want to
prove that we have b = c. We know that c1 = b1 is the minimum element of
X.

Since Sb is proper, we have that S1 = pSb(c1) must be a maximal element
that is the irreducible component of X containing b1 = c1.

Set X ′ := S2∪· · ·∪Sn. Then X ′ is complete. The set S2, . . . , Sn coincides
with the proper MNS Sb′ associated to the unbroken basis b′ := {b2, . . . , bn}
of 〈X ′〉 = 〈b′〉. Clearly, c′ = {c2, . . . , cn} is adapted to Sb′ . Therefore, b′ = c′

by induction, and so b = c.
Using the first part, the proof of (2) follows the same lines as the proof of

Lemma 8.14, and we leave it to the reader.

Remark 20.19. We end this section pointing out that by what we have proved,
it follows that for any unbroken basis b we have

resb = resSb ,

with resb as defined in Section 10.2.1.

The advantage of this new definition is that one uses monomial transforma-
tions of smaller degree, and this could provide more efficient algorithms.
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20.3 A SpecialCase: Graphs and Networks

We shall now investigate the notions we have just introduced in the special
case of the graph arrangements introduced in Section 2.1.3.

Let us take a graph Γ with vertex set VΓ and edge set LΓ . We are going
to assume that Γ has no labels, that is, m(a) = 1 for all a ∈ LΓ .

Fix an orientation on the edges, so that each edge a has an initial vertex
i(a) and a final vertex f(a), and the corresponding list XΓ , consisting of the
vectors xa = ef(a)− ei(a), a ∈ LΓ . Given A ⊂ XΓ we denote by ΓA the graph
spanned by the edges a ∈ LΓ such that xa ∈ A.

In Corollary 2.16 we have seen that graph arrangements are unimodular;
in particular, we deduce that the corresponding partition function is a poly-
nomial on each big cell (instead of just a quasipolynomial). In particular,
this applies to the example of magic-squares that we shall treat presently (cf.
Stanley [104], Dahmen–Micchelli [37] and [3]).

20.3.1 Complete Sets

Now recall that a subgraph is called complete if whenever it contains two
vertices it also contains all edges between them. On the other hand a subset
A ⊂ XΓ is complete in the sense of arrangements if and only if 〈A〉∩XΓ = A.
If A is complete in this sense, we shall say that the corresponding subgraph
ΓA is X-complete.

Proposition 20.20. A subgraph of Γ is X-complete if and only if all its con-
nected components are complete.

Proof. The fact that a complete subgraph is also X-complete is clear, and
from this the statement in one direction follows.

Assume that Λ is X-complete. We have to show that each connected
component is complete. Otherwise, there is an edge a /∈ Λ with vertices in a
connected component Π of Λ. By connectedness, a is thus in a cycle in which
the other edges are in Π and so is dependent on XΠ and so on XΛ. By the
X-completeness of Λ we have a contradiction.

Corollary 20.21. Given a connected graph Γ, a proper subgraph Λ is maximal
X-complete if and only if:

(1) either Λ is a connected subgraph obtained from Γ , by deleting one vertex
and all the edges from it;

(2) or it is a graph with two connected components obtained from Γ , by delet-
ing a set of edges each of which joins the two components.

Proof. If we remove one vertex and all the edges from it and the resulting
graph Λ with edges C is still connected, it follows that the corresponding sub-
space 〈C〉 has codimension-one. Since Λ is clearly complete, it is also maximal.
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In the second case the resulting graph Λ has two connected components, each
of which is complete. So it is X-complete. Since the number of vertices is
unchanged, XΛ spans a codimension-one subspace; hence it is maximal.

Conversely, if Λ is maximal X-complete with w vertices and c connected
components, we must have v − 2 = w − c, so either c = 1 and w = v − 1, or
w = v and c = 2. It is now easy to see that we must be in one of the two
preceding cases (from the description of X-complete subgraphs and Lemma
2.12).

A set of edges such that the remaining graph has two connected compo-
nents and all the deleted edges join the two components will be called a simple
disconnecting set. Finding such a set is equivalent to decomposing the set of
vertices into two disjoint subsets V1, V2 such that each of the two complete
subgraphs of vertices V1, V2 is connected.

20.3.2 Irreducible Graphs

Definition 20.22. Given two graphs Γ1, Γ2 with a preferred vertex w1, w2 in
each, the wedge Γ1 ∨ Γ2 of the two graphs is given by forming their disjoint
union and then identifying the two vertices.

Clearly, if v1, v2, v (resp. c1, c2, c) denote the number of vertices (resp. of
connected components) of Γ1, Γ2, Γ1∨Γ2, we have v = v1+v2−1, c = c1+c2−1,
and hence v − c = v1 − c1 + v2 − c2.

We shall now say that an X-complete subgraph is irreducible if the corre-
sponding subset of XΓ is irreducible. The previous formulas show that the
decomposition of a graph Γ, as wedge or into connected components, implies
a decomposition of the corresponding list of vectors XΓ , so that in order to
be irreducible, a graph must be connected and cannot be expressed as the
wedge of two smaller subgraphs. The following proposition shows that these
conditions are also sufficient.

Proposition 20.23. A connected graph Γ is irreducible if and only if it is not
a wedge of two graphs. This also means that there is no vertex that disconnects
the graph.

Proof. We have already remarked that the decomposition of a graph as wedge
implies a decomposition (in the sense of Section 20.1.1) of XΓ .

On the other hand, let Γ be connected and suppose that XΓ has a non-
trivial decomposition XΓ = A ∪ B (in the sense of Definition 20.2). If A′ is
the set of vectors associated to the edges of a connected component of ΓA,
then A = A′ ∪ (A\A′) is a decomposition of A, XΓ = A′ ∪ (A\A′)∪B is also
a decomposition, and we may thus reduce to the case that ΓA is connected.

Denote by VA (resp. VB) the set of vertices of ΓA (resp. ΓB). We must
have that VA ∩ VB is not empty, since Γ is connected.
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The fact that XΓ = A∪B is a decomposition implies 〈XΓ 〉 = 〈A〉⊕〈B〉 so
from Lemma 2.12 we deduce v−1 = |VA|−bA+|VB |−bB (with bA, bB the num-
ber of connected components of the two graphs with edges A,B respectively).
Since v = |VA|+ |VB | − |VA ∩ VB |, we have 1 + |VA ∩ VB | = bA + bB .

We are assuming that bA = 1, so we get |VA ∩ VB | = bB . Since Γ is
connected, each connected component of ΓB must contain at least one of
the vertices in VA ∩ VB . The equality |VA ∩ VB | = bB implies then that
each connected component of ΓB contains exactly one of the vertices in VA ∩
VB . Thus Γ is obtained by attaching, via a wedge operation, each connected
component of ΓB to a different vertex of ΓA.

Remark 20.24. (i) Notice that the first case of Corollary 20.21 can be consid-
ered as a degenerate case of the second, with ΓA reduced to a single vertex.

(ii) In general, a complete decomposition presents a connected graph as
an iterated wedge of irreducible graphs.

20.3.3 Proper Maximal Nested Sets

With the previous analysis it is easy to give an algorithm that allows us to
describe all proper maximal nested sets in XΓ .

The algorithm is recursive and based on the idea of building a proper
maximal flag of complete sets.

Step 1. We choose a total order of the edges.
Step 2. We decompose the graph into irreducibles.
Step 3. We proceed by recursion separately on each irreducible where we

have the induced total order.
We assume thus that we have chosen one irreducible.
Step 4. We build all the proper maximal complete sets that do not contain

the minimal edge a. These are of two types:
(i) For each of the two vertices v of a we have a maximal complete set by

removing the edges out of v. By Proposition 20.23, this operation produces
in both cases a connected graph.

(ii) Remove the simple disconnecting sets containing the minimal edge.
Step 5. Keeping the induced order, go back to Step 2 for each of the proper

maximal complete sets constructed.

From the residue formulas it is clear that in the previous algorithm, given
a vector u, in order to compute the volume or the number of integer points
of the polytope Πu, it is necessary only to compute the proper nested sets
S that satisfy the further condition u ∈ C(S), that we will express by the
phrase S is adapted to u. The previous algorithm explains also how to take
into account this condition.

In fact, let Λ ⊂ Γ be a proper maximal complete set. We can see as
follows whether this can be the first step in constructing an S adapted to u.
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In fact, the basis φ(S) is composed of the minimal element xa and the basis
of the span 〈Λ〉 corresponding to the part S ′ of the nested set contained in
〈Λ〉. Thus u can be written uniquely in the form λxa + w with w ∈ 〈Λ〉.

We observe that S is adapted to u if and only if λ ≥ 0 and S ′ is adapted
to w.

This gives a recursive way of proceeding if we can compute λ. Let us
do this in the second case (since the first is a degenerate case). Denote the
decomposition of the maximal complete subset by A ∪ B; thus 〈Λ〉 can be
identified with the space of functions on the vertices whose sum on A and on
B equals 0. Let us assume that the orientation of the arrow of the minimum
edge a points toward A, so that xa as a function on the vertices takes the
value 0 on all vertices except its final point in A, where it takes the value 1,
and its initial point in B, where it takes the value −1. The vector u is just
a function on the vertices with the sum 0. Let λ equal the sum of the values
of u on the vertices of A; thus −λ equals the sum of the values of u on the
vertices of B.

We then have that u − λxa = w ∈ 〈Λ〉, giving the following result: see
that:

Proposition 20.25. In the decomposition of the maximal complete subset Λ
as A∪B let us assume that the orientation of the arrow of the minimum edge
a points toward A. Then if Λ is the first step of a proper flag adapted to u, we
must have that the sum of the values of u on the vertices of A is nonnegative.

Remark 20.26. (i) We have seen in Theorem 9.16 that the decomposition into
big cells can be detected by any choice of ordering and the corresponding
unbroken bases. Nevertheless, the number of unbroken bases adapted to a
given cell depends strongly on the order. For a given cell it would thus be
useful to minimize this number in order to optimize the algorithms computing
formulas (5), (6).

(ii) Let us point out that in [56] and [88] some polytopes associated to
graphs have been constructed and studied.

20.3.4 Two Examples: An and Magic Arrangements

The first interesting example we want to discuss is that of the complete graph
Γs with s vertices, that we label with the indices {1, 2, . . . , s}. In this case
XΓs = {ei− ej} with i < j, so that it consists of the positive roots of the root
system of type As−1. Thus the hyperplanes Hα are the corresponding root
hyperplanes.

In this case a connected subgraph is complete if and only if it is complete
as an abstract graph, that is, it contains all edges joining two of its vertices.
Clearly, it is also irreducible. Given a complete subgraph C, the irreducible
components of C are nothing else than its connected components.

It follows that irreducible sets are in bijection with subsets of {1, . . . , s}
with at least two elements. If S is such a subset, the corresponding irreducible
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is IS = {ej − ej |{i, j} ⊂ S}. Using this correspondence we identify the set of
irreducibles with the set Is of subsets in {1, . . . , s} with at least two elements.
In particular, the elements of XΓs are identified with the subsets with two
elements and displayed as pairs (i, j) with i < j. It also follows that a family
S of elements Is is nested if given A,B ∈ S, either A and B are comparable
or they are disjoint.

This immediately implies that if S is a maximal nested set and A ∈ S has
more that two elements, then A contains either a unique maximal element
B ∈ S with necessarily a − 1 elements or exactly two maximal elements
B1, B2 ∈ S with A = B1 ∪B2.

We can present such an MNS in a convenient way as a planar binary
rooted tree with s leaves labeled by {1, . . . , s}. Every internal vertex of this
tree corresponds to the set of numbers that appear on its leaves.

For example, the tree
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(20.3)

represents the MNS {{1, 2}, {1, 2, 3}, {4, 5}, {1, 2, 3, 4, 5}}.

We now fix a total ordering on XΓs by defining (i, j) ≤ (h, k) if either
k − h < j − i or k − h = j − i and i ≤ h.

Define for any subset A ∈ Is the pair c(A) := (i, j), i := min(A),
j := max(A). Notice that with respect to the chosen ordering, c(A) is the
minimum element in the set of pairs extracted from A.

Lemma 20.27. An MNS S of subsets of {1, 2, . . . , s} is proper if and only if
the pairs c(A) for A ∈ S are distinct.

Proof. In one direction the statement is clear.
We only have to show that if the elements c(A) for A ∈ S, are distinct,

then S is proper. Let xA := ei−ej with (i, j) = c(A). To say that S is proper
means that the n − 1 elements xA are linearly independent. In other words,
it means that for any k = 1, . . . , s, the vectors ek and xA as A varies in S,
span the entire s-dimensional space.

We argue by induction, starting from {1, 2, . . . , s} ∈ S, to which we asso-
ciate e1−es. As we have seen, for the maximal subsets of S properly contained
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in {1, 2, . . . , s}, we have two possibilities. They reduce either to a unique ele-
ment B, with s − 1 elements, or to two disjoint subsets B1, B2, whose union
is {1, 2, . . . , s}.

In the first case we must have (since S is proper) either B = {2, . . . , s} or
B = {1, 2, . . . , s− 1}. By induction, adding es in the first case, and e1 in the
second, we easily deduce our claim.

If instead {1, 2, . . . , s} = B1 ∪ B2, always using the fact that S is proper,
we can assume that 1 ∈ B1, s ∈ B2. By induction, the space generated by
xC , C ⊂ B, and e1 coincides with the space generated by the ei, i ∈ B1,
and similarly for B2 and es. If we add e1 to all the xA, A ∈ S, we have also
es = e1 − (e1 − es), and thus we obtain all the basis elements ei.

To finish our first example, we establish a one-to-one correspondence be-
tween such proper MNS’s and the permutations of s elements that fix s (prov-
ing in particular that their number is (s− 1)!).

It is better to formulate this claim in a more abstract way, starting with
any totally ordered set S with s elements instead of {1, 2, . . . , s}. Of course,
using its canonical bijection with {1, 2, . . . , s}, we can transfer to S all the
notions of MNS and proper MNS.

Proposition 20.28. There is a bijection p between the set of proper MNS’s
associated to S and that of the permutations of S fixing the maximal element.

Proof. Let a be the maximum element of S. We think of these permutations
as words (without repetitions) of length s in the elements of S ending with a.

Start by identifying S with {1, . . . , s} using the total order. Take a proper
MNS S given by a sequence {S1, . . . , Ss−1} of subsets of {1, . . . , s}.

We may assume that S1 = {1, 2, . . . , s}. We know that S ′ := S −{S1} has
either one or two maximal elements.

We treat first the case of a unique maximal element. We can assume that
it is S2. Since S is proper, we have seen that either S2 = {2, 3, . . . , s} or
S2 = {1, 2, . . . , s− 1}.

In the first case we take by induction the word p(S ′), formed with the
elements 2, . . . , s and terminating with s. We then define p(S) := 1p(S ′).

We obtain in this way all the words in 1, 2, . . . , s − 1, s that start with 1
and end with s.

In the second case we use the opposite ordering (s−1, . . . , 2, 1) on S2. Still
by induction we have a word p(S ′) in 1, . . . , s − 1 that ends with 1. We set
p(S) := p(S ′)s.

We obtain all the words in 1, 2, . . . , s− 1, s that end with 1, s.
It remains to get the words ending with s and in which 1 appears in the

interior of the part of the word preceding s.
We now assume that there are two maximal elements, denoted by S2 and

S3 (each with at least 2 elements), in S ′ whose disjoint union is {1, . . . , s}.
Let us denote by Si, i = 1, 2, the corresponding induced MNS.

As we have seen, since S is proper, we can assume that 1 ∈ S2, s ∈ S3.
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By induction, we have a word p(S2) for S2, relative to the opposite order
terminating with 1. Similarly, we have a word p(S3) for S3 relative to the
usual ordering terminating with s. We set p(S) := p(S2)p(S3), precisely a
word of the desired type.

It is clear that this construction can be inverted and that in this way, we
have established a one-to-one correspondence.

We illustrate this bijection with a few special cases:
1. If the MNS S is formed by the subsets

{i, i+ 1, . . . , s}, i = 1, . . . , s− 1,

its associated permutation is the identity.
2. If the MNS S is formed by the subsets

{1, 2, . . . , i}, i = 2, . . . , s,

its associated permutation is (s− 1, s− 2, . . . , 1, s).
3. The example (20.3) is proper. Its associated permutation is (3, 2, 1, 4, 5).

The second example we want to analyze is the following:
Given two positive integers m,n, we define the arrangement M(m,n)

as follows. We start from the vector space Rm+n with basis elements ei,
i = 1, . . . ,m, fj , j = 1, . . . , n, and let V be the hyperplane where the
sum of the coordinates is 0. The arrangement is given by the nm vectors
∆(m,n) := {(i|j) := ei − fj , i = 1, . . . ,m, j = 1, . . . , n}. It is the graph
arrangement associated to the full bipartite graph formed of all oriented edges
from a set X with n elements to a set Y of m elements.

The polytopes associated to this arrangement are related to magic squares,
or rather to a weak formulation of magic squares.

The classical definition of a magic square of size m is a filling of the square
of size m (with m2 cases) with the numbers 1, 2, . . . ,m2 in such a way that
the sum on each column, on each row, and on the two diagonals is always the
same number, that necessarily must be m(m2 + 1)/2.

A weaker condition is to assume equality only on rows and columns, and an
even weaker is to fix the value of the sum without insisting that the summands
be distinct and coincide with the first m2 integers.

One may call these squares semi-magic.
We can view a filling of a square, or more generally a rectangle, with

positive integers as a vector
∑
i,j ai,j(i|j) =

∑
h cheh −

∑
k dkfk, where

ch =
∑
j ah,j is the sum on the h-th row and dk the sum on the k-th col-

umn. Thus the number of semi-magic squares, adding to some number b, is
an instance of the counting problem on polytopes, in this case the polytope
associated to the vector b(

∑
h eh −

∑
k fk). Notice that for a filling of the

square of size m such that the sum on each column and on each row is al-
ways m(m2 + 1)/2 the condition that we have all the numbers 1, 2, . . . ,m2 is
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equivalent to the condition that the filling consists of distinct numbers. This
number can in theory be computed using the formula developed in Theorem
13.68. Still, the explicit computations involved are quite formidable. In fact,
the number of magic squares has been computed only for m ≤ 5.

Even the simpler computation of the volume of the corresponding poly-
tope has been carried out only up to dimension 10, a general formula is not
available. Let us in any case discuss the general theory in this example.

We discuss the notions of irreducible, nested, and proper nested in the
example M(m,n). We need some definitions. Given two nonempty subsets
A ⊂ {1, 2, . . . ,m}, B ⊂ {1, 2, . . . , n}, we denote by A × B the set of vectors
(i|j), i ∈ A, j ∈ B, and call it a rectangle. We say that the rectangle is
degenerate if either A or B consists of just one element (and we will speak of
a row or a column respectively).

In particular, when A and B both have two elements, we have a little
square. We define a triangle as a subset with three elements of a little square.

Lemma 20.29. (1) The four elements of a little square {i, j} × {h, k} form
a complete set. They span a 3-dimensional space and satisfy the relation
(i|h) + (j|k) = (i|k) + (j|h).

(2) The completion of a triangle is the unique little square in which it is con-
tained.

(3) Any rectangle is complete.

The proof is clear.

Theorem 20.30. For a subset S ⊂ ∆(m,n), the following conditions are
equivalent:

(1) ΓS is X-complete.
(2) If a triangle T is contained in S, then its associated little square is also

contained in S.
(3) S = ∪hi=1Ai × Bi, where the Ai are mutually disjoint and the Bj are

mutually disjoint.

Proof. Clearly, (1) implies (2). Let us now show that (2) implies (3). For this
it is enough, by induction, to consider a maximal rectangle A× B contained
in S and prove that S ⊂ A×B ∪C(A)×C(B). Suppose this is not the case.
Then there is an element (i|k) ∈ S where either i ∈ A, k /∈ B or i /∈ A, k ∈ B.
Let us treat the first case; the second is similar. If A = {i}, then A×(B∪{k})
is a larger rectangle contained in S, a contradiction. Otherwise, take j ∈ A,
j 
= i, h ∈ B. We have that (i|h), (j|h), (i|k) are in S and form a triangle,
so by assumption, also (j|k) ∈ S. This means that again A × (B ∪ {k}) is
a larger rectangle contained in S, a contradiction. Now we can observe that
S ∩ C(A)× C(B) is also complete, and we proceed by induction.

(3) implies (1) follows from Proposition 20.20.

Theorem 20.30 now gives the decomposition of a complete set into irre-
ducibles.
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Corollary 20.31. A nondegenerate rectangle is irreducible. Given a complete
set of the form S = ∪hi=1Ai ×Bi, where the Ai are mutually disjoint and the
Bj are mutually disjoint, its irreducible components are the nondegenerate
rectangles Ai×Bi and the single elements of the degenerate rectangles Ai×Bi.

Theorem 20.30 also implies the structure of the maximal proper complete
subsets of ∆(h, k).

Corollary 20.32. A proper subset S of ∆(h, k) is maximal complete if and
only if it is of one of the following types:

A×B ∪ C(A)× C(B) with A,B proper subsets.
A× {1, . . . , n}, where A has m− 1 elements.
{1, . . . ,m} ×B, where B has n− 1 elements.

All these considerations allow us to find all proper flags in the case of the
magic arrangement. Of course, in order even to speak about proper flags, we
have to fix a total ordering among the pairs (i, j). Let us use as order the
lexicographic order, so that (1|1) is the minimum element. It follows that if S
is a proper maximal complete subset, in order to be the beginning of a proper
flag one needs that (1|1) /∈ S.

It is then clear that once we have started with such a proper maximal
complete subset, we can complete the flag to a proper flag by taking a proper
flag in S for the induced order. This gives a recursive formula for the num-
ber b(m,n) of proper flags, which is also the number of unbroken bases and
thus, by Theorem 10.3, the top Betti number of the complement of the corre-
sponding hyperplane arrangement. We have from our discussion the following
recursive formula for b(m,n):

b(m− 1, n) + b(m,n− 1) +
∑
a,c

(
m− 1
a− 1

)(
n− 1
c

)
b(a, c)b(m− a, n− c).

Remark 20.33. In [1] a number of interesting quantitative results on the enu-
meration of magic squares have been obtained. It could be interesting to use
our results above to see whether one can push those computations a little bit
further.

20.4 Wonderful Models

20.4.1 A Minimal Model

Although we do not use it explicitly, it may useful, and we present it in this
section, to understand the origin of the nonlinear coordinates we have been
using and of the entire theory of irreducibles and nested sets that we have
built in [42].

Consider the hyperplane arrangement HX and the open set
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AX = U \ (∪H∈HX
H),

the complement of the union of the given hyperplanes.
Let us denote by I the family of irreducible subsets in X. In [42] we

construct a minimal smooth variety ZX containing AX as an open set with
complement a normal crossings divisor, plus a proper map π : ZX → U
extending the identity of AX . The construction is the following.

For any irreducible subset A ∈ I take the vector space V/A⊥ and the
projective space P(V/A⊥). Notice that since A⊥ ∩AX = ∅, we have a natural
projection πA : AX → P(V/A⊥). If we denote by j : AX → U the inclusion,
we get a map

i := j × (×a∈I πA) : AX → U × (×a∈I P(U/A⊥)). (20.4)

Definition 20.34. The wonderful model ZX is the closure of the image i(AX)
in U × (×a∈IP(U/A⊥)).

We describe some of the geometric features of ZX . First of all, notice that
×a∈IP(U/A⊥) is a projective variety. Thus the restriction π : ZX → U of
the projection of U × (×a∈IP(U/A⊥)) to the first factor U is a projective and
hence proper map.

Secondly, notice that i is injective. We identify AX with its image under
i. This image is closed inside AX × (×a∈IP(U/A⊥)), that is open in U ×
(×a∈IP(U/A⊥)). Thus ZX contains AX as a dense open subset, and the
restriction of π to AX coincides with the inclusion j.

In order to have a better understanding of the geometry of ZX we are now
going to describe some dense affine open sets in ZX .

Take an MNS S. Choose among all the bases adapted to S the basis
b = {b1, . . . , bs} that is lexicographically minimum (this is not necessary, but
it allows us to choose exactly one adapted basis for each MNS). As usual, if
pS(bi) = A, denote bi by bA. The bi form a system of linear coordinates in U .

Consider now Cs with coordinates z = {zA}A∈S , and a map fS : Cs → U
defined in the given coordinates, by

bA =
∏
B⊇A

zB .

We have an inverse map iS , defined on the open set where the bA 
= 0
given by zB := bB if B is maximal and zB = bB/bC when B is not maximal
and C is the minimal element of S properly containing B.

Now take a ∈ X \ b and let pS(a) = A. Thus a ∈ A, and by the nested
property it does not lie in the space spanned by the elements B ∈ S properly
contained in A. Therefore, we can write a =

∑
B⊆A γBbB , γB ∈ C, with

γA 
= 0. Making the nonlinear change of coordinates, we get

a =
∑
B⊆A

γB
∏
C⊇B

zC =
(
γA
∏
C⊇A

zB

)
pa(z), (20.5)
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where pa(z) = 1 + qa(z) with qa(z) a polynomial vanishing at the origin.
Set now VS equal to the open set in Cs that is the complement of the

divisor of equation
∏
a∈X\b pa(z) = 0.

Notice that the previously defined map iS lifts the open embedding
i : AX → U to an open embedding

iS : AX → VS .

By its very construction, the complement in VS of the union of the divisors
zA = 0 is mapped isomorphically to AX by the morphism fS that is the
inverse of iS .

Lemma 20.35. Let A ∈ I and S be an MNS. Then there exists a map
πA,S : VS → P(U/A⊥) such that the diagram

AX
πA ��

iS

��

P(U/A⊥)

VS

πA,S

����������������

is commutative.

Proof. Since A is irreducible, there exists a minimum B ∈ S such that A ⊂ B.
We can choose projective coordinates in P(U/A⊥) by choosing a basis

of 〈A〉 contained in X. Call it c1, . . . , ck. It is now clear that for each i,
pS(ci) ⊆ B. From the irreducibility of A, we have that for at least one i,
which we can assume to be 1, we have pS(ci) = B. Indeed, A would be
contained in the union of the irreducible subsets in S properly contained in
B, and thus by its irreducibility in one of them.

Substituting our nonlinear coordinate, we get that each ci is divisible by∏
B⊆C zC , and moreover, c1/

∏
B⊆C zC is invertible on ZX . Since we are

working in projective space, our claim follows.

The previous lemma clearly implies that there exists a map jS : VS → ZX
such that the diagram

AX
i ��

iS

��

ZX

VS

jS

���������������

commutes.
Notice that if B ∈ S, we can choose as basis of 〈B〉 the set of elements

bC such that C ⊂ B and then bC/bB =
∏
C⊆D�B zD. In particular, if C is

maximal in B, then bC/bB = zC . If, on the other hand, C is maximal in S, we
have that bC = zC . From the proof of the previous lemma, VS maps into the
affine subset of P(U/B⊥), where bB 
= 0. Thus the coordinates zB of VS are
restrictions of functions on the Cartesian product of U with all these affine
sets. This proves that VS embeds as a closed subset into an affine open set in
U × (×B∈SP(U/B⊥) and implies our next result.
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Proposition 20.36. For each MNS S, the map

jS : VS −→ ZX

is a embedding onto an affine open set.

Remark 20.37. As we have already stated, the special choice of the basis b is
not necessary. Indeed, choose another basis b′ adapted to S. Repeating our
construction, we can construct an open set VS,b′ in Cs with coordinates z′

A,
A ∈ S, and an embedding jS,b′ : VS,b′ → ZX .

Since both open sets naturally contain the open set AX , we can think the
zA’s (resp. zA’s) as rational functions on VS (resp. on VS,b′).

If A ∈ S and A is not maximal, we know by the nested property that there
is a minimal element B ∈ S such that A � B. We denote such a B by c(A)
(the consecutive to A).

It follows that zA = bA/bc(A) and z′
A = b′A/b

′
c(A). Using this and (20.5),

we easily see that for each A ∈ S,

z′
A = zAGA(z),

where the function G(z) is invertible on VS . We deduce that the open set
VS,b′ is naturally isomorphic to VS by an isomorphism ψ taking the locus of
equation z′

A = 0 to that of equation zA = 0 for each A ∈ S and that the
diagram

VS
jS ��

ψ

��

ZX

VS,b′

jS,b′

���������������

commutes. Since b, b′ play symmetric roles, ψ is an isomorphism.

Let us now identify VS with its image jS(VS).

Theorem 20.38. ∪SVS = ZX . In particular, ZX is a smooth variety.

Proof. Let YX := ∪SVS . It is clearly enough to show that YX is closed in
U × (×A∈IP(U/A⊥)). We claim that for this it is enough to see that the
projection map of YX to U is proper. In fact, assume that this is true; the
projection of U × (×A∈IP(U/A⊥)) to U is proper and so the embedding of
YX into U × (×A∈IP(U/A⊥)) is also proper, and finally, its image is closed.

Now in order to prove the required properness we shall use a standard tool
from algebraic geometry, the properness criterion given by curves, also known
as the valuative criterion of properness (cf. [61]). Over the complex numbers
this amounts to showing that for any curve f : Dε → U, Dε = {t ∈ C| |t| < ε}
such that f(Dε \ {0}) ⊂ AX , there exists a curve f̃ : Dε → YX such that the
diagram
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Dε
f̃ ��

f

��












 YX

��
U

commutes.
Take such an f . For any a ∈ X, we can write 〈a | f(t) 〉 = tnaκa(t) near

t = 0, where na ≥ 0 and κa(0) 
= 0.
For each h ≥ 0, we define Ah = {a ∈ X|na ≥ h}. Clearly A0 = X, and for

each h, Ah+1 ⊂ Ah and each Ah is complete.
If we now decompose each Ah into irreducibles, we get a collection of

elements in I that, due to the fact that Ah+1 ⊂ Ah, is clearly a nested set.
Let us complete this nested set to an MNS S.

We claim that the map f : Dε \{0} → AX extends to a map f : Dε → VS .
To see this, we need to show that for each C ∈ S, zC(f(t)) is defined at 0 and
that for each a ∈ X \ b, pa(f(t)) 
= 0 at 0.

For the first claim notice that if C is maximal in X, then zC = bC , and
so zC(f(t)) = 〈bC | f(t)〉 is defined at 0. If C is not maximal, let B be the
minimum element in S properly containing C. Then by the definition of S,
nbC ≥ nbB . Also

zC(f(t)) =
〈bC | f(t)〉
〈bB | f(t)〉 = tnbC−nbB

κbB (t)
κbB (t)

,

so that zC(f(t)) is clearly defined at 0.
For the second claim, consider pS(a) = B. Then by the definition of S,

na = nbB . Thus

pa(f(0)) =
〈a | f(t)〉
〈bB | f(t)〉 =

κa(0)
κbB (0)


= 0.

20.4.2 The Divisors

We need a technical fact.

Lemma 20.39. Let S and T be two MNS’s in X. Let bS (resp. bT ) denote
the associated adapted basis and let zS

A, A ∈ S (resp. zT
A , A ∈ T ) be the

corresponding set of coordinates on VS (resp. VT ). Then

(1) If A ∈ S \ T , zS
A is invertible as a function on VS ∩ VT .

(2) If A ∈ T \ S, zT
A is invertible as a function on VS ∩ VT .

(3) If A ∈ S ∩ T , zS
A/z

T
A is regular and invertible as a function on VS ∩ VT .

Proof. Assume that A is a maximal element in I. This implies A ∈ S ∩ T ,
so we have to prove (3). We have zS

A = bSA. Let B = pT (bSA) ⊆ A. Then by
(20.5),
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zS
A =

∏
C∈T ,B⊆C

zT
C g = zT

A

∏
C∈T ,B⊆C,C 
=A

zT
C g,

where g is invertible.
Similarly, zT

A = bTA and if B′ = pS(bTA) ⊆ A, then

zT
A = zS

A

∏
D∈S,B⊆D,D 
=A

zS
D g̃,

where g̃ is invertible.
Substituting and using the fact that A ⊃ B and A ⊃ B′, we get

zS
A = zS

A

∏
C∈T ,B⊆C,C 
=A

zT
C g

∏
D∈S,B⊆D,D 
=A

zS
D g̃.

Thus ∏
C∈T ,B⊆C,C 
=A

zT
C g

∏
D∈S,B⊆D,D 
=A

zS
D g̃ = 1.

Since
zS
A

zT
A

=
∏

C∈T ,B⊆C,C 
=A
zT
C g,

our claim follows in this case.
In the general case take A ∈ S. By induction, we can assume that our

claim holds for each B � A in S ∪ T .
Since A is irreducible, there is a minimum element B ∈ T containing A.

We know that there exists a ∈ A such that pT (a) = B.
Set E = pS(a) ⊂ A. Notice that if C is irreducible and B � C ⊇ E, then

necessarily C /∈ T .
Using (20.5) let us write

a =
∏

C∈T ,B⊆C
zT
C g =

∏
D∈S,E⊆D

zS
D g̃,

where g and g̃ are invertible. We deduce

1 =
∏

D∈S\T ,E⊆D
zS
D

∏
C∈T \S,B⊆C

1
zT
C

∏
D∈S∩T ,B⊆D

zS
D

zT
D

g̃g−1. (20.6)

If A /∈ T , then B � A. We claim that all the factors in (20.6) are regular
on VS ∩ VT . Indeed, the factors of the form zS

D with D ∈ S \ T , E ⊆ D are
obviously regular. The factors 1/zT

C for C ∈ T \ S, B ⊆ C and zS
D/z

T
D for

D ∈ S ∩T , B ⊆ D are regular by the inductive assumption, since they involve
elements properly containing A. Since zS

A appears as one of the factors in
(20.6), its invertibility follows.

If, on the other hand, A ∈ T , so that B = A, reasoning as above, all the
factors in (20.6) are regular on VS ∩VT with the possible exception of zS

A/z
T
A .

But then this implies that zT
A/z

S
A is regular and invertible.

If we now exchange the roles of S and T , all our claims follow.
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We can now use the previous lemma to define for each A ∈ I the divisor
DA ⊂ ZX as follows. Let us take an MNS S with A ∈ S. In the open set
VS let us take the divisor of equation zA = 0. Then DA is the closure of this
divisor in ZX . Our previous lemma clearly implies that the definition of DA

is independent of the choice of S, and furthermore if T is any MNS, then
ZX \ VS = ∪A/∈SDA.

From these considerations we deduce the following:

Theorem 20.40. Let D = ∪A∈IDA. Then:

(1) AX = ZX \D.
(2) D is a normal crossing divisor whose irreducible components are the divi-

sors DA, A ∈ I.
(3) Let H ⊂ I. Set DH = ∩A∈HDA. Then DH 
= ∅ if and only if H is nested.
(4) If H ⊂ I is nested, DH is smooth and irreducible.

Proof. Let us fix an MNS S. Then (1) follows from the fact that

ZX \D = VS \ (∪A∈S(DA ∩ VS) = AX .

All the other statements are immediate consequence of Lemma 20.39.

20.4.3 Geometric Side of Residues

Theorem 20.40 singles out for each MNS S the point DS , DS ∈ VS .
If we now take a basis b in X, we can construct as in Theorem 20.11 a

MNS S to which b is adapted.
We can define a small parametrized real s-dimensional torus TS (centered

at DS) as the set of points in VS such that |zA| = ε for each A ∈ S (ε a small
enough positive constant).

Notice that TS ⊂ AX and that TS is naturally oriented using the total
orientation induced on S by that on the adapted basis b.

We can consider the map Hs(TS ,Z) → Hs(AX ,Z) induced by the inclusion
and taking the image of the fundamental class in Hs(TS ,Z) to get a class
αb ∈ Hs(AX ,Z). The very definition of resb then implies the following result:

Proposition 20.41. For any basis b and any s-form ω on AX , resbω equals
the evaluation of the cohomology class [ω] on the homology class αb.

In particular, the classes αb as b varies among the proper unbroken bases
form a basis of Hs(AX ,Z).

20.4.4 Building Sets

The choice of the irreducible subsets in the construction of the embedding of
AX in U × (×A∈IP(U/A⊥)) is not essential for obtaining the properties of
smoothness and normal crossings previously described. In fact, one can easily
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see that also taking the collection C of all complete subsets, one has the same
properties for the embedding AX → U × (×A∈CP(U/A⊥)). Now, though, we
have many more divisors at infinity indexed by all complete subsets, and the
nested property means that the family A1, . . . , As of complete sets is a flag.

In fact, there are several families of complete sets that provide smooth
models in which the complement is a divisor with normal crossings. They are
given by the notion of building set:

Definition 20.42. A family G of complete sets in X is said to be building
if given any complete set A, the maximal elements B1, . . . , Bk of G contained
in A have the property that A = ∪iBi is a decomposition.

We leave to the reader to verify that G always contains I. The closure ZG
X of

the image of AX in U × (×A∈GP(U/A⊥)) is a smooth variety, the complement
of AX is a divisor with normal crossings, and its irreducible components are
indexed by the elements of G. One has a similar definition of nested sets that
correspond to divisors with nonempty intersection. Finally, one has clearly
that if G1 ⊂ G2 are both building families, there is a commutative diagram

AX
iX ��

iX

��������������� ZG2
X

��
ZG1
X

For further details the reader should see [42], [77].

20.4.5 A Projective Model

In this section we are going to assume that X itself is irreducible. If this is
the case, we want to note two facts. The first is that since X⊥ = {0}, we have
the projection πV : ZX → P(U). The second is that we have the divisor DX

in ZX .

Lemma 20.43. Consider the projection π : ZX → U . Then π(DX) = {0}.

Proof. To prove our claim, it clearly suffices to see that for any point x ∈ DX ,
a ∈ V, 〈a |π(x)〉 = 0. Take an MNS S, and consider the open set VS and the
corresponding adapted basis b. Since X is the unique maximal element in I,
we have X ∈ S. Also on VS , bA =

∏
B⊃A zB is divisible by zX . It follows that

〈bA |π(x)〉 = 0 for each x ∈ VS ∩DX and for each A ∈ S. Since b is a basis
and VS ∩DX is dense in DX , the claim follows.

Remark 20.44. In a completely analogous fashion one can show that for each
A ∈ I, π(DA) = A⊥.

Using this lemma we immediately get that DX is smooth and projective
and that if we consider the map g := ×a∈I πA : ZX →

∏
A∈I P(U/A⊥), we

have the following:
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Lemma 20.45. The restriction of g to DX is injective and g(ZX) = g(DX).

Proof. The first statement follows immediately from the previous lemma. As
for the second, notice that if v ∈ AX , then g(v) = g(tv) for any nonzero t ∈ C.
It follows that g(ZX) is an irreducible subvariety of dimension s − 1. Since
g(DX) is closed and of the same dimension, the claim follows.

Let us now identify DX with its image g(DX). We deduce a projection,
that we can again denote by g, of ZX onto DX . Recall that on P(U) we have
the tautological line bundle L = {(u, �) ∈ U × P(U)|u ∈ �}. We can thus
consider the line bundle L := π∗

U (L) on DX with projection p : L→ DX .
Let us introduce an action of the group C∗ on ZX as follows: C∗ acts on

U ×
∏
A∈I P(U/A⊥) by acting by scalar multiplication on the first factor U .

It is then clear the i(AX) is stable under this action, so that ZX , being its
closure, is also stable. Notice that C∗ acts also on L by multiplication on each
fiber.

Theorem 20.46. There is a C∗ isomorphism δ : ZX → L such that the
diagram

ZX
δ ��

π

���
��

��
��

� L

p
����

��
��

��

U

commutes.

Proof. Notice that by definition, L = {(u, x) ∈ U × DX |u ∈ πU (x)}. The
definition of ZX then implies that we have a well-defined C∗-equivariant map
δ : ZX → L whose composition with the inclusion of L in U ×DX is the in-
clusion of ZX . In particular, δ is an inclusion. Since L and ZX are irreducible
of the same dimension, δ is necessarily an isomorphism.

Not only is then ZX identified with the total space of a line bundle over a
projective variety DX , we also have that DX is a compactification of the image
ÃX := AX/C∗ ⊂ P(U). Indeed, we have the following commutative diagram:

AX
iX ��

σ

��

ZX

ρ

��

�� U ×
∏
A∈I P(U/A⊥)

��
ÃX

ĩX ��

��

DX

��

�� ∏
A∈I P(U/A⊥)

��
P(U) 1 �� P(U) 1 �� P(U)

Here σ is the projection to projective space and ρ the projection of the
total space of the line bundle to its basis.
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Now again the boundary of ÃX in DX is a divisor with normal crossings
whose irreducible components are indexed by the proper irreducible subsets
of X, and so on.
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Ĉ(X), 73

pointed, 15
simplicial, 14

cones
polyhedral

rational, 15
simplicial

rational, 15
convex

combination, 4
envelope, 4
hull, 4
polytope, 12
set, 3

convolution, 72
discrete, 107
semidiscrete, 107

Courant element, 146
covolume, 51
cut locus, 20

decomposition into irreducibles, 348
Dedekind sums, 287
difference

equation, 96
distribution

tempered, 71

Ehrhart polynomial, 197
elementary divisors, 93
Euler–Maclaurin sum, 200
exponential polynomials, 88
extremal point, 8
extremal ray, 8

face, 8
faces



Index 383

open, 11
filtration, 80
Formality, 158
function

partition, 17
fundamental domain, 51

graded dual, 85
graph, 29

cycle, 29
edges, 29
vertices, 29

group algebra, 96

hat function, 146

integral polygon, 196
interior

relative, 5

lattice, 51
list

complete, 35
little square, 361
logarithmic isomorphism, 99
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